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1. Introduction and preliminaries

Let (X, d) be a metric space and D € X. A mapping T : D — X is said to be nonexpansive if
d(Tx,Ty) <d(x,y), Yx,ye€D, (1.1)
and it is said to be weakly contractive if

d(Tx,Ty) <d(x,y) —¢(d(x,y)), Vx,yeD, (1.2)

where ¢ : [0,00) — [0, 00) is continuous and nondecreasing such that ¢ is positive on (0, o),
¢(0) =0, and lim ¢, g (t) = 0.

It is evident that T is contractive if it is weakly contractive with ¢(t) = (1 — a)t, where
a € (0,1), and it is nonexpansive if it is weakly contractive.

As an important extension of the class of contractive mappings, the class of weakly con-
tractive mappings was introduced by Alber and Guerre-Delabriere [1]. In Hilbert and Banach
spaces, Alber et al. [1-4] and Rhoades [5] established convergence theorems on iteration of
fixed point for weakly contractive single mapping.
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2 Fixed Point Theory and Applications

Inspired by [2, 5, 6], the purpose of this paper is to study a family of commuting non-
expansive mappings, one of which is weakly contractive, in arbitrary complete metric spaces
and Banach spaces.

We will establish some convergence theorems for the iterations of types Krasnoselski-
Mann, Kirk, and Ishikawa to approximate a common fixed point and to give their error esti-
mates.

Throughout this paper, we assume that F(T) is the set of fixed points of a mapping T,
thatis, F(T) = {x : Tx = x}; @ is defined by the antiderivative (indefinite integral) of 1/¢(t)
on (0,+00), that is, ®(t) = [dt/¢(t), and @' is the inverse function of ®.

We define iterations which will be needed in the sequel.

Suppose that X is a metric space and D C X, {T,}*_, is a family of commuting self-
mappings of D and xg € D. The iteration {x,},—, C D of type Krasnoselski-Mann (see [7, 8]) is
cyclically defined by

x1 =Tixg,..., Xk = Trxk-1, Xk+1 = Toxk,
(1.3)
Xk2 = TXka1, -+, X2(k+1) = ToXok+1, X2(k+1)+1 = T1X2(k41), - - - -
For convenience, we write
Xn = Tn(mod k+1)Xn-1, (1.4)

where the modk + 1 function takes values in {0,1,2,...,k}.
Let D be a closed convex subset of the normed space X. Then the iteration {x,},., C D
of type Kirk (see [5, 9]) is defined by

k k
xp=S"x, n=1,2, S=>aT, ap>0, a;>0 (i=12,...,k), D a=1 (1.5)
i=0 i=0

Again, the iteration {x,},., C D of type Ishikawa with error (see [10-12]) is defined by

Xn+l = (1 e bnl)xn + aanlynl + by,

Yn1 = (1 —an2 — bnz)xn + anToYm + buoting,

: (1.6)
Ynkk-1) = (1 — Qnk — bnk)xn + ankaynk + bnkunk/
Ynk = (l —ano — bnO)xn + anoToxy, + buoino,
where {uyi};20 CD (i=0,1,...,k), {@ui}mo C [0, 1], {bri};ep € [0,1] (i=0,1,...,k), and
max (ay; +bp) <1 (n=0,1,2,...). (1.7)

0<i<k

We will make use of following result in theproof of Theorem 2.4.
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Lemma 1.1 (see [12]). Suppose that {p, }, {0} are two sequences of nonnegative numbers such that
Prs1 S Pyt O foralln >mng. If 3,210, < oo, then im ,_.0p,, exists.

2. Main result

Theorem 2.1. Let (X, d) be a complete metric space and let {T,}*_, be a family of commuting self-
mappings, where T; (i = 1,2,..., k) are all nonexpansive and Ty is weakly contractive, then there is a
unique common fixed point p € (\*_,F(T,) and the iteration {x,} of type Krasnoselski-Mann generated
by (1.4) converges in metric to p, with the following error estimate:

n
k+1

d(xn,p) <@ (cp(d(xo,p)) - ]) (n=0,1,2,...), (2.1)

where [n/(k + 1)] is the Gauss integer of n/(k + 1).

Proof. The uniqueness of fixed point of Ty is clear from (1.2). Hence, the common fixed point
of {T,}k_, is unique. Let X, be an arbitrary point in X and let {x,} be an iteration of type
Krasnoselski-Mann generated by (1.4). Since {T,}*_, is commutative, then we have [T*_,T, =
(T ’,‘:lT,)To. Suppose that n = i(mod k + 1) and [n/(k + 1)] = j. Then,

k
Xn = Xj(ksl)+i = <H Tr>x(j—1)(k+1)+i (i=0,1,2,...,k, j=1,2,...). (22)
r=0

Write y; = Xj(ks+1)+: for fixed i. Then { yj}?io is a subsequence of {x,}. Since [T*_, T, is nonex-

pansive and T is weakly contractive, then we obtain

k k
r=1 r=1 ’

< d(Toyj, Toyj1) < d(yj,yj-1) - ¢ (d(yj yj-1)),

which shows d(yj;1, ;) < d(yj,yj-1), that is, {d(y,-+1,yj)};°0 is a nonincreasing sequence of

nonnegative real numbers. Therefore, it tends to a limit d > 0. If d > 0, then, by nondecreasity
of ¢, ¢(d(yj+1,y;)) > ¢(d), for all j > 0. Thus, from (2.3) it follows that

A(Yjsrs1, Yjek) < d(yja,y;) — ky(d), (2.4)

a contradiction for k large enough. Therefore,
lim d (yj1, yj) = 0. (2.5)
By (2.5), for any given ¢ > 0, there exists N such that
. [e € .
A(yj1,y5) <m1n{§,qr<§> }, Vj > N. (2.6)
We claim that

A(Yjsm yj) <€, Ym>1,Vj>N. (2.7)
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In fact, from (2.6) we see that (2.7) holds when m = 1. Suppose that d(yjim-1,y;) < €. If
d(Yjsm-1,Y;) < €/2, then from (2.6) we get

+- ==t (2.8)

N ™
N ™

AWYjsm, Yj) < AYjim, Yism-1) + A(Yjm-1,Yj) <
If d(yjim-1,yj) 2 €/2, then ¢(d(Yjim-1,Y;)) 2 ¢(e/2), we also get

A(Yjem ¥i) < A(Yjem Yjs1) +d(Yje1, y5)

k k
= d<<1_[ Tr>yj+m—1r <H Tr)%’) +d(yj, ¥5)

r=0 r=0 (29)
< d(Yjem-1,Y;) = ¢(AYjem-1, 7)) +d(Yjs1,y))
a2 o) -

Therefore, by induction we derive that (2.7) holds. Since ¢ is arbitrary, {y;} is a Cauchy se-
quence. As X is complete, we have

hm Xj(k+1)+i = Pi eX (l =0,1,2,..., k) (210)
]

Observe thatT; (i=0,1,2,...,k) are all continuous, so is [ ’r‘:oT,. From (2.10), it follows that

K k
<| | Tr>Pi = }im <| | Tr>xj(k+1)+i = }im X+ =pi (1=0,1,2,...,k), (2.11)

r=0
Tiapi = }E&ﬂn%(ku)ﬂ = }i_{l;loxj(k+1)+(i+l):p,~+1 (i=0,1,2,...,k; Tis1 = To; pra =Po) (2.12)

By (1.1), (1.2), and (2.11), we deduce

d(ps,pr) = d((lj Tr>Ps' <1££ Tr)’”) (2.13)

<d(ps,pt) - ¢(d(ps,pt)), Vt#s€{0,1,2,...,k},

which shows
ps =p, thatis, pi=p (i=0,1,2,...,k). (2.14)

From (2.12), it implies that p is a common fixed point of {T} }_,, that s, p € N *_,F(T}). Hence,
N ’:ZOF(T,) = {p}. By (2.10) and (2.14), we conclude lim , ..x, = p. Set a; = d(x(k+1),p). From
(2.3), we have

a; < aj-1— ([)’(a]'_l), V] eZ" . (215)

Since ¢ is continuous and nondecreasing, using (2.15), it yields

D(ay1) - 0) = |

G4 aj—aja -1
4

W wt) ) T
) 0 e (2.16)

aj < O7H(D(a) - j).
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Observe that
d(xn,p) = d(xjgs1y+i,p) = d(Ti -+ TT1xjgesn), Ti - T.Thp) .
<d(xjwny,p), 1<i<k.
From (2.16) and (2.17), we obtain the error estimate (2.1). This completes the proof. 0

Remark 2.2. If T; = I (i = 1,2,...,k) in Theorem 2.1, where [ is the identity mapping of X,
then we conclude that the sequence {x,} converges to the unique common fixed point p of
weakly contractive mapping Ty, with the error estimate d(x,, p) < ® ' (®(d(xo, p) — n)), where
x, = T xo. Thus, our Theorem 2.1 is a generalization of the corresponding theorem of Rhoades

[5].
k

Theorem 2.3. Let X be a Banach space and let D C X be a nonempty closed convex set. Let {T,},_,
be a family of commuting self-mappings, where T; : D — D, (i=1,2,...,k) are all nonexpansive and
To : D — D is weakly contractive. Then, for any xo € X, the iteration {x,} of type Kirk generated
by (1.5) converges strongly to a unique common fixed point p € (\X,F(T}), with the following error
estimate:

i=0

1 k
|1 = p|| < 2@ [a—ocD(Z a;|| Tixo —p||> - n] (n=12,...). (2.18)
k

Proof. Applying Theorem 2.1, we can suppose that p is a unique common fixed point of {T;},_,.
Since

k k k
Sp = <Z aiTi>p = Z ai(Tip) = Z ap=p, (2.19)
i=0 i=0 i=0
we derive that p is a fixed point of S. Since T; (i = 1,2,..., k) are all nonexpansive, Ty is weakly
contractive, and ag # 0, then we have

k

Z ai(Tix - le)

i=0

k
ISx = Syll = < > ai|Tix - Ty |

i=0

< aollx =yl - aop (llx - yll) + >, aillx - yll

k (2.20)
i=1
= llx = yll - a0 (llx = yll)-

The inequality (2.20) shows that S is weakly contractive. Thus, p is a unique fixed point of S.
Set ¢5; = apy. Then,

1
D = —0, @' = ayd !, (2.21)
0

and {x,} converges to p with the following error estimate (see Remark 2.2):

llxne1 = pll < @7 [@1(J|lx1 - pll) = 7. (2.22)
Observe that
k
I - pll = 5% - pl < 3 aillTixo - . 223)

i=0

From (2.21)—(2.23), we obtain (2.18). This completes the proof. O
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Theorem 2.4. Let X be a Banach space and let D C X be a nonempty closed convex set. Let {T,}*_,

be a family of commuting self-mappings, where T; : D — D (i = 1,2,..., k) are all nonexpansive and
To : D — D is weakly contractive. For any xo € D, let {x,} be the iteration of type Ishikawa generated
by (1.6), where

w k 0
Z H Api = 00, nZ= 1(’)1;?5)1(( b,i < oo, (2.24)

n=0 i=l

and {uyi}eg CX (i=0,1,...,k) are all bounded. Then, {x,} converges strongly to a unique common
fixed point p € (;_F (T,) with the following estimate:

n k n k
s -l <@ (@0l - 3T Tas ) + M3, 3o @225)
j=0 =0 j=0 i=0
where M = maXx <i<kSUP 51 |[tni — p|-
Proof. Applying Theorem 2.1, we can suppose that p is a unique common fixed point
of {Tr}fzo. Since {u,} i = 0,1,...,k) are all bounded, we have M = maxX <k

SUP 51 [ttni = p|| < 00. Since T; (i =1,2,..., k) are all nonexpansive and Ty is weakly contractive,
we obtain in proper order that

lyar =Pl < (1= ano = buo) ||n = pI| + anol| Toxn = p| + buol|no — p|
< ( = ay0) ||xn = pl + ano[||xn = pll = ¢ (lxn = p[)] + broM
< lon = pll = anog (|| n = pII) +buoM,
lynk-1) =PIl < (1= @nk = buic) | = p| + @icl| Tty = pI| + bk ||k = |
< (1= aue) [|xn = pl + ankl|ynk — p|| + bucM
< (1= au) [|xn = pl| + ank[||xn = pI| = anogs (||xn = p|) + broM] + byucM
< [|xn

= p|l = @@ (||xn = pl|) + (bro + bux) M,

K (2.26)
[y =Pl < %0 = pll = ano l_[am (lxn =pl) + a0 + X bui )M
i=2
%1 = pll < (1= am - nl)llxn —PII + an || Tiym = p|| + b || tm - p|
< (1= am)|lxn = p| + am[lym - p|| + buM
< (1= am)lxn - p|| + buM
k k
o [nxn - o (T Lo =)+ (v 3 bm)M]
i=2 i=2
k k
< e —pll - <1‘[am>w<nxn ~pll) + M3 b
i=0 i=0
Write B, = ||, — pll, 6, = MY by Then 3 20, < oo, and (2.26) yields
P < B, + 60, (2.27)

n k n
2 [ Tauw ) < Z;)(ﬁj =Pi) +Z;)9j 5ﬂ0+_z;)9]~. (2.28)
j= j= j=

=0 "i=0
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From (2.27) and Lemma 1.1, it implies that lim,_..f, exists, and so does lim ,_...¢(f,)
by the continuity of ¢. From (2.28), it implies that >, (] fzoani)qf(ﬁn) < oo. Since
> ool fzoani) = oo, we conclude that lim ,,_..¢s(8,) = 0. Therefore, lim .., = 0, that is,
xy converges strongly to p. To establish the error estimate, we set 3,7.,6; = I'; and 'y = 0.
Then, (2.26) yields

k
Pria <Py~ <]_[ am-><p([3n) + Ty =Tt (2.29)
i=0

Set A, = B, — I',-1. From (2.29) we have

k
)Ln+1 < /\n - <H am’)‘lfr()‘n + rn—l)- (230)
i=0

Since ¢ is nondecreasing, from (2.30) we deduce

A _ _ k
D(Ny) = DP(Aps1) = f at iy dnzdwa i (2.31)
La®(®) T () g+ Tua) Gy
Thus,
n n _k
®(ho) = (1) = 3 [@() - ()] 2 3, [ T asi
=0 =0 "i=0
! . K ! (2.32)
A1 < o <(D()t0) - Z a,-i> .
j=0 i=0
Hence, the estimate (2.25) holds. This completes the proof. O
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