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Using the fixed-point theorem, this paper is devoted to study the multiple and single positive
solutions of third-order boundary value problems for impulsive differential equations in ordered

Banach spaces. The arguments are based on a specially constructed cone. At last, an example is
given to illustrate the main results.

1. Introduction

The purpose of this paper is to establish the existence of positive solutions for the following
third-order three-point boundary value problems (BVP, for short) in Banach space E

=xX"(t) = Afi(t, x(t), y(t), te[0,1]\ {t,t2... tm},
_}/W(t) = /"fZ(tl x(t)/y(t))/ te [0/1] \ {tll tZ/- . -/tm}/
Ax"(tk) = —Il,k(x(tk)), Ay”(tk) = _Iz,k (y(tk)), k=1,2,...,m,

x(0) =x'(0) = 6, x'(1) —ax'(n) =0, y(0) =y'(0) =6, y (1) -ay'(n) =6,
(1.1)

where f; € C([0,1] x Px P,P), ;x € C(P,P),i=1,2,k=1,2,...,m. Ax"(tx) = x"(t;) — x" (),
Ay"(te) = y"(t) —y"(t), p>0,1> 0.0 is the zero element of E.

Recently, third-order boundary value problems (cf. [1-9]) have attracted many authors
attention due to their wide range of applications in applied mathematics, physics, and
engineering, especially in the bridge issue. To our knowledge, most papers in literature
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concern mainly about the existence of positive solutions for the cases in which the spaces
are real and the equations have no parameters. And many authors consider nonlinear term
have same linearity. In this paper, we consider the existence of solutions when the nonlinear
terms have different properties, the space is abstract and the equations have two different
parameters.

In [3], Guo et al. studied the following nonlinear three-point boundary value problem:

u”(t) +a(t) f(u(t)) = 0,

(12)
u(0)=u'0)=0,  u'(1)=au'(y),

where a € C([0,1],[0,+o0)), f € C([0,+0),[0,+0)). The authors obtained at least one
positive solutions of BVP (1.2) by using fixed-point theorem when f is sublinear or suplinear.

In [8], Yao and Feng used the upper and lower solutions method proved some
existence results for the following third-order two-point boundary value problem

u"(t)+ f(tu)=0, 0<t<1,
(1.3)
u(0) =4/ (0) =u'(1) =0.

Inspired by the above work, the aim of this paper is to establish some simple criteria
for the existence of nontrivial solutions for BVP (1.1) under some weaker conditions. The new
features of this paper mainly include the following aspects. Firstly, we consider the system
(1.1) in abstract space while [3, 8] talk about equations in real space (E = R). Secondly, we
obtained the positive solutions when the two parameters have different ranges. Thirdly, f;
and f, in system (1.1) may have different properties. Fourthly, f; (i = 1,2) in system (1.1) not
only contains x, y but also ¢, which is much more complicated. Finally, the main technique
used here is the fixed-point theory and a special cone is constructed to study the existence of
nontrivial solutions.

We recall some basic facts about ordered Banach spaces E. The cone P in E induces
a partial order on E, that is, x < y if and only if y — x € P, P is said to be normal if
there exists a positive constant N such that 6 < x < y implies ||x|| < Nlly||, without loss
of generality, suppose, in present paper, the normal constant N = 1. a(-) denotes the measure
of noncompactness (cf. [10]).

Some preliminaries and a number of lemmas to the derivation of the main results are
given in Section 2, then the proofs of the theorems are given in Section 3, followed by an
example, in Section 4, to demonstrate the validity of our main results.

2. Preliminaries and Lemmas

In this paper we will consider the Banach space (E, ||-||), denote J = [0,1] and PC*(J,E) = {x |
x' € C(J,E), x" is continuous at t # tx and x” is left continuous at t = t, the right limit x"(t;)
exists, k = 1,2,...,m}. For any x € PC?(J,E) we define ||x||; = sup;;llx()[l and || (x, y)ll2 =
llxlls + llylly for (x, y) € PC*(J, E) x PC*(J, E).

For convenience, let us list the following assumption.
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(A) fi e C([0,1] x Px P,P), Iijx € C(P,P),i =1,2,k =1,2,...,m. For any t € [0,1]
andr > 0, f(t,P,P) = {f(t,u,0) : u,v € P} is relatively compact in E, where
P ={xeP]||x]<r}.

Lemma 2.1. Assume that an# 1, then for any y € C[0, 1], the following boundary value problem:

-u"(t)=y(t), te€[0,1]\{t,t2,. . tm},
AW () = ~Le(u(ty)), k=1,2,...,m, @.1)
u(0) =4'(0) =9, u'(1) —au'(n) =0

has a unique solution

1 m
u(t) = J. G(t,s)y(s)ds + ZG(t, ti) I (u(ty)), (2.2)
0 k=1
where
((2ts - $2) (1 —an) + Bs(@—1), s<min{zy,t},
t2(1—an) +t?s(a—-1), t<s<m,
G(t,s) = —— 4 (1=an) L 2.3)
2(0-an) | (2ts-s2)(1—an) + 2(an—-s), n<s<t,
(F(1-59), max{7,t} <s.
Proof. The proof is similar to Lemma 2.2 in [3], we omit it. O

Lemma 2.2 (see [3]). Assume that 0 < <land1 < a <1/n. Then 0 < G(t,s) < g(s) for any
(t,s) € [0,1] x [0,1], where g(s) = ((1 +a) /(1 —an))s(1 —s), s € [0,1].

Lemma 2.3 (see [3]). Let 0 < < 1land 1 < a < 1/n, then for any (t,s) € [n/a,n] x [0,1],
G(t,s) > 0g(s), where

2

T minfa-1,1) <1. (2.4)

O<o=—"T
S9T % ta)

In the paper, we define cone K as follows:

K ={xePC*(JE) | x(t) 20, x(t) > 0x(s), t€ [gq] se 011}, (2.5)

Lemma 2.4 (see [10]). Let E be a Banach space and K C E be a cone. Suppose Q1 and Q, € E are
bounded open sets, 0 € Q1, Q1 C Qy, A: KN (Q \ Q1) — K is completely continuous such that



4 Advances in Difference Equations

either

(1) |Au|| < |lu|| for any u € K N 0L and || Aul| > ||ul| for any u € K N 0L, or
(ii) ||Aul| > ||lu|| for any u € K N 0Qq and || Au|| < ||u|| for any u € K N 0Q;.
Then A has a fixed-point in K N (Q\ Q).

Lemma 2.5. The vector (x,y) € PC?(J,E) x PC*(J,E) is a solution of differential systems (1.1) if
and only if (x,y) € PC*(J, E) is the solution of the following integral systems:

1 m
() =1 [ G913 (5,%(5), y(5))ds + 36 8 Falx(8),
k=1

(2.6)
1 m
y(t) = ‘ufo G(t,s) f2(s, x(s),y(s))ds + ZG(t, ti) D (y ().
k=1
Define operators Ty : K — K, T,: K — Kand T : K x K — K x K as follows:
1 m
Ti(x,y) = )Lf G(t,s) f1(s,x(s),y(s))ds + ZG(t, t) Ik (x(tk)),
0 k=1
2.7)

1 m
To(x,y) = p L G(t,s)f2(s,x(5),y(s))ds + D G(t, ti) Lk (y(te)),
k=1

T(x,y) () = (Ta(x,y), Ta(x,y) ) (B).

As we know, BVP (1.1) has a positive solution (x, y) if and only if (x,y) € K x K is the fixed-point
of T.

Lemma 2.6. T : K x K — K x K is completely continuous.

Proof. By condition (A) we get Ti(x,y)(t) > 0, To(x,y)(t) > 0, for all x,y € K. For any
t € [n/a,n], we have

1 m
Ti(x,y)(t) = fo G(t,s)f1(s,x(s),y(s))ds + D Gt ti) Ik (x(t))
k=1

1 m
> GI g(s) f1(s, x(s),y(s))ds + GZg(tk)ILk(x(tk))
0 k=1 (2.8)

1 m
> Gfo G(u,s)fi(s,x(s),y(s))ds + GZG(M, te) Ik (x(tk))
k=1

=oTi(x,y)(u), uel0,1].



Advances in Difference Equations 5

Similarly
To(x,y)(t) > 0Ta(x,y)(u), ue[0,1]. (2.9)

SoT:KxK — KxK.

Next, we prove T : K x K — K x K is completely continuous. We first prove that T; is
continuous. Let (x,, y») € K(n =1,2,...) and (x9, 1) € K such that || (x,, y») — (x0,y0)|l2 —
0 (n — o). Letr = sup, ||(xy, yn)l2, then

oyl <7 llxolli <7 lyolly <70 lxali <7, lyall, <7 (2.10)
By (A), we obtain

fi(t, xu (), yu(t)) — fi(t, x0(t), yo(t)), (n— o), foranytel0,1],i=1,2,
L (xn(te)) — Iik(xo(tk)), (n— o), k=1,2,...,m, (211)

L (yn(te)) — Li(yo(tk)), (mn— o), k=1,2,...,m.

Hence

|71 (2, yn) (£) = T1 (20, o) (1) ]|

1 m
f G(t,3) 1 (5, %(), yu($))ds + 3 G(E, BTy (xa(£4)

0 k=1

1 m
- || Gt £1(5,x0(9), 99 s = 3G b T (10)

k=1

1
< fo G(t,5)|| f1 (s, 2u(8), yu(5)) = f1(s,x0(5), yo(s)) ||ds (2.12)
+ iG(t, ti) [k (e (£e)) = Tk (20 (£))
k=1
1
< fo 26| £1(5,%a(5), yn(9)) = Fi(5,%0(5), yo(s)) | ds
+ ig(tk)nll,k(xn(tk)) = Ik (xo (t)) -
k=1

Since

|1 (2¢n, ¥) = T (0, w0) |, = stlp]IITl (%, Yn) (8) = T (x0, o) (D) |- (2.13)
te[0,1
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By (2.11)—(2.13) and Lebesgue-dominated convergence theorem
I T1 (s y) = Ti(x0, y0) |, — 0 (n— o0). (2.14)

So T is continuous. Similarly, T> is continuous. It follows that T is continuous.

Next we prove T is compact. Let V = {(x,, y»)} C K x K be bounded, V; = {x,} and
Vo = {yn}. Let |[(xn, Yn)|l2 < 7 for some r > O, then ||x,|l1 < 7, [lyall1 < 7. 1t is easy to see that
{T1(xn, yn)(t)} is equicontinuous. By condition (A) we have

1
a((TiV)(b) = a{f Glt, )i (5, %n(5), ya(5))ds + 3Gt Tk (on(t0)) - X € Vi, o € Vz}

k=1

1 m
<2 fo a(G(t,9) fi(s, Vi(s), Va(s))) + D a(G(t, ti)) Tk (Va (k)
k=1

=0
(2.15)

which implies that a(T1V) = 0. So, a(TV) = 0, it follows that T is compact. The lemma is

proved. O
In this paper, denote
£, £,
N 1702271 [ [ CE 201
||x||+||y||4>ﬂt€01 ||x||+||y|| llxll+||y|| - teln/aml ||x||+||y||
t y t/ 7
((,Ufl)ﬂ: limsup m M ((sz)ﬂ: lim in n M (216)
o]yl -6 prtelll| b/ 1]+ ]
A ikl op , ik ()l
I; (k) = lim , Ii(k) =limsup———, k=1,2,...,m.
AR = I 00 =hmeup g

where f=0or ff = +o0, g € P* = {g € E* : ¢o(x) > 6, Vx € P} and ||| = 1. P* is a dual cone
of P.
We list the assumptions:

(Hy) (¢ f1)o > m1, ¢(f2), > m2, where my, my € (0,+00);
(Hy) flo <mz, (¢ f1)o > ma, Lip(k) =0,i=1,2, where m3, my > 0 and mz < my;

(Hs) (¢ f1)g > ms, f° <me, [°(k) =0,i=1,2, where ms, mg > 0 and ms < ms.
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For convenience, denote

-1

1 -1 1
a; = 1<m3J. g(s)ds> ; ar = <m40f G(q,s)ds> ,
4 0 a/n
. -1 1 1 -1
az = m50f G(n,s)ds ) , ay =~ méf g(s)ds ) .
n/a 4 0

3. Main Results

(2.17)

Theorem 3.1. Assume that (A), (Hy) and the following condition (H)' hold, then BVP (1.1) has at
least two positive solution while A € (0,1/(4M; j& g(s)ds)) and p € (0,1/(4M; j& g(s)ds)).

(H)": miAo j:;/a G(n,s)ds > 1; mypo j:;/a G(n,s)ds > 1; Ziz:l Siie1 8(tk) Mk < 1/2, where
M; = maxie(o1], o<llull+[vl<1 | fi (£, 1w, ©)|| > 0, M x = maxogju<t { || Tix (W)}

Proof. Let Q1 = {(x,y) € K x K : [[(x,y)]]2 < 1}, then for (x,y) € 0Q1, we have

1 m
T2 (x, ) B < J\JIO 8(s) f1(x(s),y(s))ds| + || Do gt I (x(tx))
= (3.1)
1 m
< AM; f g(s)ds + > g(ty) Mk,
0 k=1
that is,
1 m
IT:i e, )|, < AM; f g(s)ds + > g(t) Mk, (3.2)
0 k=1
Similarly
1 m
T2t )l < Mot | 6)s + 3 gt Ma (33)
k=1
So
1 2 m
TG )|, < (AM1 +pMy) f g(s)ds + D > g(te) Mix
0 i1 k=1 (3.4)
<=l
Hence
T, < ||, )|, forany (x,y) € 9. (3.5)
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Since (¢ f1)q > my, there exist &1 > 0 and 0 < R; < 1 such that ¢(fi(t,u,v)) > (m; +
e1)(lull+|lvl]) for O < ||u||+||v|l £ Riand t € [/a,n]. Let Qs = {(x,y) € KxK : |[(x,y)|l» < Ri}.
Then for any (x, y) € 0Q,, by (H;) and the definition of ¢, we obtain

il 2 9T o)) 2 [ Gl (o x(5) yis)ds

n
> (m +€1))t(7f ) G(n,s) (llxlly + [|yll,)ds (3.6)
Vl a

1
=Ry (my + sl)x\oj‘ G(n,s)ds.
n/a

By (3.6) and (H)'

n
TGl > T3l > Rm +eder [ G s)ds
n/a (3.7)

>Ri=[[xyly,  (vy) e o,

Similarly, by (¢ f2).,, > my, there exist &, > 0 and R, > 1 such that ¢(fa2(t, u,v)) >
(my + &) (|lul| + ||o||) fort € [n/a,n] and u,v € P with 0 < ||lu|| + ||v]] < Ro. Let Q3 = {(x,y) €
K x K :||(x,y)|l2 < Rz}. Then for any (x, y) € 093,

1
| T2(x, ) ||, = Ropa(mmz + sz)of G(n,s)ds. (3.8)
n/a

So we have by (3.8) and (H)'
1Tl > 1Bl > Re= ol forany (y) €005 (39)

By (3.5), (3.7), (3.9) and Lemma 2.4 we get that BVP (1.1) has at least two positive solutions
with [|(x1, y1)ll2 < 1 <[[(x2, y2) l2- O

Corollary 3.2. Assume that (A) and the following condition hold, then the conclusion of Theorem 3.1
also holds.

((p’fl)o > my, ([J(fz)oo > My, where mi,my € (0, +OO). (310)

Theorem 3.3. Assume that (A) and (Hy) hold, then BVP (1.1) has at least one positive solution when
A€ laz, aq] and p € (0, a1].

Proof. By Lemma 2.6, we see that T : K x K — K x K is completely continuous. By (H,),
there exists 71 > 0,3 >0, € > 0such thatfori=1,2,

Il fi(t x (), y()) || < (mz = e3) (lx @) + [y (t)

)/ i (x (B < ellx(E)l, (3.11)
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forany x,y € K with 0 < ||x||1 + ||y|l1 £ 71, where m3 — 3 > 0, € > 0 such that
Z 1
gég(tk) < 5
Let Q4 = {(x,y) € Kx K : ||(x,y)|l2 < 71}. Then for any (x,y) € 024, we obtain

1 m
IT: (2, ) )| = Hz\ fo G(t,s)f1(s, x(s),y(s))ds + ;G(t, tie) Ik (x(te))

1 m
< A(ms - 3) _[0 g(s)ds(llx@®)) + ly®) + e gt x|
k=1

<A +

1
fo 8(s) f1(s,x(s),y(s))ds

ig(tk)h,k (x(tx))
P

1 m
< Mms - &) fo g@ds(lxly + lyll,) +eS gt
k=1
1 m
_ A(ms - &) f g(s)ds + €3 g(t) ]l
0 k=1

m
r1+e) g(t)lxlly,

k=1

<

N

Similarly

1 m 1 m
IHMLyﬂﬂHS#Ww—%ﬂgﬂgﬁﬁﬁ+€§kﬁwﬂwhS1ﬁ+£§kﬁwﬂﬂh
k=1 k=1

It follows that

ITCell, = 1Tl + [ T2Co )y <7 = G y)

2/
which implies

(LCA2) PN (€27

,, forany (x,y) € 0Qy.

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

On the other hand, by (¢ f1),, > ma, there exists R > 0, &4 > 0 such that ¢ (f1 (¢, x(t), y(t))) >
(ma + ea) (x| + ly®)]) for [[x]li + |yl > Rand t € [n/a,n]. Let Ry = max{2r,R/c},

Qs ={(x,y) € Kx K :||(x,y)|l2 < Ri}. For any (x,y) € 0Q25, we have

x(t) 2 0x(s), y(t) 20y(s), [x®)l 2 alx(s)ll,

lyoll zollyel,  te[Ln] seo.

(3.17)
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By the definition of T; we get

1T )|y 2 ¢ (Ti(x,y)) () 2 A Z/uc(ﬂfs)‘lf(fl (t,x(s),y(s)))ds

1
> A(1my + €4) ) G s)(Ix(s)ll + [ly(s)[)ds (3.18)
n/a

n
> \(ms + £2)0 j G) (Gl + [y ])as.
rl a

So

1 1
T (x, v)||, = A(ma + 54)0‘[ G(n,s)(lIxlly + ||yl|,)ds = Rid(my + 54)0‘[ G(n,s)ds.

n/a n/a
(3.19)
Hence
ITCe |, 2 |2 )]y 2 Rid(ms + es)o f:/ G(n,5)ds > Ry = || (x,y)]|,- (3.20)
Therefore
1T, > 1wy, Y(xy) €0Qs. (3:21)

By (3.16), (3.21) and Lemma 2.4, it is easily seen that T has a fixed-point (x*,y*) € Qs \
Q4). O

Corollary 3.4. Let (A) and the following conditions hold, then BVP (1.1) has at least one positive
solution while p € [a, a1] and X € (0, a1].

fl<ms,  (¢fr), >ms, Lig(k)=0, i=12 (3.22)

Theorem 3.5. Let (A) and (H3) hold, then BVP (1.1) has at least one positive solution while A €
las, as] and p € (0, a4].
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Proof. Since (¢ f1) > ms, we choose R3 > 0, €5 > 0 such that ¢ (fi(t, u, v)) > (ms+e5) (||ul|+]|v]])
for 0 < ||ull + ||v|l S Rzand t € [n/a,n]. Let Qs = {(x,y) € K x K : ||[(x,y)|l2 < R3}. Then for
any (x,y) € 08,

1T el 2 ¢ ((Ti(x,y)) (1) 24 f:/ G(n, )¢ (f1(t, x(s),y(s)))ds

1
> A(ms + E5)0f ) G, s)(Ixlly + [ly|l,)ds (3.23)
Tl a

1
= Ro\(ms + 55)0f G(n,s)ds.
n/a

So

TGl = 1Tl + T2l 2 [Tl

1
> R3A(ms + E5)O'f G(n,s)ds (3.24)
n/a

> RS/
which implies

TG, = (e y)

v Y(x,y) €0Qs. (3.25)

On the other hand, by f* < mg and I°(k) =0 (i = 1,2), there exist M > 0, &6 > 0, € > 0 such
that mg — €6 > 0 and

| fi(t, x(), y(O) || < (m6 = g6) (lx®I + [[yD]]),  Hix(xt) < ellx(ti)l,
for any [lx] + [y, = & w)ll, 2 M, te (0]

(3.26)

where ¢ satisfies

e> &(t) < % (3.27)
k=1
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Let Ry = max{M,2R3} and Q7 = {(x,y) | (x,y) € K x K : ||[(>x,y)|2 < R4}. Then for any
(x,y) € 0Q7, we have

1 m
|72 (2, ) )| = Hz\ fo G(t,s) f1(s, x(s),y(s))ds + kZG(t, te) 1k (x(te))
-1

1 m
< A(me — €6) L g(s)ds(llx@®)) + ly®) + e gt x|
k=1

<A +

1
fo g(s) fi(s, x(s),y(s))ds

> gt L (x(tk))
P

(3.28)
1 m
< M(mg — &) fo g(s)ds(llxlly + [|lyll,) + &> gt lxl,
k=1
1 m
~Amo - eo)Rs | g(s)ds + 3900l
0 k=1
1 m
< gRa+edgt0lxl
k=1
Similarly
1 m
T2 ) O < s =e6)Rs | sto)s + 350 ol
= (3.29)
1 m
< RSl
=1
Hence
1 m
ITee )l < 3R+ eR Yis(t) < R = | 2 ) 330
k=1
So
TG, <yl Y(xy) €09 (3.31)
By (3.25), (3.31), and Lemma 2.4, T has a fixed-point (x*, y*) € Q7 \ Qo). O

Corollary 3.6. Assume that (A) and the following conditions hold, then BVP (1.1) has at least one
positive solution while p € [az, as] and A € (0, aa].

(gf2)y>ms, [2<ms IP(K)=0, i=12 (3.32)
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4. An Example

In this section, we construct an example to demonstrate the application of our main results
obtained in Section 3. Consider the following third-order boundary value problem:

—X(£) = AP (2, (1) + v ()7,

—yn (1) = pte™ (xa(t) + yu(1)),
) DD
A0 =%,0 =6, x1-25(3) =0,

2
Yn(0) = ¥,(0) =6, y;(l)—zy;<5) = 0.

Conclusion 1. BVP(4.1) has at least one positive solution.

Proof. E = R™ = {x = (x1,%x2,...,Xm), Xn € R, n = 1,2,...,m}. Define ||x|| = maXi<p<m|Xn|-
P={xeE:x>0i=1212..m}x= x,x,.,%u), f = (fr,for-s),fm) §n =
fn = et (xn(t) + yn(t))z, we know that P* = P, let ¢ = (1,1,...,1), then for any x € P,
w(f(t,x,y)) = 2t falt,x,y). It is easy to see that (A) is satisfied. On the other hand,

ILF & x )l _

¢(ftxy)  IfExyll _ | _
lvll

o, %= limsup max
[l + |

yll = =+ vl L AT

0, (4.2)

that is, (¢ f),, = oo. Similarly, go = 0, it is easy to see that I;o(k) = 0, where k =1,i =1,2. In
this example, a =2, =2/5,0 = n*/(2a*(1 + a)) = 25/96 and

(ZtsT_S2>+tzs, ss{é,t},
2, g2

. (t +5t s), .
G(t,S)=§< (2ts—52)+t2<é_s> E<S<
5 5 577

At2(1 -s), max{%,t} <s,

(4.3)

and g(s) = (1+a)s(1-5s)/(1 —an) =15s(1 - s).
Let m; = 5, my = 3000. By computing, we get

1/ (! T 4 (25 /2 -
- = — = - 4.4
a 1 <L 5g(s)ds> 55 day 3155 <L/5 G<5, s>ds> . (44)



14 Advances in Difference Equations

Above all, the conditions of Theorem 3.3 are satisfied. Then for any A € [ay,+0) and p €
(0, a1], BVP (4.1) has at least one positive solution. O
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