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ABSTRACT. Let (xn)n>1 be a sequence of mean zero independent random variables.

k
Let wk = ;31 Xijll < 11 < 12... <1k}, Yk = ;gk Wj and let [Yk] be the linear span of

Y . Assume & < |X | <K for some §> 0 and K> 0 and let

2
- > _p \m-l_p Km
C(p,m) 16(5v2 p—l) Togp (6) for 1 < p < w. We show that for f ¢ [Ym] the
following inequalities hold:

[ell, < [I£]] <cm||g]] for 2<p< =
2 P 2
||f||2 <C(q,m)||f||p <C(q,m)Hl:'||2 for 1 < p < 2, %4.;1, 1

and ||f||2 < C(4,m)2||f||l < C(A,m)zllfllz. These generalize various well known

inequalities on Walsh functions.

KEY WORDS AND PHRASES. Walsh Functions, Martingales, Square Function.
1980 AMS SUBJECT CLASSIFICATION CODE. Primary 60El5, Secondary 60A99.

1. INTRODUCTION.

Let (X“)n>1 be a sequence of independent mean zero random variables. Let Wk be

products of length k of the (Xn)n>|l i.e.

W o= {X X ... i <1, < ... <1},

k 12 12 ik 1 2 k
let Yk = U W, and let [Yk] be the linear span of functions in Yk. The object of this

T

note is to show that for functions in [Yk] the p'th mean is of the same order as the
second moment. As such this generalizes classical inequalities such as Khinchin's
inequality in Zygmund [1] as well as more recent inequalities on Walsh functions such
as those of H. Rosenthal [2] and A. Bonami [3]. Precisely we prove the following:

THEOREM 2.4, Let (X))
variables on a probability space (Q, u). Suppose there exist § > 0 and K > 0 such
that § < 'an < K for all n. For f ¢ [Yn] we have

be a sequence of independent mean zero random
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1,1
[ell, < c(q.n)||f||p < (q,n)||£]],, for 1 <p < 2, Stg L (1.2)
lell, <ccom? (el <ccom? |le]], (1.3)

1_22 n-1 p_(Kn
where C(p,n) = 16 (5v2 p-l) Togp (—6) .
We assume of course that the (Xn)n>l belong to some LP(Q). Recall that for
1 <p < o Lp(n) is the space of all measurable functions f such that
flf(m)lpdu < wand the norm of f is ”f”p = (flf(w)lpdu)l/p. We assume the reader

is familiar with martingales and refer to Garsia [2] for unexplained notation.

2. PROOF OF THE INEQUALITIES.

We require three preliminary facts in order to prove theorem 2.4. We denote by
E(X), the expectation of a random variable X.
THEOREM 2.1. [l]. Let rn(t) be the Rademacher functions on [0,1].

1
. 1 2,1/2 n
Then [ | 2 ar (t)|dt >—= () I | ) for any complex numbers (a, ) _, <C.
P 72k a 3 k=1

THEOREM 2.2. (Johnson, Schechtman, and Zinn [5]) Let ()(n)n>l

independent mean zero variables and let (ak);-l € C". Then for p > 2

be a sequence of

. 16 P pyl/p
L axllp < o mexdl] T okl 1y <1 [a[® Bl [H7D

Recall that for a martingale f = (fn)n>l’ its difference sequence is dn = fn -

f,-1 and its square function is S(f) = (] dﬁ)l/2
n

. The last fact that we need is:
THEOREM 2.3 [4]. For a martingale f = (f,), we have

leall, <27 11 5 Y2 for 1 <o < =
n'lp “p -1 ke X p °F P -

We may now prove Theorem 2.4 quite easily.
THEOREM 2.4. Let (Xn)n>l be a sequence of independent mean zero random variables
on a probability space (Q,u). Suppose there exist § > 0 and K > 0 such that
8 < |xn| <K for all n. For f ¢ [Y ] we have

”f”2 <”f”p <C(p,m)||f||2 for 2<p < = 2.1)

”f”z <C(q’m)”f”p < C(q,m)”fl,z for 1 < p < 2 (2.2)

and 1/p + 1/q = 1.

2
[ell, <ccam?(|g]|, < C(4,m)2l|f||2 (2.3)
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m-
where C(p,m) = 16 (5»'5 P— l logp (= )

PROOF. The proof is by induction on m. We will first consider the case p > 2.
Suppose m = 1 and f ¢ [Yll' Then f 'kZm akxk for some a € C,k = 1l,...,n. By

Theorem 2.2 we have,

. : . 1/
el = 1,1 sl <16 gk omxl] Lol ¢ ) la Pl DY)

2 2 2 1
- 260 nax ((Tla % [% |2, (L |PEIR (PP
(Since =0 and the are independent)
16 pK : 2,1/2 py1l/p
< Togp "X ((k)&.lakl )T, (kgl |ak| )Y
16pK 2.1/2
= FEE (kzn la |5 %, (2.4)

2)1/2 and so by (2.4) the result

1/2
wosever |1£]1, = ¢ 1 1o I’2% 12 > 1 o]
follows for m = 1 «
We assume the result is valid for f ¢ [Ym]. Let f ¢ [Ym+l]. Note that we may
write f as £ = ] f X, where f € [Ym] and fn only depends on the random variables

n>l

X_']’

sequence. Applying Theorem 2.3 we have

1 <j <n. It is clear then that f 1is a sum of a martingale difference

2
lell, <5 B [lseol],
2
25 Il ead |
n>l
2
2,1/2
<5 %—T K“(n§1 £) / “p (since anl < K)
72 o2 1
s 22 || g lngl e ()€, |dt| [ (by Theorem 2.1)
_ 2 1
< 5/2 E% K g ||k§1 tn(t)fn“pdt
_ 2 1
< 5v2 —P—-p_l K C(p,m) ({ H“zlrn(t)fn ||2dt (by induction)

2 1
- p 2.1/2
< 572 5B K C(p,m) (({ anl r (f |],0

= p* v 2 1/2
=572 2ok ce,m) (f [ [ § r (0 ()]|°du ar)
P 0Q n>l
— 2 ! 2 1/2 ,
5v2 T K C(p,m) (f f ' Z rn(t)fn(u;)l dtdp) (by Fubini's
2 Theorem)
=502 2 x Ccp,m) (f Jf (Q)du) (since the Rademacher's are

p-1
Q n>l orthogonal)
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2 .
= K 2, 2 /2, .
<572 B S cleom) () 1 £a(0¥,(0dw) since x| > o
-2 5
= 5/2 %:T 5 cp,m | 5O

2
= 55313_1 % c(p,m) ”f“z (since f is a martingle)

ctp,m) ||£]],

Hence ”pr < C(p,mtl) Ilsz for f ¢ [Ym-!-ll proving the result for p > 2. For

1 1
1 < p < 2 we employ the classical trick of Holder. Let q be defined by 7 +E =1,

1 1-0 3] 1
w2y 2 = =, Y ].
Then 3 q-’-pfore 3 Letfe[m]

Then, ||fH2 < “f”;/ZHfH;/z (by Hélder's inequality)
< c<q,m>”2||f||;’2||f|;;/2 (since q > 2).

so ||£]], < C(q,m)Hf”p while ||f||p <||£]|, 1s obvious, proving (2.2). Finally to

see (2.3) note that % = l—%—e + Te for 6 = 1/3, so again by Hélder's inequality,

Hell, < Hel 221l 132 < 1el127? com®P]le] 1} cgor £ & 1x,D).

So Hf”2 <C(4,m)2||f”1, while ||f“2 > “f”l is automatic, proving (2.3).
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