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ABSTRACT. In this paper, we establish some strongly oscillation theorems for

nonlinear second order functional differential equation
x"(t) + p(t) f(x(t), x(g(t))) =0
without assuming that g(t) is retarded or advanced.
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1. INTRODUCTION. We consider the second order nonlinear functional differential

equation
x"(t) + p(t) f(x(t) , x(g(t))) =0 (1.1)

where p(t), g(t) € C([to, ©), R) , g(t) * @ as t * @ and f(u,v) € C(R,R) and has the
sign of u and v when they have the same sign. We shall restrict our attention to
solutions of (l.1) which exist on some positive half-line. A nontrivial solution x(t)
is called oscillatory if x(t) has an unbounded set of zeros, and otherwise it is
called nonoscillatory. Equation (l.1) is said to be oscillatory if every solution of
(l.1) is oscillatory.

Oscillation theory for (l.1) has been developed by many authors. Bradley [1],
Chiou [2], Erbe [3] Gollwitzer [4], Ladas [5], Travis [6], Waltman [7], Wong [8] and
references therein. 1t is wellknown theorem of Wintner [9] and Leighton [10] that the

linear equation
x"(t) + p(t) x(t) =0

is oscillatory if fmp(c)dt = =, even p(t) is not assumed nonnegative. Bradley [1]
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and Waltman [7) demonstrated that the equation
x"(t) + p(t) x(g(t)) =0 (1.2)

is oscillatory if p(t) > 0 and fmp(t) dt = © , Travis [6] constructed a
counterexample showing that the Leighton-Wintner oscillation theorem can not be
extended to Equation (1.2) unless p(t) > 0. The author [11] extended Bradley-Waltman
oscillation theorem to (l.1l) i.e. if p(t) > 0 and fmp(t)dt = o then (l.1) is

ocillatory.

The purpose of this paper 1s to establish some strongly oscillation criteria for
(1.1). We are primarily interested in the case when p(t) > O, ]wp(t)dt { =,

are satisfied.

Considering the equation
x"(t) + Ap(t) x(t) = 0O, (1.3)

We shall call p(t) a strongly oscillatory coefficient if (1.3) is oscillatory for all
positive A. If p(t) » 0, Nehari [12] shows that

{--]
lim supt:ft p(s)ds = «

t >
is a necessary and sufficient condition for p(t) to be a strongly oscillatory
coefficient. In general, motivated by Nehari, we define as follows: FEquation (1l.1)
is said to be strongly oscillatory if the related equation of (l.1)

x"(t) + Ap(t) f(x(t), x(g(t))) =0 (1.4)
is osillatory for all positive A .

2. MAIN RESULTS.

For Equation (l.1) the following conditions are assumed to hold throughout the

paper:

(1) p(t) > 0 and there exists h(t) < min (g(t), t) such that 0 < k € h'(t) where k
is a constant.

(11) there exists m > 0 such that |u| > m tmplies

lip tof JEQ@0] e >0
Il > = o]
where $(v) € C'(R), vd(v) > 0 and ¢'(v) # 0 for v # 0, and Ti
v

where <, and § are constants.

We begin with a Lemma which needed in establishing our results.

T $'(v) > >0
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LEMMA 2.1. Suppose that for A = Ao > 0 Equation (l1.1) has a nonoscillatory
solution x(t). Then the following inequality holds for all large t,

w(e) > o [T wP(s) ds + A efT p(s)ds, 2.1

where w(t) = x'"(t)/¢(x(h(t))), o and € are positive constants.
PROOF. Assume that Equation (l.4)at A = Ao’ has a nonoscillatory solution
x(t) > 0 for t > ty > 0. A similar proof will hold if x(t) < 0 for t > toe
It is easy to verify that x"(t) < 0 and x'(t) >0 for all large t. Let
w(t) = x'(£)/$(x(h(t))), then

Vee) = - £(x(t), x(g(t))) _ ¢'(x(h(t)))x’ (h(t))Ih' ()
w'(e) = =X p(t) $Cx(h(e))) ¢(x(h(£))) wie).

Since x'(t) > 0 for large t, %im x(t) exists either as a finite or infinite limit.
> o
If 1lim x(t) = a is finite, then

tr=

£(x(t), x(g(t))) _ f(a,@) _ . o
2(x(5(t))) ¢(a) 27

lim
t >

If 1im x(t) = @, then by (ii) we have that
t >r>

£(x(t), x(g(t))) e
$(x(g(t))) 1

for large t. 1In either case, for sufficiently large t, we have that

f(x(t), x(g(t)))
$(x(g(t)))

> €, where € = min (el, 82). (2.2)

Since x(t) is increasing, for large t we have that

f(x(t), x(g(t))) £(x(t), x(g(t)))
PO THGh(e)) PO T gGag())) 7 Aot

and in view of x"(t) < O for large t and (ii) we see that

¢' (x(h(t)))x' (h(t))h' (t) ¢ (x(h(t)))x'(t)h'(t)

> kswz(:) = cwz(t)

SCx(h(t))) w(t) > $0e(h(£)))
Thus for t 2> t, 2t ,
1 o
w'(t) + o Wi(t) + A€ B(E) €0 (2.3)
and
w(t) + 0 wr(t) € 0. (2.4)

From (2.4), we have that

1
a—(—;(—é-)+0t) < 0.
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Integrating the above inequality from tl to t we obtain that

1
0 < w(t) ¢ el (2.5)
1
where b w(tl) ktl. From (2.5) we have that
lim w(t) = 0. (2.6)
t-}@

Integrating (2.3) from t, to t, then letting t * © we obtain that (2.1) holds for

1
all large.
We introduce the function sequence (pn(t)}, n=0,1,2,...,

defined as follows:
]
po(t) = p(t), p (t) = It po(s)ds,

w2
Py (8) = ft p, (8) ds, n=1,2,3,... . (2.7)
THEOREM 2.2. Assume that one of the following coanditions holds,
(Il) there is an integer m > 1 such that pn(t) is defined for n = 1,2,...,m, and

lim sup tpm(t) = o (2.8)

t > ®

(12) there 1s an integer m » 2 such that pn(t) is defined for n = 1,2,..., m1,

but pm(t) does not exist, i.e.

o 2
I pp () dt ==,
Then equation (l1.1) is strongly oscillatory.

PROOF. Assume to the contrary that Equation (1.4) at A-Ao > 0, has a non-
oscillatory solution x(t) > 0 for t > t > 0. A similar argument holds when x(t) < O
for t > to > 0. Let w(t) = x"(t)/¢(x(h(t))). As in the proof of Lemma 2.1, we can
obtain

w'(t) + Uwz(t:) + AOe:po(:) <0, t2»> t > e (2.9)

Suppose m = 1. Define uo(t) = ow(t); then

2
1
ur(e) +u (e) + EP(t) <0, t2¢) >t , (2.10)
where §° = Aoeo. However, by a well-known theorem of Wintner [13] this implies the

equation
y"(t) + €°p°(t)y(t) =0 (2.11)

is nonoscillatory. This contradicts the fact that the condition (Il) implies
po(t) is a strongly oscillatory coefficient.

If m > 1, integrating (2.10) from t, to t we obtain
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2 t
u (£) - uley) + ftl W (s)ds + & i b (s)ds <0 . (2.12)

1

Since lim u (t) = l1im ow(t)=0, , from (2.12) we get

t-)m > D
uo(t) > ul(t) + Eopl(t), €2t (2.13)
where u, (t) = f: ui(s)ds. Then (2.13) implies that
Wl (e) = = 02(6) € = ui(e) = 26w () (£) = Sip(E)e
1 o 1 01 1 =oP1
Hence
ur(t) + uz(c) + & pz(t) <0, (2.14)
1 1 171
) _ g2
where El = Eo .

If m = 2, then by the Nehari theorem, the condition (Il) implies equation
" 2
y'(t) + Llpl (t)y(t) =0 (2.15)

is oscillatory, coantradicting (2.14).
If the condition (12) is satisfied, then by the Leighton-Wintner theorem we have
that equation (2.15) is oscillatory, again a contradiction.

When m > 2, we obtain inductively that

2 2 *

A
um_l(t) + um_l(t) + Em‘lpm-l (¢) <0, t2¢t >t . (2.16)

-2
where um_l(t) = ft um_z(s)ds, Em-l is a constant and pm—l(t) is

defined by (2.7). Applying the Wintner theorem again, it follows that equation

2

"
yr(e) + gm—lpm-

1(t)y(t) =0 (2.17)

is nonoscillatory. But this contradicts again the fact that the condition
(Il) or (12) implies that equation (2.17) is oscillatory. The proof is thus complete.
REMARK. Theorem 2.2 includes Theorem 2.2 in [6] as a special case, i.e.

¢(u)=u and m = 1.

Consider the function seguence {qn(t,i,n)), n=1,2,..., which is defined as
follows:

q (t,n) =n [ p(s)ds (t,6,m =5 [ 2
olEs JeP » q,(e,6,m = £ [ q (s,M)ds + q_(t,n),

2
n-1

q,(t,&,n) = & f: a .y (s,&mds +q (6,0, €2, n=23.... (2.18)

where £ and N are positive constants.
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THEOREM 2.3. For all positive constants & and n assume that any one of following
conditions is satisfied:
(III) there 1s a positive integer m such that qn(t,ﬁ,n) is defined for
n=1,2,..., m=1, but qm(t,E,n) does not exist;
(112) qn(t,E,ﬂ) is defined for n=1,2,..., but the function sequence (2.18) is

not convergent for all large t.
(113) the sequence (2.18) is convergent and 1lim qn(t,é,n) = q(t,&,n), but

ale,6,m) ¢ L2(e ). n >

Then equation (l1.4) is strongly oscillatory.

PROOF. Assume that Equation(1.1)at A-Ao > 0, has a solution x(t) > 0 for
t 2 to > 0. A similar proof will hold if x(t) < 0 for t > to. Let
w(t)=x'(t)/$(x(h(t))). From Lemma 2.1 we can obtain (2.1). It follows that
w(t) > qo(t.no), where no-AoE. Hence

2 2
w(t) > qo(t,no), E>e 2. (2.19)
Suppose that (III) holds. If m=1 from (2.1), (2.19) implies that
o 2 2
< o
It qo(s,no) ds f: w (s)ds < =, Thus
a4, (6,6 ,n ) = & [° q%(s,n )ds + q (t,n) S w(t), t >t
1?7’ o/t 98T o ’o ’ 1

where Eo = 0, This 1s in contradiciton to the nonexistence of q,-

If m > 1, from (2.1) and (2.19) we get that qm—l‘ w(t). Hence
f“ (8,&,n ) ds < fo wz(s) ds < », Applying (2.1) we have that
t Ip-1°8253" t °
2
ag(ts€on) = & [T al (8,6 ,n )ds + q_(£,n ) < w(t)

and we arrive at a contradiction of (IIl).

Suppose that (IIZ) holds. From (2.18) and (2.19), we conclude that for all

large t
qn_l(t,Eo,no) < qn(t,Eo,no) < w(t), n=1,2,0000 & (2.20)
Therefore 112 . qn(t,ﬁo,no) exists and has a finte limit. But this constradicts
n
the fact that qn(t,C6 no) i8 not convergent.

Suppose that (113) holds. By (2.20),

lim qn(t,Eo,no) = q(t,Eo,no) < w(t). (2.21)

n+ e
Using (2.21), we have that f: qz(s,ﬁo,no)ds < f: wz(s)ds { = which contradicts the
condition (113). This completes the proof.
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THEOREM 2.4. Assume that

du - @ du
I ORI IR - 2 2.22)
Further assume that sequence (2.18) for all positive constants & and n satisfies any
one of the following conditions:

(IIIl) there is a positive integer m such that qn(t,E,n) is defined for

n=0,1,2...m, and

f:oqm(s,ﬁ,ﬂ)ds = o

(IIIZ) qn(t,i,n) is defined for n=0,1,2,...,and 1lim qn(t,E,n) = q(t,&,n)
exists and satisfies ne

[, als,En)s = =.
o
Then Equation (l.1) is strongly osillatory.
PROOF. Assume that Equation (I.A)at.k=ko > 0, has a nonoscillatory solution
1
x(t) > 0 for t 2 to. The case x(t) < 0 is handled similarly. Let w(t) = QR;%E%%%S) .
By Lemmma 2.1, we find that (2.1) holds.

Suppose that (IIIl) holds, then, as proof of Theorem 2.3,

a (6,6 on ) = & [T qX(s,6, n)ds + q_(£,6 ,n) < u(o)
or

x' (t) x' (h(t)h' (t)
4501 € SR © Ke(x(h(D)) (2.23)

From (2.22) and (2.23), we have that

fx(h(t)) du

lim f§ 46,60 )ds < Lim [l ot <,
[o)

t*r® o t+r®

This contradicts condition (IIIl).

Suppose that (IIIZ) holds, then it follows from (2.23) that

x'(h(t)h'(t) x'(h(t)h'(t)
Lim q (£,6,0 ) < remreyyy o hamely altyf nn) < ooy

m > *®
Hence

fx(h(t)) du
o x(h(e_)) $(w)

t
lim [ q(s,& ,n )ds < 1i <,
t o o €

t > ™ o +
which is again a contradiction, and the proof of the theorem is complete.
Equation (l.1) is said to be strongly bounded oscillatory if all bounded

solutions of Equation (l.4) for any Ae(0,®) are oscillatory.
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From the proof of Theorem (2.4), we see that the following result holds.
COROLLARY 2.5. Assume that the condition (IIIl) or ([I[z) holds, then Equation
(1.1) is strongly bounded oscillatory.
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