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1. Introduction

Let D be the open unit disc in the complex plane C, dm(z) the Lebesgue area measure on D,
dmu(z) = (1 -|z|*)*dm(z), « > -1, and H(D) the space of all analytic functions on the unit
disc.

The weighted Bergman space Ah(ID), where p > 0 and a > —1, consists of all f € H(D)
such that

A1y ) = (a+ 1)fD|f(z)|”(1 - |21) "dm(z) < co. (1.1)

With this norm, A’Z(]D)) is a Banach space when p > 1, while for p € (0,1), it is a Fréchet space
with the translation invariant metric

d(f’g) = ”f_g”i)qf((D)’ f’g € AZ(D) (12)
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Let p(z) be a positive continuous function on a set X C C (weight) and n € Ny be fixed.
The nth weighted-type space on X, denoted by ’k),(,") (X), consists of all f € H(X) such that

by x) (f) = sup #(Z)if (")(Z)| < 0. (1.3)

For n = 0, the space becomes the weighted-type space H;°(X), for n = 1 the Bloch-type
space B, (X), and for n = 2 the Zygmund-type space 2, (X).
For n € N, the quantity bw}? ) (f) is a seminorm on the nth weighted-type space
1(),(4") (X) and a norm on 70,3") (X)/P,_1, where P,_; is the set of all polynomials whose degrees
are less than or equal to n — 1. A natural norm on the nth weighted-type space can be
introduced as follows:

n-1

”f”w;”)(X) = Z

7=0

FO @)+ by, (), (14)

where a is an element in X. With this norm, the nth weighted-type space becomes a Banach
space.
For X =D is obtained the space 7();4") (D), on which a norm is introduced as follows:

n-1
1l ) = S| F OO +sup ()12 (15)
j:O ze

Some information on Zygmund-type spaces on the unit disc and some operators on them
can be found, for example, in [1-6], for the case of the upper half-plane, see [7, 8], while
some information in the setting of the unit ball can be found, for example, in [9-13]. This
considerable interest in Zygmund-type spaces motivated us to introduce the nth weighted-
type space (see [8]).

Assume ¢ is a holomorphic self-map of ID. The composition operator induced by ¢ is
defined on H (D) by

(Cof)(2) = f(9(2)- (1.6)

A typical problem is to provide function theoretic characterizations when ¢ induces
bounded or compact composition operators between two given spaces of holomorphic
functions. Some classical results on composition and weighted composition operators can
be found, for example, in [14], while some recent results can be found in [1, 5, 7, 15-34] (see
also related references therein).

Here we characterize the boundedness of the composition operator from the weighted
Bergman space to the nth weighted space on the unit disc when n € N. The case n = 0
was previously treated in [16, 22, 24, 31, 35]. Hence we will not consider this case here.
See also [36] for some good results on weighted composition operators between weighted-
type spaces. The case n = 1 was treated, for example, in [26, 32]. For some other results on
weighted composition operators which map a space into a weighted or a Bloch-type space,
see, for example, [15, 17-21, 23, 25, 33, 34].
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Let X and Y be topological vector spaces whose topologies are given by translation-

invariant metrics dy and dy, respectively, and T : X — Y be a linear operator. It is said that
T is metrically bounded if there exists a positive constant K such that

dy(Tf,0) < Kdx(f,0) (1.7)

for all f € X. When X and Y are Banach spaces, the metrically boundedness coincides with
the usual definition of bounded operators between Banach spaces.
If Y is a Banach space, then the quantity ||Cy|| 47 ),y is defined as follows:

IS

AD)—y = Sup I1Co £l (1.8)

IIf A<t

It is easy to see that this quantity is finite if and only if the operator C, : AR(D) — Y is
metrically bounded. For the case p > 1 this is the standard definition of the norm of the
operator C, : AR(D) — Y, between two Banach spaces. If we say that an operator is bounded,
it means that it is metrically bounded.

Throughout this paper, constants are denoted by C, they are positive and may differ
from one occurrence to the other. The notation a < b means that there is a positive constant
C such that a < Cb. Moreover, if both a < b and b < a hold, then one says that a < b.

2. Auxiliary Results

Here, we quote several auxiliary results. The first lemma is a direct consequence of a well-
known estimate in [37, Proposition 1.4.10]. Hence, we omit its proof.

Lemma 2.1. Assumep >0, a > -1, n € Ny, and w € D. Then the function

n+(a+2)/p
(1 1of)

(1 _ wz)n+2((u+2)/p) 4

(2.1)

Swn(z) =

belongs to Al(D). Moreover, SUP epll§uwnll ar < 0.

The next lemma is folklore and was essentially proved in [38]. We will sketch a proof
of it for the completeness and the benefit of the reader.

Lemma 2.2. Assume p > 0, a > -1, n € Ny, and z € . Then there is a positive constant C
independent of f such that

[F"@)|<c ( e (22)

1-— |Z|)n+(u+2)/p :
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Proof. By the subharmonicity of the function |f ™ (z)|F, p > 0, applied on the disk:

D(z,l_T|Z|) :{ze(C||z—w|< 1_2|Z|},

and since

1-
1-|w|<x1-]z|, weD(z,%),

we have that

|f(n)(z)|p < ( C

14
— £ @) || sy (20).
1—|z[)>ePn I D(z,<1—\z\>/2>| o

From (2.5) and in light of the following well-known asymptotic relation [38]:

JD|f(z)|p<1 ~12P)"dm(z) = g fO©)+ ID|f<">(z) " (1-122)" " dm(z),

the lemma easily follows.

Lemma 2.3. Assume a > 0 and

1 1 1
a a+1 a+n-1

Dy(a) = a(a+1) (a+1)(a+2) --- (a+n—1)(a+n)'

foi(a+j) ij(a+j+1) ij(a+j+n—l)

Then Dy, =TT} j.

Proof. By using elementary transformations, we have

1 0 0
a 1 1
D,(a) = ala+1) 2(a+1) 2(a+n-1) ,

n-2

n-3 n-3
[IGa+j) @a-D]J(a+j+1) - n-D]J(a+j+n-1)
j=0 j=0

j=0

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)
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from which it follows that

Dy(a) = (n-1)!Dyq(a+1), (2.9)

which along with the fact Dy(a + n —2) = 1 implies the lemma. O

We will also need the classical Faa di Bruno’s formula

n /00 (z)\ "
(f o (P)(n)(z) _ Z k’#{k'f(k) ((P(Z))H<(P .'(Z)> ) (2.10)
1. ne j=1 ]

where k = ki +ky +- - -+ k, and the sum is over all nonnegative integers ki, ky, .. ., k,, satisfying
ki +2k; + - - + nk, = n. For a nice exposition related to this formula see, for example, [39].

By using Bell polynomials B, x(x1, ..., Xu—k+1), (2.10) can be written in the following
form:

n

(fo (P)(n)(z) _ Zf(k) (¢(2)) By <(P/(Z)’(Pn(z),.”,(P(n—k+1)(z)>_ @2.11)

k=0

Remark 2.4. Since B, o(x1, ..., xn1) = 0 the summation in (2.11) is from 1 to k. Moreover, since
Bua(x1,...,xn) = x5 and By, (x1) = x7, (2.11) can be written in the following form:

n-1
(Fo9)” (@ = (92)9" @) + 3 fP (9(2)Bui (¢'(2), .., 9" (2))
P (2.12)
+ 7 (9(2) (¢'(2)".

3. Main Result
Here, we formulate and prove our main result.

Theorem 3.1. Assumep >0, a > -1, n € N, p is a weight on D and ¢ is a holomorphic self-map of
D. Then C, : AL(D) — WS (D) is bounded if and only if

S/t k)T (90 2)/11)

k+(a+2)/p

p(z)

<o, k=1,...,n, (3.1)

It :==sup

= (1-1e=I%)

where for each fixed k € {1,...,n}, the sum is over all nonnegative integers ki, ko, ..., k, such that
k=ki+ky+---+k,and ky + 2k, + --- + nk,, = n.
Moreover, if the operator C, : Ah(D) — ”k),(f) (D) /P, is bounded, then

n
I1Cy | AL(D) W (D) /Py kZ_lIk' (3:2)
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Remark 3.2. Note that by (2.11) we see that the conditions in (3.1) can be written in the
following form:

(Z)IBnk(tp (2),9"(2),..., 9" *D(2))]

I = su >k+(a+2)/p

£ (1-lo2)]

< oo, k=1,...,7’l. (33)

Proof. First assume that conditions in (3.1) hold. By formula (2.10) and Lemma 2.2 we have

n-1 .
1ol = 2 |(709) "]+ sup ()| (€)™ )
j= ze

-1

:

Zl' l'f(l)( (0))1—[(‘1’ (0)> '

Iy
(=}

j

| n () (z) &
+ S;;g#(Z) Z ﬁf(k) (‘P(Z))g<q’ I - > ‘ (3.4)
n-1 j

] j ) (0)
X|f (”(q)m))I‘Zl, il <"’ ( >|

j=0 1=0

n H3)
+ C”f”Ai(D)Z sup
k=1 z€D

St/ (Kt k)T (90) (Z)/"M

(1- o) "

From this, (2.2) with z = ¢(0), and by conditions in (3.1), it follows that the operator
Cy : Ab(D) — 7(),(1") (D) is bounded. Moreover, if we consider the space 7()/(4") (D) /P41, we
have that

" w(z)

" <C) su

St/ (et keI (00 20/ !>kj'

(3.5)
2) k+(a+2)/p

I

Now assume that the operator C,, : AP(D) — 10;,") (D) is bounded. For a fixed w € D,
and constants ¢y, ..., c,, set

<1 B | |2>n—2+j+(vc+2)/P (36)

w(z
gu(z) = ]Zn 2+]+2((zx+2)/p) (1 - woz)" 2@ /)

Applying Lemma 2.1 we see that g,, € A} (D) for every w € . Moreover, we have that

i‘ig”gw”AF(D) <C (3.7)
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Now we show that for each [ € {1,...,n}, there are constants ¢, ¢y, .. ., ¢, such that

—I

) _ w
8w (W) = o\ Ha+2)/p”

(1~ Fer)

gz(um)(w)zol me{l,...,n}\ {1} (3.8)

Indeed, by differentiating function g, for each I € {1,...,n}, the system in (3.8) becomes

ci+c+--+c, =0,

>c1+<n+1+2“;2>c2+---+<2n—1+2“;2>cn=0,

<n+2a+2

-2 -2 -2
2
<n+],+2a+ >c1+ <n+1+]+2 >cz+ + <2n—1+]+2 * >cn:1,
j=0 j=0 j=0
n-2

(3.9)

By using Lemma 2.3 with a = n + 2(2 + a)/p > 0, we obtain that the determinant of
system (3.9) is different from zero from which the claim follows.

Now for each k € {1,...,n}, we choose the corresponding family of functions which
satisfy (3.8) and denote it by g k.

For each k € {1,...,n}, the boundedness of the operator C,, : AL(D) — 1()21) (D) along
with (2.10) and (3.7) implies that for each ¢(w) #0:

H(w)|¢(w)|k)z("!/(kl!'“kn!))H;’:l <‘P(j) (w)/]_!>k,~|
(1- lo)P

< sup||Cy (Sp(ew).k) ”w,ﬁ")(m) <C||Cy]
weD

>k+(a+2)/p (3 10)

AL(D) - W (D)’

where (for each fixed k € {1,...,n}) the sum is over all nonnegative integers ki, ky, ..., ky,
suchthatk = ki +ky +---+ k, and k; + 2k, + - -- + nk, = n.
From (3.10), it follows that for each k € {1,...,n},

@) S/ Gt k)T (90 (z)/]'!>kj‘
<C|c
|<p(i;|l>p1/2 <1 _ |(P(Z)|2>k+(u+2)/lﬂ ” q)l

(3.11)

AL(D)— W (D)
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Now we use consecutively the test functions

he(z)=zFe AAD), k=1,...,n, (3.12)

in order to deal with the case |¢(z)| < 1/2. Note that

Al a2y <1, for each k € N. (3.13)
By applying (2.11) to the function f(z) = hi(z), we get

(h109)™ (@) = Ky (9(2) B (¢'(2), -, 9" (2) = Bua (¢/2),-, 9" (), (3.19)

which along with the boundedness of the operator C, : Al(D) — W,S") (D) and (3.13) implies
that

sup j(2)|Bu (¢/(2),, 9™ (2)) | < 1@y < 1

Py 30™ (D)7 3.15
2eB AL(D) - 0" (D) (3.15)

or equivalently ¢ € 70/(4") (D) (see Remark 2.4).
Further, by applying formula (2.11) to the function f(z) = hy(z), we get

(h209)™(2) = Wy (9(2)Bua (¢'(2), -, 9" (2))

(3.16)
+15(0(2)Bua(¢/ (), 9" (2)).
From the boundedness of C,, : AP(D) — 7()}(4") (D) and (3.13), we get
() 2
SZ‘;IEP‘(Z)KhZ °p) (Z)l < ||C<P<Z >||wl<‘n>®) <Gyl ALD) - W0 (D) (3.17)
From (3.16) and (3.17), and by using the triangle inequality it follows that
2sup p(z)|Bup ((p'(z), ) (z)) |
zeB
(3.18)
< ||C<P| A -0 T 2sup p(z) |‘P(Z)Bn,1 ((p'(Z), Y ‘P(n) (Z)> |
* " zeB
Using the fact sup,p|¢(z)| < 1 and applying inequality (3.15) in (3.18) we get
! n— 3
sup (2)[Bua (¢ 2, 0" ) | < 1o Loy agp o (319)
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Assume that we have proved the following inequalities:

su]gy(z) B, <<p'(Z), . -,(P("_M) (Z)>' < Cl|Cy] ALD) -0 (D)’ (3.20)
zE

forjef{l,...,k-1}andak < n.
Applying formula (2.11) to the function f(z) = hx(z), k € {1,...,n}, we have that

k .
(o 9)” () = 30 (9(2) By (9 2), - ) (2))
(3.21)

j=1
k . .

= Sk(k=1)-+ (k= +1)(9(2)) " Bo (¢/2),-. 9T (2)).
j=1

From this, by using the boundedness of the operator C, ALD) — WL")(D),
the boundedness of function ¢, the triangle inequality, noticing that the coefficient at
Buk(¢'(2),...,0" "1 (z)) is independent of z (it is equal k!), and finally using hypothesis
(3.20), we easily obtain

Bk (9'(z),.., kD (z)) | <C|lc,|

sup p(z)

zeB

AL(D) -1 (D) (3.22)

Hence, by induction, we get that (3.22) holds for each k € {1,...,n}.
From (3.22) and bearing in mind Remark 2.4, for each fixed k € {1,...,n}, we have
that

H(z)

St/ (k! k)T (90) (Z)”ij'

sup

lp(2)[<1/2 <1 B |‘P(Z) |2>k+(0£+2)/p

(3.23)

Bk ((p'(z), oo D (z)) ' < C||Cyl

< sup p(2)

ok AL(D) - W (D)’

where as usual for a fixed k € {1,...,n}, the sum is over all nonnegative integers ki, ko, ..., k,
such thatk = ky + ko +--- + k,, and ky + 2k, + - - - + nk,, = n.
Hence from (3.11) and (3.23), we get

ZIk < C”C<p|

k=1

ALD) -1 ©) (3.24)

From (3.5) and (3.24), we obtain asymptotic relation (3.2). O
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