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ABSTRACT. Let K be a non-archimedean, non-trivially (rank 1) valued complete field.
B,B® denote the closed and open unit ball of K respectively. Necessary and sufficient
conditions for analytic functions defined on B,B° with values in K to be injective,
necessary and sufficient conditions for fixed points, the problem of subordination are

studied in this paper.
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1. INTRODUCTION.

Let K be a non-archimedean, non-trivially (rank 1) valued complete field. B,Bo
denote respectively the closed and open unit ball of K. In the theory of functions of
a single complex variable several deep results are proved using Cauchy's theorem in
some form. The present study is aimed at analytic functions defined cn B,Bo with values
in K. In our case the stronger triangle inequality helps us to prove deeper results
with less complications. For example, the local correspondence theorem, Schwarz' lemma,
to cite a few. The local correspondence theorem is our starting point for the study
of injective analytic functions on B and Lazard's theorem (Theorem 3.20, p.75,[1]),
more precisely its consequence is the basis. First we list some results used in the
later part. We then take up the problem of finding the necessary and sufficient condi-
tions for analytic functions to be injective (one-to-one), the problem of subordination,
conditions for the existence of fixed points etc.

We shall assume throughout this paper that K is algebraically closed so that the
valuation is necessarily dense.

2. PRELIMINARIES.

A function f:B>K is said to be analytic if there exists a sequence {an} of elements

in K such that f£()) = g anAn, A € B. Clearly an+0, n > « aand if {an} is any such sequence
then £(}) = g anAn, defines an analytic function on B. Let An(B) stand for the space

of all analytic functions on B. If f ¢ An(B) then f is bounded and we let If] = suplan|.
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An(B) with this norm is a normed linear space over K. It f(})) = § = ankn, g(A) =

® n . \ 3 n n

X b A" are ir An(B) then (f.g) (A) =S c A ,c =31ab is also in An(B). Also if
o n 5 n no oo mn-m

A" is in An(B) thep t is differentiable in the usual sense and f'(A) =

f(A) = z a

1 e say that f(A) € An(B) is invertible if there exists g()) € An(B) such

¥ na A
1 0
that f.g =1. Equivalently f(A) = z an\“ is invertible if and only if Ianl < Iaol,
n=1,2,....

A polynomial of the form A"+ Bm_lm-l

+... 48, me N, |e ] 51, i=0,1,...,m"1,
is called a Weierstrass polynomial. Clearly all the roots of the Weierstrass polynomial
are in B. We state now Lazard's theorem and its consequence without proof.

THEOREM 2.1 (Lazard). Let f(A) = g anAn be any non-zero analytic function on B and

m = max(i : |ai| = jf#). Then for every analytic function g on B there exist unique
analytic functions q,r such that r is a polynomial of degree less than m and g=qf+r.
Further lgl = max(lqh WEN, Hri).

THEOREM 2.2. Let f,m be as in 'Theorem 2.1. Then there exists an invertible element
g in An(B) and elements Bo’sl"°'Bm-l of X such that |Si| <1, i 0,1...,m-1 and f(A) =

m-1 .

(" 4+ Bm_IA .o+ Bo)g(k). Further BoByseesBny and g(\) are unique.

Note: If f € An(B) and f has no zeros in B then f is invertible.

A function £:B° » K is said to be analytic if there exists a sequence {an} of
elements in K such that f(A) = z anln, A € B°. We denote by An(B°) the space of all
analytic functions on B°. In contrast to the case of An(B) we note that if f e An(B®),
then f need not be bounded (choose {an} in K such that n-1 < lanl < n. Then f()) =

g anAn defines an analytic function on BC. By Lemma 6.41, p.235, [1], sup{[f(k)|:A£B°}=

sup Ianl. By choice of {an}, sup [anl is not finite (i.e. f is not bounded). Infact

l/n s 1, where f()) = z ankn. For the

proofs of the statements made in this section and for more details we refer to [1].

we have f ¢ An(B®) if and only if lim suplanl

3. MAIN RESULTS.
In this section we first establish the local correspondence theorem. This enables
us to normalize the injective functions so that they have the form A + aZAZ + a3A3 + ..
THEOREM 3.1 (Local Correspondence). If f(1) € An(B) and f(A)-w_ has a zero of order

m at AO € B then there exists a neighbourhood N(wo) of LR and a neighbourhood N(Ao) of
Ao in B such that each value in N(wo) is assumed exactly m times in the neighbourhood
N(AO) at m distinct points.

PROOF. Let f € An(B) and f(0) = 0 so that 0 is a zero of order m. Then f()\) =

A+ ...). Let w € K be such that |w| < ifh = sup{[a i 2 m}. Then we

il

m
A (am +a

note that the Weierstrass polynomials for f and f-w are of the same degree (see Theorem
2.2 for the description of the degree of the Weierstrass polynomial). Let Sr(O) be a

suitable neighbourhood of 0 in which a + am+1A + ... is invertible. Choose a € K
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such that 0 < |a| < min(1/Hth,r,1). Define g(A) = £(ar)/a™. g(A) is clearly analytic
and 0 is a zero of order m for g. Let w be such that [w/uml < lgl, then the Weierstrass

polynomial associated with g and g - w/a™ have the same degree. Now g(\) =

)\m(am + a A+ L) (am +a A+ ...) is invertible and so g(A) has the required

mt+1 mt+1
representation as a product of a Weierstrass polynomial and an invertible element of
An(B). Hence A" is the Weierstrass polynomial of g. This means the Weierstrass poly-
nomial of g - w/am is also of degree m. Since the zeros of an analytic function in B

are the same as those of the Weierstrass polynomial it follows that there exist Al’AZ’

....,Am in the unit ball B such that g(Ai) - w/ad™ =0. (i.e. f(uAi) =w, i=1,2,...,m).

Thus there are m points in the sphere S|“|(0) at which f takes the value w. Thus for

any w in S m (0), we have m points in Slal(O) at which the value w is assumed by f.

Ighfa|
In order to make them points distinct choose a so that in Slal(O), f'(A) = 0, A = 0.
Suppose f(xo) =, Define g()\) = f(A+Ao) - v, so that g is analytic and g(0) = 0.
If Ao is a zero of order m for f(\) - v, then 0 is a zero of order m for g. Hence by
the above arguments there exist neighbourhoods V(0), U(0) in the range and domain
respectively such that each point w in V(0) is taken exactly m times in U(0) by g.
(i.e. there exist AI’AZ"
f(Ai+Ao) = w+wo, i=1,2,...,m. In other words we have neighbourhoods U(Ao), V(wo) such

"’Am in U(0) such that g(Ai) = w, i=1,2,...,m). Consequently

that each w in V(wo) is taken exactly m times by f in U(Ao). The proof is complete.

COROLLARY 3.2. The above theorem is also true for f € An(B®).

0

PROOF. Let f e An(B®) and f(Ao) =w, A € B". Choose a ¢ 80 such that ]Aol <

|a| < 1 (possible by denseness of the valuation) and define g(A) = f(a)). Clearly
g € An(B). Now g(Ao/a) = f(AO) =w_, and AO/u € B. By Theorem 3.1 we have neighbour-
hoods N(wo) of v, and N(Aola) of Ao/u such that if w ¢ N(wo), there are m points

AI,AZ,...,Am € N(AO/a) and g(Ai) = w, i=1,2,...,m. The proof is complete.

Note: From the above result it follows that a one-to-one analytic function cannot
have multiple zeros and in particular there is no loss in generality in assuming the
normalization f(0) = 0, £'(0) = 1 for one-to-one analytic mappings. This will be
assumed henceforth.

Now we are in a position to establish the necessary and sufficient conditions for
an analytic function to be injective.

THEOREM 3.3. f € An(B) is one-to-one if and only if 'ai[ <1, i 2 2, where f()) =

2 3

A+ ant a4+
. . ® i i
PROOF. Let |a | <1, i 2 2. Then [f(})) - £(3,)] = [(A;-2)) +;: a0 -2 =
IAI - Azl. This means that f is one-to-one.
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Conversely let f be one-to-one. Since f(A) = A(1+32\+...) by Corollary 2.2
it follows that p(A) = A is the associated Weierstrass polynomial and 1+32A+33A2+...

is invertible (has no zeros). Hence Iail <1, i 2 2 (by the equivalent formulation
mentioned in section 2).

Note: Let f € An(B) be one-to-one. Then (f-£f(0))/f'(0) is an isometry.

THEOREM 3.4. Let £(A) = A + a,d” + a;0> + ... € An(B°). Then f is one-to-one
if and only if |ai| €1, i2 2.

PROOF. Let f € An(B®). We define f e An(B) for m ¢ B®, by f“(A) = f(mr)/m.
Clearly f“ € An(B). Also if f is one-to-one fﬂ is also one-to-one. Note that

f“(A) = A+aznA2 + a3w2A3+... Hence if f is one-to-one, by Theorem 3.3, as f“ is

also one-to-one, Iainl-ll <1,i22 (i.e. !ail < l/lﬂll-l, i 2 2). Since the
valuation is dense we can choose a sequence m € K such that 0 <[ | <1 and
lﬂnl -+ 1. Arguing as above we have Iail < l/lnnll-l, i22,n=1,2... . This means

fa;l s 1, 42 2.

[\

Again if |a | S 1, i 2 2 and if A},A, ¢ B°, it follows that [£(A)) - £(1))| =

1°72
) i i
|(A1-A2) + § ai(Ai - A =N -A2| and hence f is one-to-one.

Note: As before a one-to-one analytic function on B® in the normalized form is

an isometry.

Let S (5°) denote the class of all normalized functions in An(B) (An(B®)) that

are one-to-one. We have the following properties of S and s°.

1. If f belongs to S or s° then [£'(A)| =1 and so £'()) # O.
2. If f,g belong to S or S° then (£ ®g) (A) = £(A)+g(1)-A belongs to S or S°.

n X
3. If f,g belong to S or S° then (f *g) (A) = A+ g aibi)‘1 also belongs to S or
2

So, where f = A + % a.Ai, g = At bt b.Ai.
2 i 2 i
4. TIf f belongs to S or S° then |£(A)| = |A|, for A in B or B°.

5. Let f = )+ g aiA1 belong to S or S°. Then s, = A+ ; aixi also belongs to

S or 8° for n = 2,3,...

6. f belongs to S if and only if A is the associated Weierstrass polynomial.
What is the corresponding result for f belonging to 57

7. If f belongs to S then for every Yo € Bo, there exists Ao in B such that
f(Ao) = Y, If f belongs to S° then £(B°) = B°.

8. If f and g are in S° then (f ® g) (1) = £(g(A)) also belongs to s°.

Properties 1 to 6 and 8 are easily verified. We shall verify 7. Let f ¢ S and
Y, € B®. Now f, f-yo have Weierstrass polynomials of the same degree since they have
the same norm. But A is the Weierstrass polynomial of f since f is an element of S.

Therefore the degree of the Weierstrass polynomial of f’Yo is 1, i.e. there exists a
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unique A in B such that f(Ao) =V, 1f £ € s° by property 4, £(B°) < B®. Let
Y, € B®. Define f“(A) = f(m\) where 0 < |n|< 1, A € B. Then f"I € An(B). So by the

above argument there exists Al € B such that f"(Al) =Y, i.e. f(ﬂXl) =Yg But

Aln e B°. In other words B® c £(B%).

4. SUBORDINATION.
Let f ¢ An(B®), g € s®. 1f £(b°) c g(Bo) and £f(0) = g(0), we say that f is
subordinate to g. We denote this by f < g (the same as the classical notation).
In this section we study the following question:
Let f<g and B = {a: la| s r}, 0 <r<1. Isit true that £(B)) < g(B ), O<r< 1?
The answer to this question is in the affirmative and we establish this through
a sequence of auxiliary results. Among these we have an important result viz., the
Schwarz lemma which is of independent interest in itself.
LEMMA 4.1. Let f € An(B) be such that |[f(A)| S 1, A € B and £(0) = 0. Then
[£(0)] s |x| and [£'(X)| s 1, X € B.
PROOF. We know that f(\)

p(A)g(1) by Corollary 2.2 where p(A) = A" 4 Bm_lxm'1+
eee + 31A and g(1) = a, + aIA + ... are Weierstrass polynomial and the invertible
element associated to f. g()A) being invertible we have |g(A)| = |a°|, A € B. Consider
the polynomial pl(A) = Am+Bm_1Am-l + ...+ Blk-l. This is again a Weierstrass poly-
nomial and so has all its roots in B (K being algebraically closed), i.e. there exists
A, € K such that p(A ) = 1. Now 1 2 [£(A )| = [p(A )| |8 )| = |a_|. Thus [£ (V)|

= PO [ = [A] [a | s [A]. Again for X € B, [£'(W)| = [p'(Mg(W)+p(N)g' N 5
max (|p'(MgM) |, [p(M)g'(M)g'(W)]) s 1.

The proof is now complete.

LEMMA 4.2. If f e An(B®), £(0) = 0 and |£(A)| < 1, then |£(A)| S |A| and |£'(A)]
s1, xeB%

PROOF. Let A ¢ B® be fixed. Choose 7 ¢ K such that |x] < |n] < 1. Define fl(u) =
f(ma), @ € B. Then f1 e An(B), fl(O) = 0 and Ifl(a)l < 1. Hence by Lemma 4.1 it
follows that |f;(a)| < |a|, @ € B. In particular [£(A)| = [£,(A/m)| s [A|/|w]|. Choose
a sequence € K such that |A| < |n | <1 and | | > 1. Then we have (E{COT I PN VAL
n=1,2,... i.e. |£(A)] s |[A]. A being arbitrary it follows that |[f(A)| s |A], X ¢ B°.
Again a similar argument as in Lemma 4.1 shows that |f'(A)| s 1, A € B®.

NOTE. Lemmas 4.1 and 4.2 are the analogues of the classical Schwarz Lemma.

Solution to the original question.

Let g(A) = A + aZAZ + 33A3 4+ ... . By hypothesis and property 4 we have |g(A)| =
v

IAl, A e B°. Let A ¢ B_. Then there exists y e B® such that £f(A)= g(y). But f<g
implies that £(0) = g(0) = 0 and |f(A)| < 1. Therefore by Lemma 4.2 |y| = [g(y)|=

[E(A)| = [£(X)] s |A| £ r. In other words f(Br) c g(Br).
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5. FIXED POINTS.

By a fixed point (as usual) we mean \ € B or B® such that f(X) = A for f belonging
to either An(B) or An(B®). We give necessary and sutficient conditions for f in An(B)
or An(B®) to have fixed points.

THEOREM S5.1. Let f(\) = X + a Az + ... belong to An(B). f has no fixed points in

2
B other than 0 if and only if |ai| < taz|, iz 3.

PROOF. If IaiI < |32|, i 2 3 and Ay #0 is a fixed point for f then it follows
that |az| = 0. This means that |ai| < |32| cannot happen. This is a contradiction.
Conversely let f have no fixed points other than 0 i.e. f(\)-) has no zeros in B
other than 0. Therefore aj,taji+... is invertible and so |ai| < |az|, i 2 3. The
proof is complete.

As before we can get the following theorem.

THEOREM 5.2. Let f(A) = A + azkz + ... belong to An(B®) and f be not the identity
map. f has no fixed points other than 0 if and only if |ai| g ]az|, i2 3.

PROOF. If |ai| s |32|, i 2 3, arguing as in Theorem 5.1 we have that f has no
fixed points in B®. TFor the converse choose me K such that |ﬂm| < 1 and |ﬂm|*1 as m-ow,
Define fm(A) = f(nml)/ﬂm, A e B. Now f m(J\) belongs to An(B) and has no fixed points
ﬂ;-l Ai

in B. Since f (A) = A+ ¥ a, , by Theorem 5.1 we have |a.n1-1| < la,m |, i2 3,
m 2 i im 2'm

i.e. Iai| < |a2|/|11m|1-2 , 123, m=1,2,... . In other words |ai| s |32|, iz 3.
The proof is complete.
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