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A class of implicit multivalued vector equilibrium problems is studied. By using the generalized
Fan-Browder fixed point theorem, some existence results of solutions for the implicit multivalued
vector equilibrium problems are obtained under some suitable assumptions. Moreover, a stability
result of solutions for the implicit multivalued vector equilibrium problems is derived. These
results extend and unify some recent results for implicit vector equilibrium problems, multivalued
vector variational inequality problems, and vector variational inequality problems.

1. Introduction

Let X be a Hausdorff topological vector space, K a nonempty subset of X, and f : KxK — R
a function. Then, the scalar equilibrium problem consists in finding x € K such that

f(x,y) >0, Vyek. (1.1)

This problem provides a unifying framework for many important problems, such as,
optimization problems, variational inequality problems, complementary problems, minimal
inequality problems, and fixed point problems, and has been widely applied to study the
problems arising in economics, mechanics, and engineering science (see [1]). In recent years,
lots of existence results concerning equilibrium problems and variational inequality problems
have been established by many authors in different ways. For details, we refer the reader to
[1-26] and the references therein.

Now, let Y be another Hausdorff topological vector space and C C Y a closed convex
cone with int C # (), where int C denotes the topological interior of C. Let f : K x K — Y be



2 Fixed Point Theory and Applications

a given map. Recently, Ansari et al. [2] studied the following vector equilibrium problems to
find x € K such that

f(x,y) ¢ -intC, Vyek, (1.2)
or to find x € K such that

f(x,y)eC, Vyek. (1.3)

In case that the map f is multivalued, Ansari et al. [2] also studied the following multivalued
vector equilibrium problem (for short, MVEP) to find x € K such that

f(x,y)Z-intC, VyekK, (1.4)

or to find x € K such that

f(x,y)cC, Vyek. (1.5)

By using an abstract monotonicity condition, they gave some existence theorems of solutions
for MVEP.

Very recently, in [3, 4], the authors studied the following implicit vector equilibrium
problems (for short, IVEP): to find x € K such that

f(g),y) ¢ -intC(x), VyeK, (1.6)

where g : K — K is a vector-valued map and C : K — 2Y is a multivalued map such that,
for all x € K, C(x) is a closed convex cone in Y with int C(x) # @. By using the famous FKKM
theorem and section theorem, they gave some existence results of solutions for IVEP.

Inspired and motivated by the research work mentioned above, in this paper, we
consider a class of implicit multivalued vector equilibrium problems and introduce the
concepts of C, — h-pseudomonotonicity and V — h-hemicontinuity for multivalued maps.
By using the fixed point theorem of Chowdhury and Tan [27], we obtain some existence
results of solutions for the implicit multivalued vector equilibrium problems in the setting
of topological vector spaces. Furthermore, we derive a stability result of solutions for the
implicit multivalued vector equilibrium problems. These results extend and unify some
recent results for implicit vector equilibrium problems, multivalued vector variational
inequality problems, and vector variational inequality problems.

2. Preliminaries

Throughout this paper, unless otherwise specified, we suppose that X, Y, and Z are
topological vector spaces, and K € X and D C Z are nonempty subsets. We also suppose
that C: X — 2Y is a multivalued map such that, for any x € X, C(x) is a proper, closed, and
convex cone in Y withintC(x) #0, g: KxD — X, h: K x K — X are vector-valued maps,
and F: X x X — 2Y,T: K — 2P are multivalued maps.
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In this paper, we consider the following implicit multivalued vector equilibrium
problem (for short, IMVEP) to find X € K such that

VyeK, 3ueT(x): F(g(x,u),h(x,y))Z-intC(X). (2.1)

We call this x a solution for IMVEP.
Some special cases of IMVEP.

(1) If F is a single-valued map, then IMVEP reduces to the problem of finding x € K
such that

VyeK, JueT(x): F(g(x,u),h(x,y)) ¢ -intC(x), (2.2)

which has been studied in [5].

(2) If F is a single-valued map, g(x,v) = g(x), h(x,y) = y, then IMVEP reduces to
IVEP.

(3) If F is a single-valued map, g(x,v) = x, h(x,y) = y, then IMVEP reduces to the
problem of finding x € K such that

F(x,y) ¢ -intC(x), VyeKk, (2.3)

which has been studied in [6].

(4) If g(x,v) =x, h(x,y) =y, C(x) = C (Cis a closed convex cone in Y with int C #0),
then IMVEP reduces to MVEP.

Definition 2.1 (see[28]). Let X and Y be two topological spaces. A multivalued map T : X —
2Y is said to be

(i) upper semicontinuous (for short, u.s.c.) at xg € X if, for each open set V in Y with
T (xo) C V, there exists an open neighborhood U (xy) of xo such that T(x) C V for all
x € U(x);

(ii) lower semicontinuous (for short, l.s.c.) at xp € X if, for each open set V in Y with
T(x0) NV #0, there exists an open neighborhood U (xg) of xg such that T(x) NV #0
for all x € U (xo);

(iii) closed if the graph Gr(T) = {(x,y) € X x Y : y € T(x)} is a closed subset of X x Y..
(iv) compact-valued if, for each x € X, T(x) is a nonempty compact subset of Y.
Definition 2.2. Let X and Y be topological vector spaces, K a nonempty convex subset of X

and C a nonempty convex cone of Y. A multivalued map F : X — 2Y is said to be C-convex
if, for any x,y € X and t € [0, 1], one has

F(tx+ (1-t)y) CtF(x)+ (1 -t)F(y) - C. (2.4)

Definition 2.3. Let X, Y, and Z be topological vector spaces, K a nonempty convex subset of
X, and D a nonempty subset of Z. Let C : X — 2Y be a multivalued map such that, for any
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x € X, C(x) is a proper, closed, and convex cone in Y with intC(x) #@. Given two vector-
valued maps g: KxD — X, h: K x K — X, and two multivalued maps F : X x X — 2Y,
T : K — 2P.Then, T is said to be

(i) Cx — h-pseudomonotone with respect to F and g on K if, for any x,y € K and any

u €T (x),v €T (y) onehas

F(g(x,u),h(x,y))Z - intC(x) implies F(g(y,v), h(x,y))Z - intC(x); (2.5)

(ii) weakly Cy — h-pseudomonotone with respect to F and g on K if, for any x,y € K
and any u € T(x), one has

F(g(x,u),h(x,y))Z -intC(x) implies F(g(y,v), h(x,y))Z —intC(x) for some v € T(y);
(2.6)

(iii) V — h-hemicontinuous with respect to F and g on K if, for any x,y € K, t € (0,1),
Yyt = x+t(y —x) and any v; € T(y;), there exists u € T (x) such that, for any open set
V with F(g(x,u), h(x,y)) C V, there exists ty € (0, 1) such that

vte (0,t],  F(g(ye,v1) h(x,y)) € V. (2.7)

Remark 2.4. The above V — h-hemicontinuity for multivalued map is a generalization of V-
hemicontinuity for continuous linear operator.

Example2.5. Let X =Y =Z=R, K=D=[0,1],and C(x) =R, forallx € X.Letg: KxD —
X, h:KxK — X, T:K — 2P and F: X x X — 2Y be defined as follows:
glx,u)=—1+x+u), Y(x,u) e KxD,
h(x,y) =y-x, VY(xy) eKxK,
T(x)=[0,x], Vx€K, (2.8)

x,y|, ifx>y,
F(x,y) = [xv] Y V(x,y) e X xX.
[y, x], otherwise.

Then, T is C; — h-pseudomonotone with respect to F and g on K. Moreover, T is V — h-
hemicontinuous with respect to F and g on K.
Proof. Firstly, we show that T is C, — h-pseudomonotone with respect to F and g on K.

Indeed, for any x,y € [0,1], u € T(x) = [0,x], and v € T(y) = [0, y], it is obvious that
-Q+x+u)<—x<y-x1If

F(g(x,u),h(x,y)) =F(-Q+x+u),y—-x) = [-(1+x+u),y-x]¢(-0,0), (2.9)
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then, y — x > 0, that is, y > x. It follows that
F(g(y,v),h(x,y)) =F(-(1+y+v),y-x) = [-(1+y +v),y - x|Z(-c0,0). (2.10)

Hence T is C, — h-pseudomonotone with respect to F and g on K.
Secondly, we show that T is V — h-hemicontinuous with respect to F and g on K.
Indeed, let x,y € [0,1]. Taking u = x € T(x), for any open set V with
F(g(x,u),h(x,y)) €V, thatis,

F(g(x,u),h(x,y)) =F(-Q+x+u),y-x)=F(-(1+2x),y—x) = [-(1+2x),y—-x] CV,

(2.11)
there exists r > 0 such that
[-Q+2x)-2r,y-x] CV. (2.12)
Lety; = x+t(y —x), forall t € (0,1). Clearly, y; > 0.
If y < x, then for any ¢y € (0,1) and any v; € T(y;) = [0, y¢], we have
0<y <« (2.13)

And so

F(g(yt,ve), h(x,y)) = F(-(1+y: +v1),y — x)
= [~ +yi+o),y-x]
(1+2y:),y —x] (2.14)

C[-
C[-1+2x),y—x]
V.

N

If y > x, taking ty = min{r/(y — x),1/2} € (0,1), then for any t € (0, t9) and v; € T (v:),
we have
Vi < Yo,
—(1 +yt +'Ut) < —(1 ""]/t)
=-1-x-t(y—x)
(2.15)
=(y-x)+tx-(1+t)y-1
<y-x+1-0-1

<y-x.
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It follows that

F(g(yr,vi), h(x,y)) = F(-(1+yt +vp),y - x)
= [~ +yi+o),y -]
C[-(1+2y),y -]
[-(1+2y1,), v - x]
[F(A+2(x+t(y-x))), v - x]
[_
V.

N

Cl-A+2(x+71)),y—x]
c
(2.16)
Thus, T is V — h-hemicontinuous with respect to F and g on K. O

Lemma 2.6 (see [29]). Let X and Y be two topological spaces and F : X — 2Y a multivalued map.
(i) F is closed if and only if for any net {x,} C X with x, — x and any net {y,} such that

Ya € F(x,) with y, — y, onehas y € F(x).
(ii) If F is compact valued, then F is u.s.c. at x € X if and only if for any net {x,} C X

with x, — x and any net {y,} with y, € F(x,), there exists y € F(x) and a subnet
{yp} € {a) such that ys — y.

The following lemma, which is a generalized form of Fan-Browder fixed piont theorem
[30, 31], is very important to establish our existence results of solutions for IMVEP.

Lemma 2.7 (see [27]). Let K be a nonempty convex subset of a topological vector space X and
F, G: K — 2K be two multivalued maps such that
(i) forany x € K, F(x) C G(x);
(ii) for any x € K, G(x) is convex;
(iii) for any v € K, F~'(y) is compactly open (i.e., F~'(y) N L is open in L for each nonempty
compact subset L of K);
(iv) there exists a nonempty, closed, and compact subset A C K and y € A such that K\ A C
Gl(y)
(v) forany x € K, F(x) #0.
Then, there exists xo € K such that xy € G(xg).
Lemma 2.8 (see [28]). Let X and Y be two Hausdorff topological vector spaces and T : X — 2¥ a

multivalued map. If T is closed and T (X) is compact, then T is u.s.c., where T(X) = U,ex T(x) and
A denotes the closure of the set A.

Lemma 2.9 (see [32]). Let E be a metric space and A, A, € E (n=1,2,...) be compact subsets. If,
for any open set O with A C O, there exists ng such that A, C O for all n > ny, then any sequence
{xn}, satisfying x, € Ay, for n =1,2,..., has some subsequence which converges to some point of A.
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3. Existence of Solutions for IMVEP

In this section, we will apply the generalized Fan-Browder fixed point theorem to establish
some existence results of solutions for IMVEP. First of all, we have the following lemma.

Lemma 3.1. Let X, Y, and Z be topological vector spaces, and K a nonempty convex subset of X, and
D a nonempty subset of Z. Let C : X — 2Y be a multivalued map such that, for any x € X, C(x) isa
proper, closed, and convex cone in Y with int C(x) # 0. Given two vector-valued maps g : KxD — X,
h:Kx K — X, and two multivalued maps F : X x X — 2¥, T : K — 2P. Consider the following
problems.
(I) Find x € K such that, Vy € K, Ju € T(x) : F(g(x,u), h(x,y))Z —int C(x);
(I1) Find x € K such that,Vy € K, Jv € T(y) : F(¢(y,v), h(x,y))Z — int C(X);
(L) Find x € K such that,Vy € K,Yv € T(y) : F(g(y,v), h(x,y))Z — int C(x).

Then,

(i) Problem (1) implies Problem (II) if T is weakly Cy — h-pseudomonotone with respect to F
and g on K, moreover, implies Problem (I11) if T is Cx — h-pseudomonotone with respect to
Fand g on K;

(ii) Problem (II) implies Problem (1) if T is V — h-hemicontinuous with respect to F and g
on K and, for any x,y € K and any v € T(y), F(g(y,v), h(x,-)) is C(x)-convex and
F(g(l//v)/h(x/x)) g —C(.X'),'

(iii) Problem (III) implies Problem (1I).

Proof. (i) It follows from the weakly C, — h-pseudomonotone with respect to F and g on K
and C, — h-pseudomonotone with respect to F and g on K, respectively.

(ii) Let x be a solution of (II). Then, Vy € K, 3v € T(y) such that

F(g(y,v),h(%,y))L - intC(x). (3.1)

Let yp = x + f(y — x), for all € (0, 1). Since K is convex, we have y; € K. Then, there exists
vp € T(yp) such that

F(g(yp vp) h(X,yp))L —intC(x), V. (32)
Since for any x,y € K and any v € T(y), F(g(y,v), h(x,-)) is C(x)-convex, we have
F(g(yp,0p), (X, yp)) € PF(8(yp,vp) h(X,y)) + (1= P)F(8(yp, vp), h(X, X)) - C(x). (33)

Notice that forall x, y € K and any v € T(y), F(g(y,v), h(x,x)) € —C(x). Then, we can obtain
that

F(g(yp,vp), h(x,y))L-intC(x), Vp. (3.4)



8 Fixed Point Theory and Applications

Indeed, suppose to the contrary, that F(g(yp, vp), h(x,y)) C —int C(x) for some f, then

F(g(yp,vp), h(x,yp)) C PF(g(yp vp) h(x,y)) + (1 - B)F(g(vp,vp), h(x, %)) - C(x)
C-intC(x) - C(x) - C(x) (3.5)

C—-intC(x),

which contradicts (3.2), and so (3.4) holds.
We claim that there exists u € T(x) such that

F(g(x,u),h(x,y))g - intC(x), (3.6)

and so X is a solution of Problem (I).

In fact, if it is not the case, then we have, for any u € T(x), F(g(x,u), h(x,y)) C
—int C(x). And then it follows from the fact that T is V — h-hemicontinuous with respect to F
and g on K that there exists u € T(x) and fy € (0,1) such that F(g(x,u), h(x,y)) € —int C(x)
and

Ve (0,p], F(g(yp vp), h(X,y)) C-intC(X). (3.7)

(3.7) contradicts (3.4), and so (3.6) holds.
(iii) is obvious.
This completes the proof. O

Now, we are ready to prove some existence theorems for IMVEP under suitable
pseudomonotonicity assumptions.

Theorem 3.2. Let X, Y, and Z be topological vector spaces, and K a nonempty convex subset of X
and D a nonempty subset of Z. Let C : X — 2Y be a multivalued map such that, for any x € X,
C(x) is a proper, closed, and convex cone in Y with int C(x) # (. Given two maps g : K x D — X,
h:KxK — X, and two multivalued maps F : X x X — 2Y, T : K — 2P. Suppose the following
conditions are satisfied:

(i) h is continuous in the first variable;

(iii) the multivalued map W : K — 2Y, defined by W (x) =Y \ {=int C(x)} is closed;

)
(ii) T is Cx — h-pseudomonotone and V — h-hemicontinuous with respect to F and g on K;
)
(iv) F is u.s.c. and compact-valued, and it satisfies the following conditions:

(@) for any x,y € K and v € T(y), F(g(y,v), h(x,-)) is C(x)-convex and
F(g(y,v), h(x,x)) € -C(x);
(b) for any x € K, there exists u € T (x) such that 0 € F(g(x,u), h(x,x));

(v) there exists a nonempty, compact and closed subset A C K and y € A such that, for all
x € K\ A, one has

VueT(x), F(g(x,u),h(x,y))C-intC(x). (3.8)
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Then, IMVEP is solvable, that is, there exists x € K such that

VyeK, JueT(x):F(g(x u)h(x y))Z-intC(x). (3.9)
Proof. Define two multivalued maps H, G : K — 2K as follows, for any x € K,

H(x)={y€K:3weT(y), F(g(y,v),h(x,y)) C-intC(x)},

(3.10)
G(x)={y € K:YueT(x), F(g(x,u),h(x,y)) C—intC(x)}.

The proof is divided into the following steps.
(I) For all x € K, H(x) C G(x).
Indeed, let y € H(x), then there exists v € T(y) such that

F(g(y,v),h(x,y)) C —intC(x). (3.11)

If y ¢ G(x), then there exists u € T'(x) such that
F(g(x,u),h(x,y))g - int C(x). (3.12)

Since T is Cy — h-pseudomonotone with respect to F and g on K, then, by (3.12), we have for
allv € T(y),

F(g(y,v),h(x,y))€ - intC(x), (3.13)

which contradicts (3.11). Thus, y € G(x), and so H(x) C G(x).
(IT) For all x € K, G(x) is convex.
In fact, for any y1,y» € G(x) and t € (0,1), by the definition of G, we have, for each
ueT(x),
F(g(x,u),h(x,y1)) € —intC(x),

(3.14)
F(g(x,u),h(x,y2)) € —int C(x).

Let y; = ty; + (1 — t)y». Since K is convex, we have y; € K. Noting that F(g(x,u), h(x,-)) is
C(x)-convex, we have
F(g(x,u),h(x,y:)) CtF(g(x,u), h(x,y1)) + (1 = t)F(g(x,u), h(x,y2)) - C(x)
C—-intC(x) —intC(x) — C(x) (3.15)
C —intC(x).

By the arbitrary of u, we have y; € G(x), and so G(x) is convex.
(IT) For any y € K, H™!(y) is compactly open.
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Indeed, for any given compact subset L C K, let P = H™!(y) n L. We will show that
P is open in L by proving that P€ is closed in L. Let {x,} C PC be an arbitrary net such that
Xz — xo € L. Then, for each a, x, € P, thatis, y ¢ H(x,), thus, for any v € T(y),

F(g(y,v),h(xa,y))Z —intC(x,), Va. (3.16)

It follows that, for each a, there exists w, € F(g(y,v), h(x4,y)) such that w, ¢ —intC(x,),
that is,

Wy € W(xy) =Y\ {-intC(x,)}, Va. (3.17)

Since h is continuous in the first variable and F is u.s.c. and compact-valued, it follows from
Lemma 2.6 that there exists wy € F(g(y,v), h(xo,y)) and a subnet of {w,}, we still denote
this subnet by {w,}, such that w, — wy. Notice that W is closed. We have wy € W (x¢) =
Y\ {—=intC(xp)}. It follows that wy ¢ —int C(xy), and so

F(g(y,v),h(x0,v))Z - intC(xp). (3.18)

Then, by the arbitrary of v, we have y ¢ H(xy), thatis, xo € H -1 (y). Since xg € L, we know
that xp € P€, and so PC is closed in L.

(IV) By the assumption (v), there exists a nonempty, compact, and closed subset A C K
and iy € A such that, forall x € K'\ A, we have

YueT(x), F(g(x,u),h(x,y))C—intC(x). (3.19)
This implies that ¥ € G(x), that is, x € G™}(y). And thus K \ A C G1(y).
(V) G has no fixed point in K.
Suppose that it is not the case, then there exists xy € K such that xy € G(xo), that is,

Yu € T(xo), F(g(xo,u),h(xp,x0)) C—intC(xo). (3.20)

By the assumption (iv), we have 0 € F(g(xo,u), h(xo, xo)) for some u € T(x), and it follows
that 0 € —int C(xp). This implies that C(xg) is an absorbing set in Y, which contradicts the
assumption that C(xp) is proper in Y. Therefore, G has no fixed point.

Since G has no fixed point in K, it follows from Lemma 2.7 that there exists X € K such
that H(x) = 0, that is,

VyeK, YoeT(y), F(g(y,v) h(x y))Z-intC(x). (3.21)
From Lemma 3.1, we have x € K such that
VyeK, FueT(x):F(g(x u)h(x y))Z-intC(x). (3.22)

This completes the proof. O
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Remark 3.3. Theorem 3.2 is a multivalued extension of [7, Theorem 3].
Remark 3.4. The condition (v) of Theorem 3.2 is satisfied automatically if K is compact.
We now give an example to illustrate Theorem 3.2.

Example 3.5. Let X,Y,Z,K,D,C,g,h,T, and F be as in Example 2.5. We will show that all
conditions of Theorem 3.2 are satisfied.

(I) It follows from Example 2.5 that the condition (ii) of Theorem 3.2 is satisfied. And
it is obvious that F is compact valued and W is a closed mapping.

(II) We will show that F is u.s.c. on X x X.
Let x,y € X, for any set V with F(x,y) C V.
(1) If x = y, then F(x,y) = {x} C V, and then there exists r > 0 such that [x—r, x+r] C V.
Taking U, = U, = [x —,x + 1], then for any x' € U, and ¥’ € U,,, we have
[X,y] Clx-rx+r]CV, ifx' >y,

F(x,y) = {[ (3.23)

Yy, x| C[x—-r,x+r] CV, otherwise.

(2) If x < y, then F(x,y) = [x,y] C V, and then there exists r : 0 < r < (y — x) /2 such
that

[x-r,y+r] CV. (3.24)
Taking U, = [x —r,x+r]and U, = [y — 7,y + 7], we have

y—x_y+x y—-Xx

x+r<x+ > S Y- T, =y (3.25)

It follows that for any x' € U, and any y' € U, then we have x' < y/'. Thus,

F(x,y)=[x,y]C[x-ry+r] CV. (3.26)

(3) If x > y, the argument is similar to (2).
Hence, F is u.s.c. on X x X.

(III) We will show that for any x,y € K and v € T(y), F(g(y,v), h(x,-)) is C(x)-convex.
Forany x,y € Kand v € T(y). Let uy = tu; + (1 —t)u, for each t € (0,1) and u;, u; € K.

Since

w-x=tu+(1-Hu-2-x>0-x=-x,
(3.27)
-l+y+v)<-1<-x<u-x, i=12,
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it follows that
F(g(y,v), h(x,u;)) =F(-(1+y+v),ui-x) = [-(1+y+v),ui-x|, i=12  (3.28)

Thus, we have

F(g(y,v), h(x,u)) = F(=(1+y +v),u - x)
=[-(1+y+v),u-x]
=[-1+y+90),tur —x)+ (1 -t)(u — x)]

(3.29)
=t[-(1+y+v),u1—x]+(1-t)[-(1+y+v),u — x|
=tF(g(y,v), h(x,u1)) + (1 -t)F(g(y,v), h(x,uz))
CtF(g(y,v),h(x,m)) + (1 -t)F(g(y,v), h(x,uz)) — C(x).
This shows that F(g(y, v), h(x,-)) is C(x)-convex.
(IV) Obviously, for any x,y € K and any y € T(y),
F(g(y,v),h(x,x)) =F(-(1+y +v),x —x)
(3.30)
=[-(1+y+v),0] C-R, =-C(x),
thatis, for any x,y € K and y € T(y), F(g(y, v), h(x, x)) € -C(x).
For any x € K and u € T(x), we have
F(g(x,u),h(x,x)) = F(-(1+x+u),x—x) = [-(1+x+u),0], (3.31)

thus, 0 € F(g(x,u), h(x, x)).

By the above arguments, we know that all the conditions of Theorem 3.2 are satisfied.
By Theorem 3.2, IMVEP is solvable.

Indeed, let x = 0 € [0,1], then for any y € [0, 1], there exists u = 0 € T(x) such that

F(g(x,u),h(x,y)) = F(g(0,0),h(0,y)) = F(-1,¥) = [-1,y]Z - intR,. (3.32)

Thus, x is a solution of IMVEP.

We now obtain an existence theorem for IMVEP for weakly C, — h-pseudomonotone
maps with respect to F and g under additional assumptions.

Theorem 3.6. Let X, Y, Z, K, D, C, g, h, F,and T be as in Theorem 3.2. Assume that the conditions
(iii)—(v) of Theorem 3.2 and the following conditions are satisfied:

(i)' g is continuous in the second variable and h is continuous in the first variable;

(i)' T is compact-valued, weakly C—h-pseudomonotone and V —h-hemicontinuous with respect
to F and g on K.
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Then, IMVEP is solvable, that is, there exists x € K such that

VyeK, JueT(x):F(g(x,u)h(x,y))Z-intC(x). (3.33)
Proof. Define two multivalued maps H,G : K — 2K as follows, for any x € K,

H(x)={yeK:YoeT(y),F(g(y,v),h(x,y)) C-intC(x)},

(3.34)
G(x)={yeK:YueT(x),F(g(x,u),h(x,y)) C-intC(x)}.

By using the same arguments as in the proof (I) of Theorem 3.2 and weakly C, — h-
pseudomonotonicity with respect to F and g on K of T, we see that for any x € K,
H(x) C G(x).

We have already seen in the proof of Theorem 3.2 that for each x € K, G(x) is convex
and the multivalued map G has no fixed point. Moreover, there exists a nonempty, compact,
and closed subset A C K and iy € A such that K \ A C G\ (y).

Next, we will show that, for each y € K, H™!(y) is compactly open.

Indeed, for any given compact subset L C K, let P = H~!(y) N L. We will show that
P is open in L by proving that P€ is closed in L. Let {x,} C PC be an arbitrary net such that
X, — xo € L. Then, for each a, x, € PC, that is, y ¢ H(x,). Thus, for each a, there exists
vq € T(y) such that

F(g(y,va), h(xa,y))Z — int C(x,). (3.35)

Since T is compact valued, there exists a subnet {vs} of {v,} such that vy — v € T(y). Then,
by virtue of (3.35), for each f3, there exists wyp € F(g(y, vp), h(xp,y)) such that wy ¢ —int C(xp),
that is,

wp e W(xp) =Y\ {-intC(xp)}, Vp. (3.36)

Since g is continuous in the second variable and h is continuous in the first variable, we have

8(y,vp) — 8y, v0),  h(xpy) — h(xo,y). (337)

In addition, F is u.s.c. and compact valued, it follows from Lemma 2.6 that there exist wy €

F(g(y,v0), h(xo,y)) and a subnet of {wp}, we still denote this subnet by {wg}, such that wy —

wy. Notice that W is closed. We have wy € W(xg) = Y \ {—intC(xp)}. It follows that wy ¢
—int C(xp), and so

F(g(y,v0),h(x0,y))Z —intC(xo). (3.38)

Thus, y ¢ H(xp), that is, xo ¢ H1 (). Since xo € L, we know that xq € PC€, and so PF€ is

closed in L.
Hence, as in the proof of Theorem 3.2, there exists X € K such that H(x) = §, that is,

VyeK, IveT(y), F(g(y,v) h(x,y))Z-intC(x). (3.39)
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From Lemma 3.1, we have x € K such that
VyeK, JueT(x):F(g(x u),h(x,y))Z-intC(x). (3.40)

This completes the proof. O
Remark 3.7. Theorem 3.6 is a multivalued extension of [7, Theorem 4].

Next, we will prove an existence result for IMVEP without any kind of pseudomono-
tonicity assumption.

Theorem 3.8. Let X, Y, Z, K, D, C, g, h, F,and T be as in Theorem 3.2. Assume that the conditions
(iii)—(v) of Theorem 3.2 and the following conditions are satisfied:

(i)" g is continuous in both variables and h is continuous in the first variable;

(ii)" T is w.s.c. and compact-valued.

Then, IMVEP is solvable, that is, there exists x € K such that

VyeK, FueT(®) :F(gXu),h(xy))L-intC(). (3.41)

Proof. Define a multivalued map G : K — 2K as in the proof of Theorem 3.2. As we have seen
in the proof in Theorem 3.2 that, for each x € K, G(x) is convex and the multivalued map G
has no fixed point. Moreover, there exists a nonempty, compact, and closed subset A € K and
y € Asuchthat K\ A C G (y).

Now, we have only to show that, for any y € K, G (y) is compactly open.

Indeed, for any given compact subset L C K, let P = G™'(y) N L. We will show that
P is open in L by proving that P€ is closed in L. Let {x,} C PC be an arbitrary net such that
X — Xy € L. Then, for each a, x, € PC, that is, y ¢ G(x,). Thus, for each a, there exists
u, € T(x,) such that

F(g(xa, ua), h(xa,y))Z — int C(x,). (3.42)

Since T is u.s.c. and compact-valued, it follow from Lemma 2.6 that there exists 1y € T (x)
and a subnet {ug} C {u,} such that usg — ug. Then, by the assumption (i), we have

8 (xp up) — g(xo,u0),  h(xp,y) — h(xo,y). (3.43)

Furthermore, by virtue of (3.42), for each f, there exists some wp € F(g(xp,up), h(xp,y)) such
that wp € —int C(xp). It follows that

wp € W(xp) =Y\ {-intC(xp)}, Vp. (3.44)

Since F is u.s.c. and compact-valued, it follows from Lemma 2.6 that there exist wy €
F(g(xo,u0),h(x0,y)) and a subnet of {wp}, we still denote this subnet by {wp} such that
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wp — wy. Notice that W is closed. We have wy € W(xg) = Y \ {-intC(x)}, that is, wy ¢
—int C(xp), and so

F(g(xo,u0), h(x0,y))Z — int C(x). (3.45)

Thus, v ¢ G(xp), that is, xo € G !(y). Since xo € L, we know that x, € P¢, and so PC is closed
in L.
Thus, as in the proof of Theorem 3.2, there exists X € K such that G(X) = 0, that is,

VyeK, ueT(x), F(g(x u),h(x,y))Z-intC(x). (3.46)

This completes the proof. O

Remark 3.9. From the proof of Theorem 3.8, we can see that, if D is compact, then the
condition (ii)” can be replaced by the following condition (ii)” T is closed.

4. Stability of Solution Sets for IMVEP

In this section, we discuss the stability of solutions for IMVEP.

Throughout this section, let X and Z be Banach spaces, and Y a topological vector
space, K C X a nonempty compact convex subset and D C Z a nonempty subset, and C :
X — 2¥ a multivalued map such that, for all x € X, C(x) is a proper, closed convex cone in
Y with int C(x) # 0.

Let

E= {(g, h,T):g:KxD — X is continuous in both variables;
h: K x K — X is continuous in the first variable; (4.1)

T:K — 2P is us.c. and compact Valued}.

Let A, B be two compact sets in a normed space (U, || - ||). Recall the Hausdorff metric
defined by

H(A,B) = max{sup inf ||a - b||, sup inf ||a - b|| } (4.2)
acA beB beB €A

For any given (g,h,T), (g, W, T') € E, let

p((ghT), (g, H,T))= sup DIIg(x,y)—g’(x,y)ll+ sup KIIh(x,y)—h’(x,y)ll

(x,y)eKx (x,y)eKx
(4.3)

+supH (T(x),T'(x)),

xeK

where H is the Hausdorff metric. Then, it is easy to verify that (E, p) is a metric space.
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Assume that the multivalued maps F and W satisfy all the conditions of Theorem 3.2.

Then, it follows from Theorem 3.8 that for any (g, h,T) € E, IMVEP has a solution, that is,
there exists x € K such that

Vye K, FueT(x):F(g(x u)h(x y))Z-intC(x). (4.4)
Let

w(ghT)={xeK:YyeK, JueT(x), F(g(x,u),h(x,y))Z-intC(x)}. (4.5)

Then ¢(g, h,T) #@, which implies that ¢ is a multivalued map from E into K.
Theorem 4.1. ¢ : E — 25 is an upper semicontinuous map with nonempty compact values.

Proof. Since K is compact, it follows from Lemma 2.8 that we need only to show that ¢ is
closed. Let ((gn, hn, Ty), xn) € Gr(p) and ((gn, hn, Tn), xn) — ((g, h, T), x). We will show that

((g,h,T),x) € Gr(p).
Indeed, for any y € K and n, since x,, € ¢(gu, hn, Ty), there exists u, € T,,(x,) such that

F(gn(xn, un), hn(x,))Z — int C(xy,). (4.6)

Notice that T and T, are compact-valued. Then, for any open set O with T'(x) C O, there exists
€ > 0 such that

lueZ:d(uT(x)) <e) CO, (4.7)

where d(u,T(x)) = infyerm)||lu — /|. Since p((gn, hn, Tp), (g, h,T)) — 0and T is u.s.c., there
exists ng such that, for all n > ng,

supH (T (x), T (x)) < , (48)
xeK
T(x,) C {u €Z:duT[X) < g} (4.9)
It follows from (4.8) that
H(T (), Ta()) < 5. (4.10)

By (4.10), (4.9), and (4.7), for all n > ny, we have

To(xn) € {u e Z:d@,T(x) < g}

ClueZ:du,T(x)<e} (4.11)
co.
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Since T(x) € O and for all n > ng, u, € T,,(x,) € O, by Lemma 2.9, there exists a subsequence
{uy,, } of {u,} such that

Uy, — 1 € T(X). (4.12)

Since gy, is continuous, h,, is continuous in the first variable, and g,, — ¢, h,, — h, we
have

gﬂk (xnk/unk) - g(?,ﬁ), hnk (xnk’ y) - h(yf ]/) (4'13)
Then, it follows from (4.6) that
F(gn, (Xng, tn), hn (x4, v) )€ — int C (). (4.14)

Thus, there exist wy,, € F(gn, (Xne, Un), hn(Xn,, y)) such that w, & —intC(x,,), that is,
Wp, € Wi(xy) = Y\ {-intC(x,,)}. Since F is u.s.c. and compact valued, there exist
w € F(g(x,u),h(x,y)) and a subsequence of {wy, }, we still denote this subsequence by {w;, },
such that w,, — w. Notice that W is closed. We have w € W(x) = Y \ {-intC(x)}, that is,
w € —intC(x), and so

F(g(x, ), h(x,y))Z - int C(X). (4.15)

This implies that ((g, h, T), x) € Gr(yp), and so ¢ is closed.
This completes the proof. O

5. Conclusions

In this paper, the existence and stability of solutions for a class of implicit multivalued vector
equilibrium problems are studied. By using the generalized Fan-Browder fixed point theorem
[27], some existence results of solutions for the implicit multivalued vector equilibrium
problems are obtained under some suitable assumptions. These results generalize and extend
some corresponding results of Ansari et al. [7]. Also, in Section 4 of this paper, a stability
result of solutions for the implicit multivalued vector equilibrium problems is obtained. It
is worth mentioning that, up till now, there is no paper to consider the stability of solutions
for the implicit multivalued vector equilibrium problems. So, the stability result obtained in
Section 4 of this paper is new and interesting.
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