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ABSTRACT. The author proves that the abstract differential inequality
t
flur (e) - A(t)u(t)"2 < 7[(.)((:) + f(o(r])dn] in which the linear operator A(t) = M(t) +
0
N(t), M symmetric and N antisymmetric, is in general unbounded, w(t) = t'ng(t)"u(t)"2
+ M(t)u(e)| Ju(t)] and v is a positive constant has a nontrivial solution near t=0

which vanishes at t=0 if and only if ft Pp(t)dt = », The author also shows that the
0 t
second order differential inequality “u”(t) - A(t)u(t)"2 < 1[p(t) + fp(n)dn] in which
0

p(t) =t wo(t)“u(t)" +t° ¢1(t)"u (t)“ has a nontrivial solution near t-=0 such
that u(0)=u’(0)=0 if and only if either f: ¢O(c)dt = @ or ft ¢1(t)dt - ©. Some

mild restrictions are placed on the operators M and N. These results extend earlier

uniqueness theorems of Hile and Protter.

KEY WORDS AND PHRASES. Uniqueness of solution, singular differential inequality,
singular equation.
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1. INTRODUCTION.

Let H be a complex Hilbert space with the usual inner product and norm notation
and let A be an linear, in general unbounded, operator defined on a non-trivial do-
main D in H. Assuming the operator A = M + N where M is symmetric and N is antisym-
metric, we consider the differential inequalities

t
Jur (t) - A®yu(e)]? < -y[w(t) + fw(q)dq] (1.1)
0
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where w(t) = ﬂ% luce)]? + IMceyuce)] Juce)] and
t

t
lur(e) - A(oyuo)|? = 7[#(1:) + fn(n)drl] (1.2)
0

o (t) ¥, (£)
4 2

where u(t) = ||u(t)||2 + ||u'(t)]|2 and v is a positive constant. We show,

under rather general conditions on M and N, that a necessary and sufficient condition

for the existence of an interval (0,T] on which (1.1) will have a nontrivial solution

vanishing at t = 0 is 1
¥(r) . _

I_dt ©, (1.3)

0

t

Furthermore, we show that a necessary and sufficient condition for the existence of

an interval (0,T] on which (1.2) will have a nontrivial solution vanishing at t = 0

is either 1
[ $5(6)
dt = (1.4)
t
J
0
or
H
¥, ()
Py dt = o, (1.5)
J
0

Our results extend those of Hile and Protter [l1] who prove that the only solu-
tion of (1.1) and likewise for (1.2) with homogenous initial conditions is the triv-
ial one provided the functions t-2¢(t), t-hwo(t) and t-zwl(t) are bounded. Thus our
proofs of necessity (See Theorems 2 and 4.) contain the uniqueness theorems of [1]
(See Theorems 1 and 3 of [1].) as a special case. Furthermore our results allow for
less stringent requirements on the operators M and N in that certain kinds of
singularities at t=0 are allowed. Also we show that our results are best in that
(1.1) (or (1.2)) will have a nontrivial solution (with zero initial data) on some
interval (0,T] for T small if (1.3) (or (1.4) or (1.5)) holds.

Other works considering singular equations abound. (See e.g. [2]-[11] and their
references.) Of particular relevance to our results here are [2], [3] and [4]. Lees
and Protter [2] show, for A = M = a uniformly elliptic second order partial differ-
ential operator (in x), that a differential inequality similar to (1.1) has only the
trivial solution vanishing at t = 0 when ¥ is unity provided the L2 norm (in x) of
the spatial gradient of u has an infinite order zero initially. Our work confirms
the necessity of some such additional information on u in order to obtain their
uniqueness. Donaldson and Goldstein [3] and Ames [4] consider specific equations
which are special cases of (1.1) and (1.2) and thus obtain sharper results. In par-
ticular, Donaldson and Goldstein [3] prove that the only solution of u’ - Au = P(t)u
vanishing initially is the trivial one provided P(t)-(l/t + b)I, for some real b, is
dissipative for all positive t and the operator A = -52 where S is self-adjoint and
indpendent of t. They also show that for P(t) = (l+¢)/t + b, for any real b, non-

trivial solutions exist. These results are, of course, consistent with ours. Indeed
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our results show that if ¢y is any positive constant, then (1.1) has a nontrivial
solution near zero which vanishes at zero. (See Theorem 1.) They also consider the
equation

v (t) + a(t)v'(t) = Av(t) (1.6)
which is the well known abstract Euler-Poisson-Darboux (EPD) equation if a(t) = k/t,
k constant, and prove uniqueness for the initial value problem provided a(t) = -1/t.
These results of Donald and Goldstein [3] have been extended by Goldstein [5] as well
as Arrate and Garcia [6]. Ames [4] also considers (1.6) with a(t) = ¥(t)/t (where ¥
has properties somewhat similar to ours) but requires only that the operator A be
symmetric (and independent of t). Furthermore it is known that the solution to the
EPD equation (A = the Laplacian) is not unique if k < O (See e.g., [4].). These
results are again consistent with ours. Indeed, for a(t) = k/t corresponds to taking
*1 -1, ¢0 = 0 in (1.2) and hence (1.4) holds implying a nontrivial solution exists
near zero (See Theorem 3.).

We note that the form of the function a in [4] along with the work of Hile and
Protter [1] and Garofalo [7] have been the major motivating factors in this study and
especially choosing the form of w in (1.1) and of u in (1.2). Finally we note that
the extension of the uniqueness theorems of [l1] to the nth order time derivative case
with A independent of t is contained in [12].

2. THE FIRST ORDER CASE.
Throughtout this section we assume ¥ ¢ C2((0,w)) satisfying

¥ >0, p* 20, " < 0. (2.1)
Consequently the function ¥(t)/t is nonincreasing and hence
tp’ (t) = ¥(t). (2.2)

We now give assumptions on the linear operator A which, except for (iii) and
(iv), match those of [1] while (iii) and (iv) are more general than the similar cond-
itions given in [1]. It should be noted that not all of these will be needed in the
proof of sufficiency.

For ty > 0, let c*([o,cO];D) be the set of u e C([O,to];D)f\Cl((O,tO];H) such
that “u'(t)" is bounded on (O,CO).

Condition (I). We assume there exists T > 0 so that the linear operator
A(t), with nontrivial domain D (i.e., D»{0}), satisfies the following:
(1) A(t) = M(t) + N(t) , M is symmetric and N is antisymmetric;
(ii) For each u ¢ C*([O,T];D), the functions M(t)u(t) and N(t)u(t) are bounded
and continuous on (0,T];

(iii) There exists a positive constant 7 such that for all weD and te(0,T]
¥(t)
2
Re (M(t)w,N(E)w) > -71[HM(t)w|| vl + —Twl ]
t

(iv) For each u ¢ C*([O,T];D) satisfying (1.1), the function (M(t)u(t),u(t))
is continuously differentiable on (0,T] and there
exists a positive constant 7y such that for all te(0,T]
d/dt(M(t)u(t),u(t)) - 2Re(M(t)u(t),u’(t))

¥(t) 2
> -72[HM(t)u(t)H lucerl + ——uo| ]-
t
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Sufficiency. Although the proof of necessity will require that the operator A
satsify condition (I), sufficiency will not require properties (iii) and (iv).
Furthermore, we show that the nontrivial function satisfying (1.1) actually satisfies
a much sharper inequality (See (2.5) below.) than (1.1).

THEOREM 1. (Sufficiency) Suppose (1.3) holds and the operator A satisfies
condition (I) except possibly for parts (iii) and (iv). Then there exists a T > 0
such that inequality (1.1) has a nontrivial solution on (0,T] contained in
¢*([0,T];D) which vanishes at t=0.

PROOF. Let v be any nonzero element of D. Since (1.3) holds and the function

¥(t)/t is nondecreasing, we have lim ¥(t)/t = ». Combining this result with part
ti0
(ii) of condition (I) yields

-2 2]}
lim p(t)t [1+||A(t)v|| ] -
t40

and thus we may choose T ¢ (0,T] so that 1¢(t)/t2 > 2[1+"A(t)v“2]“v"-2 for all t ¢
(0,T] where v comes from (1.1). Define K = sup ([|A(t)v]: O<t<T) which is finite

because of condition (I). Then 1¢(t)/t2 > 2[1+“A(t)v“2]"v"-2 for all t ¢ (0,T] and

we define T 1/2
e = [[aronsm - P17 e . o<esT.
t
Let u(t) = e'E(t)v. We need to show
lim u(t) = 0 (2.3)
t40

and that u satisfies (1.1) on (0,T]. To determine the initial value of u, note that

since ¥y is nondecreasing, lim y(t) exists. Let lim %(t) =L, 0 <L <w. IfL=0,
t40 t40

1/2 Ta 1/2
then ¥ > ¥ near zero and thus (1.3) implies ft [¥(t)] dt = « and hence £(t) -~
0

o as ti0 which in turn yields (2.3). On the other hand, if L » 0, it is clear that
§(t) + = as ti0 and thus (2.3) holds.
To show that u satisfies (1.1) on (0,T], note that straightforward calculations
give
fur (&) - Aue)|? < 2w )% + 2]acrue)|?
- 2[arme s - R HE O 4 20 O acere]? 2.4)

Since [|A(t)v| =< K, inequality (2.4) implies
fu' (e - Aue]? < 2[(7/2)t-2¢(t)"vnzle-ze(c) - vt Zpco) Ju)? (2.5)

and thus (1.1) holds. This completes the proof.

Necessity. Suppose

1
¢(t)dt < o,

J - (2.6)

0

Then the monotonicity of ¥ gives 1lim y(t) = 0. Also, without loss of generality, we

ti0
may assume lim y(t)/t = ». Indeed lim ¥(t)/t exists (possibly infinite) since y(t)/t
ti0 t40

is nonincreasing; and furthermore, if 1lim y(t)/t < =, inequality (1.1) is still valid
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on (0,T] if (t) is replaced with Ct /2

ing only on T) and hence lim %(t)/t = o, Additionally, as a consequence of (2.6) and
tio

the monotoncity of ¥(t)/t, we have

for a sufficiently large constant C (depend-

T T
& pmyan < e o 1fn K = Kl 17+ R e
t t
=< $(t)/(k-1) for any 0 < t < T, k> 1,
and hence
KL k-1
& tymydn < p(0)/(k-1) L, k>1, 0<¢t=<T. @.7
t

Before proving necessity (Theorem 2), we need some preliminary lemmas.

t
LEMMA 1. Suppose ¥ satisfies (2.6). Let p(t) = \b(t)/tz. A(t) = [¥(n)/n dn, and
0

suppose h and r are nonnegative functions continuous on (0,T] for some T > 0. Fur-
thermore, assume r(t) and h(t)/t are bounded near zero. Then, for all ¢ > 0 and all
T ¢ [0,T], we have

T 13 T 2 1 T 2
2[p(&)h(m)x(n)dn < efo(mh(m)dn + ¢ "A(T)f(x(n))“dn. (2.8)
0 0 0 0

PROOF. Since the result is trivial for T=0, we consider only the case T > 0.

Thus suppose 0 < t < T and use Cauchy-Schwarz along with elementary estimates

R -1 2
to get (¥(t) = {[p(n)] (x(n)]dn)

t " t o 1/2 -1/2
ZfP(ﬂ)gh(S)r(S)Sd'l - Z,fp('l)g[ﬁ?(s)] h(s)[p(s)] r(s)dsdn (2.9)
0 0
t n o2 1 1/2 L 2 V2 1/2
=< 2fp(n)|[oh®ds| [¥(n)] " “dng =<2 gph ds Jo(n)[¥(n)]7/ “dn
0 0 0

2

t t

< efon%ds + e'l[fp<n>[W<n>11/2dn] :
0 0

The last integral in (2.9) admits the estimate

2 2
t t
[gp(n)[w(n)ll/zdn} < [gnl/z[p(n)ll/zn'l/zlp(n)]1/2[W(n)]1/2dnJ

(2.10)
t

€ t
< {fﬂp(ﬂ)dﬂ}[fﬂ-lp(ﬂ)w(ﬂ)dﬂ} = A(t)JR' (n)¥(n)dn
0 0 0

T
where R(t) = -fn'lp(n)dn for t < T. Since
t

T4 2t ‘1.2
0 < -R(m¥(n) = o "p(mddn| |t “[lp(n)] "r (n)dn
t 0

and application of L'Hospital’s rule gives
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t
£n2[¢<n>1'1r2<n>dn

t
lm £ 2f[pm 1 P (yan = 1im
ti0 0

ti0 t2

- (1/2) lim r2(t)t/¥(t) = 0
t40

where the last equality holds because r is bounded near zero and ¥(t)/t -+ =, we get

lim R(n)¥(n) = 0. Using this result, we integrate by parts in the last integral in

n40
(2.10) and obtain

t 172 2 €
gp(ﬂ)[\l’(ﬂ)] dn!| = A(t) [R(E)¥(t) - [R(n)¥'(n)dn|. (2.11)
0

Since A(t) and ¥(t) are nonnegative while R(t) is nonpositive, we may discard the
first expression on the right side of (2.11). Also (2.7) with k = 2 gives exactly
-R(q)[p(n)]'1 < 1 so that -R(n)¥'(n) =< rz(q). Substitution of this into (2.11) and
the resulting inequality into (2.9) yields (2.8). This completes the proof.

LEMMA 2. Suppose 2z ¢ C*([O,T];D) such that z(0) = 0. Then

t t
Jom |z | %an < 4X(t)£“z'(n)-N(n)Z(n)“zdn (2.12)
0

where the functions p and A are given in Lemma 1.

PROOF. Since z(0) = 0 and the operator N is antisymmetric, we get
n n
||z(q)||2 = 2 Ref(z(s),z'(s)-N(s)z(s))ds < 2f||z(s)| ||z’ (s)-N(s)z(s)]|ds. (2.13)
0 0

Now multiply (2.13) by p(n), integrate over [0,t] and apply inequality (2.8)
to the resulting right side to get

t t n
gp(n>ﬂz(n>ﬂ2dn < 2fp(m)fllz(s)|lz* (s)-N(s)z(s) | dsdn
0 0

t 2 -1, .8 2
< efpmlz(m|“dn + e " ae) [z’ (s)-N(s)z(s) | “dn.
0 0

Taking € = 1/2 in this expression and simplifying yields (2.12). This completes the
proof.

LEMMA 3. Suppose 0 < T < min {1,T) and t > 0 is such that ty + T < 1. Also
suppose the operator A satisfies condition (I) and Lu = u’ - Au. Assume that u ¢
C*([O,T];D) and u(0) = u(T) = 0. Then, for all sufficiently large B > O, the size

depending only on the constants vy, and vy, from condition (I), the following holds
y 1 2

T ... B 3T . -B T -8 T, -B
BB 2 ) Par + opam 1 M pe? ful®at + o [+Pe?" mul®ar s ¢, [’ fLuf et
0 0 0 0
(2.14)
where r = t+to , p(t) = t-2¢(t) and CO' C1 and 02 are absolute constants.
PROOF. Following [1, p. 61}, we set @(t) = -(t+to)-ﬂ and define v = e Pu. Then
Lu = e¢[V'+¢'V-MV'NV], and defining the function a (See [1, p. 62].) by a(t) = kofﬁ,
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we have e.zwﬂLu“2 - “v'+¢’v-an-(1-a)Mv-Nv"2. Thus, integrating with respect to t
from 0 to T, we get

Je 22 Lu)? = 2 Ref(v' -aMv-Nv,p'v-(1-a)Mv) + []v’ -aMv-Nv|>
= 2 Re [p'(v',v) + 2fa(1-a)||Mv||2 - 2fap’ (Mv,v) - 2 Re [(v',Mv)

+ 2 Re [(Nv,Mv) + f"v'-Nv“2

- I1 + ...+ 16'
Using estimates for I1 through I3 identical to those in [1, proof of Lemma 1] and
estimates virtually identical to those of I, and I_ in the same lemma (the only

4 5
difference is the l-a in [1] is replaced with 1 here) and using (2.12) above to

estimate I6 gives (2.14) and the proof is complete.

We may now prove necessity. It should be noted that Theorem 2 contains the
results of [1; Theorem 1] as a special case.

THEOREM 2. (Necessity) Suppose the operator A satisfies condition (I) and there
exists T ¢ (0,T] such that u ¢ C*([O,T];D) is a solution of (1.1) on (0,T] with u(0)
= 0. If the function ¥ satisfies (2.6), then u = 0 on [0,T).

PROOF. Following [1], we show that u = 0 on [0,T’] for sufficiently small T'.
Once this has been done, we may then apply the results of [1, Theorem 1] on the
interval [T',T] where ¢(t)/t2 is bounded to get u = 0 on [0,T]. We choose T' less
than one in such a way that )‘(T')'1 is large depending only on known constants (See
inequality (2.15) below.) where the function A is defined in Lemma 1 and by hypothe-
sis A(t) 4+ 0 as t ¢ O.

Let ¢ > 0 be given and define the ¢” function ¢ such that ¢(t) =1 for 0 < t <
T'-e, = 0 for t 2 T’ and such that 0 < ¢ <1 for T'-e < t < T'. The proof now

proceeds as with [1]. (See inequality (2.6) of [1] and note that their T0 is my T'.)
Applying Lemma 3 to {u we get

T'-¢ -B T'-¢

B2 rP 2 ) %ar + cyiacry1 Y el ]Iu" at + ¢ f B2 ||Mu||2dt:
0 0
“€2¢7 T 2r -P 2
<c,[ e ||Lu|| dt + c2f e [L(su) | “ae.
0

'-g
Using nearly identical arguments as in [1] we get, for arbitrary k2 >0,

T'-¢, -B T'-¢, -B
J ¥ Tlalar s i, ¥ P uceruce) | %ar
0 0

T'-: -B
ol e 2 e + ap P fuce) e,

Hence, by choosing k2 sufficiently small (depending only on C, and C ). B sufficient-

ly large (depending only on t,, vy and k (and hence C1 and C ) and T’ sufficiently

0’
small (so that ,\(T').1 > ZCzy(p(t) +1)/C for 0<t<T), and doing more estimates as in

[1], we get T'~c

T'
82 f lul®ae < 26, [ friew |Pae. (2.15)
T'-¢
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Letting 8 + =, we get u = 0 on [0,T'-¢] and hence on [0,T']. This completes the
proof.

3. THE SECOND ORDER CASE.
Throughout this section we assume ¢i € C2((0,m)), i=0,1, and

¢ >0, ¢1 0, ¢ on (0,o), i = 0,1. (3.1)
Consequently the functions ¢i(t)/t are nonincreasing and hence
t¢i(t) < ¢i(t) on (0,o), i = 0,1. (3.2)

We now give assumptions on the operator A which, except for (iii), match those
of [1] while (iii) is more general than the similar conditions in [1] in that here
the coefficients need not be bounded.

For t; > 0, let C,([0,t,];D) be the set of u ¢ G([0,t]; D)/)c (10, t51;8) N
C (o, to] H) such that "u (t)“ is bounded on (0,t ]

Condition (II). We assume there exists T > 0 such that the linear operator

A(t), with nontrivial domain D (i.e., D=(0)), satisfies the following:

(1) A(t) = M(t) + N(t) , M is symmetric and N is antisymmetric;

(ii) For each u ¢ C*([O,T];D), the functions M(t)u(t) and N(t)u(t) are bounded

and continuous on (0,T];

(iii) For nonnegative constant 13, we let

Fo) = 73[ o )? o o)1)

For funtions u e C*([O,T];D), we assume the functions Re(N(t)u(t),u’(t))
and (M(t)u(t),u(t)) are continuously differentiable on (0,T] and satisfy
the following on (0,T]:

(d/dt)Re(N(t)u(t),u’(t)) - Re(N(t)u(t),u"(t)) = -F(t)

(d/7dt) (M(t)u(t) ,u(r)) - 2Re(M(t)u(t),u’(t)) = -F(t)
Re(M(t)u(t),N(t)u(t)) = -F(t).

Sufficiency. Not all of Condition (II) will be needed to prove sufficiency, and as
in the the first order case, we show that our solution actually satisfies a much
sharper estimate than (1.2). (See inequalities (3.4) and (3.10).) However, before
proving sufficiency, we need a preliminary result.

LEMMA 4. Let ¢(t) = min (¢o(t),C) where C is any positive number and suppose
(1.4) holds. The function ¢(t)/t is nonincreasing on (0,) and

1
£¢(t)/t dt = . (3.3)

PROOF. Clearly ¢(t)/t is nonincreasing since ¢0 (See inequality (3.2).) has
that same property. To prove (3.3), we shall assume, without loss of generality,
that there exists a decreasing sequence of numbers (an) in the open interval (0,1)
converging to zero such that ¢(an) =-C = wo(an), n=1,2,.... If this were not the
case, it must be that ¢ = ¢o < C near zero or ¢ = C < ¢o near 0 and in either case

the result would hold trivially. Choose a subsequence (an } of (an) such that a -
1
a;, and 2anj+1s anj for all j. Since ¢(t)/t is nonincreasing and ¢(an)/an - C/an, we
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get

©

1 2 & anj
Je(v)/t e - } I $(t)/t de = } f #(t)/t dt
0

n=1 a1 j=1 anj+1
© a © «©
> } " $(a_)/a_ dt - } c[1 fay /o, ] > } C/2 = .
i1 & I3 a R e |
j+1

This completes the proof.

THEOREM 3. (Sufficiency) Suppose that either (1.4) or (1.5) holds and the
operator A satisfies condition (II) except possibly for part (iii). Then there
exists T > 0 such that inequality (1.2) has a nontrivial solution on (0,T] contained
in C_([0,T];D) which vanishes at t = 0.

PROOF. Suppose (1.5) holds and let v be any nonzero element of D. Using the
function ¢1 in place the function % in the proof of Theorem 1, choose the constants K
and T and the function ¢ as in the proof of Theorem 1. (In addition, we must have T <

1.) Using analysis similar to that of the first order case, it is easy to show that
t (s) 2 _ TH(®) 2
the function u(t) = [{e ds}v satisfies "u"(t) - A(t)u(t)" =< ———3——"u'(t)" on
t

(0,T] with u(0) = u’(0) = 0. Hence u satisfies (1.2) and vanishes along with its
first derivative at t = 0.
Now suppose (1l.4) is satisfied. We shall find T > 0 and function u(t) which is

a nontrivial solution of

lurce) - au®]? s 22 Jue)|® on (0,1) (3.4)
t

u(0) = u’(0) = 0. (3.5)

where ¢(t) = min (¢0(t),8/7). Thus u will also be a nontrivial solution of (1.2)
since ¢ < ¢0. Let v be any nonzero element of D. Since (1.4) holds and hence (3.3)
holds (for C=8/v), we may, in a manner similar to that in the proof of Theorem 1,

0
comes from (1.2). Define K = sup (“A(t)v“: 0<t5T0) which is finite because of
condition (II). Then (1/8)t 24(t) - K2|v| " is nonnegative on (0,T)] and we define

choose 0 < T, < T so that ¢(:)/c2 ES (8/7)[1+"A(c)vu2]uvﬂ'2 for all te(0,T,] where y

T
0
-2 2, n-211/2
e = [ [armnewm - o] an.
t
Before defining T and u, we make some observations concerning the function §. As a

1
result of (3.3) and the boundedness of ¢, we have ft'1[¢(t)]1/2dt - o,
0

Thus lim £(t) = © and lim ¢(t)/t = «». Using L'Hospital’s Rule, it is easy
ti0 ti0

E(E)F -£(s)
to show lim e fe ds = 0. Hence we may choose Te(O,To] so that
t40 0
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t
e (8 5 [e7€(8)4s  for all te[0,T]. (3.6)
0

t

Furthermore, if we define the function S by S(t) = te'E(t)- 2fe_$(s)ds, then S’ (t) =
0

{([y¢(t)/8 - K2||v||-2t2]1/2 - l)e'e(t) so that S’'(t) < 0 on (O,TO] since ¢ < 8/y. Thus

since lim S(t) = 0, we have S(t) < 0 on (O,TO] and hence on (0,T]. That is,
t40

t
2fe €45 > te$(®) for all tefo,T]. (3.7)
0

t
We now let u(t) = [fe-e(s)ds]v for t € [0,T] and show that u, which is obviously
0

nontrivial, satisfies (3.4), and hence also satisfies (1.2) and (3.5). Clearly u(0)

= 0 and u’(0) = 0 since lim é(t) = «». To show that (3.4) holds, notice that on (0,T]
ti0

2
t
hw-mwszhwz+ﬂmv-z@q%4%w2+4h*“h%an. (3.8)
0

Using |Av| < K and substituting for £’ in (3.8), we get

2
2 t
Jur - au)? < 2|28 L K| 262 g fenE(Sgg| k2
8t I+l 0
2 (3.9)
t
- (/w)e(t)e 2e Oy 2 . 2K2{e‘25(t) - [fe'f(s)ds] }
0
< (wd(oye 2 KO y)2

where the last inequality is a result of (3.6). We now apply (3.7) to (3.9) to get
. 2
fur - au)? < yoce)e?|fe 26 as| v)?
0 (3.10)
- -4
- @ o] s e luw |,

Hence u is a nontrivial solution of (3.4) (and therefore (1.2)) on (0,T]. This
completes the proof.

Necessity. Suppose

1 1
J‘vﬁo(t) Isbl(t)
dt < @ and dt < e, (3.11)
t t
0 0

We define the function ¥ (suppressing its dependence on a since a will be chosen to
be 1/2 later (in the proof of Lemma 10)) by

B(E) = $o (e 4 (£

where 0<a<l. Notice that the function % inherits the relevant properties of ¢0 and
¢1 along with one additional property. In particular, ¥ satisfies the following:

¥>0, ¥’'20, $"<0 on (0,=), (3.12)
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and
1
f¢(t)/t dt < « (as a result of (3.11)). (3.13)
0

In addition, the monotonicity of ¢i yields ¢i(t) =< ¢1(ta) for O<t<1l, i = 0,1, so
that, for any interval (O,TO], T0 < 1, on which (1.2) is satisfied, we get

t
flurcey - A(t)u(t)"2 < 1[u(c) + fp(n)dq] 0<t=T, (3.14)
0

where p(t) = ¢(t)[t'“uu(c)u2 + c'2nu'(t)n2]. Also, part (iii) of condition (II) may
be restated with ¢O and ¢1 replaced with %. Lastly, and very importantly, as a re-
sult of (3.2), we get

typ’' (t) < ap(t) (i.e., ¢(t)/t° is nondecreasing.) on (0,x). (3.15)
Hence, using analysis similar to that for getting inequality (2.7), we get

KL k-1
t5fn * Yp(n)dn < $(t)/(k-a) , k>a>0 and 0 < t < T. (3.16)
t

Before proving necessity, we develop several lemmas.

LEMMA 5. If u e C*([O,T];D) for some T > 0 and u(0) = u’(0) = 0, then

£ 2¢(s)_-2 2 2 £ -20(s) 2

Je 35 % () lus) | “as = 4(3-a) % fe P ¥ p(s)|ur (s)||ds ., OstsT (3.17)
0 0

where p(t) = $(£)/t2, o(t) = -(:+c0)’ﬂ and t; > 0.

s
PROOF. Since u(0) = u’(0) = 0, we have "u(s)"2 = 2f(u,u’)dn < 2flu] Ju’ flan.
0 0
Multiply this inequality by e-2¢s-2p and integrate to get
£ 20 -2 4 12 £ 29 -2 % -2 r
{e s pllul“ds < 2fe s ofllullllu’ |ands = -2fe ¢W'(s)f"u""u'“dnds (3.18)
0 0 0 0

t
where ¥(s) = jh‘zp(q)dq for O<sst. Now integrate by parts on the right side
s

of (3.18) to get

t .2 s -2 s t t d -2 ]
2fe 2 ful|u [dnds = 1tm -2¢ Sl lan| + 2w §, [ flullu’ Jon]os
0 0 €40 0 € 0 0
(3.19)

< 1im 262750 e) Flal lu’ o 2 L2 e
< lim 2e W(c)fﬂu""u “dn + 2fW asle f"u"uu "dq ds.
€0 0 0 0

We now observe that the limit on the right side of (3.19) is zero. To prove this,
note that (3.13) implies the existence of a positive constant C (depending on t) for

t t

which [¥(s)/s ds < C which yields ¥(e) < c-3f¢(s)/s ds = Ce 2. Now apply
£ €

L'Hospital’s rule to get

€ €
lim ?(e)f"u""u'"dq < C lim £-3 f"u""u'udq = lim -35-2“u(c)""u'(c)" -0
€10 0 40 0 €40
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since u(0) = u’(0) = 0 and u" is bounded near zero. Thus, after doing the indicated

differentiation, inequality (3.19) becomes

t o, S t oS t .,
-2fe ”W'gﬂunﬂu'ﬂdnds < -4£W¢'e “Ilullu’ lands + 2fve™JulJu’ |as
0 0 0

(3.20)
£ 2
< 2Jve”Pulu’ Jas
0
where the last inequality holds since ¢’>0. Inequality (3.16) with k=3 yields ¥(s) =<

s-3¢(s)/(3-a) - s'lp(s)/(B-a). Substitution of this into (3.20) and application of

Cauchy-Schwarz gives

t 9o S A% 1 -2
-2Je”*u [luf Ju’ [dnds < 2(3-a) " [s " p(s)e” P|uflu’ |as
0 0 0
(3.21)
art o 172 ¢t 172
< 2(3-a) l[gs 2pe 2¢"u"2ds] [{pe 2¢"u'"2ds]

Substitution of (3.21) into (3.18) and simplification yields (3.17). This
tompletes the proof.
LEMMA 6. Suppose z ¢ C*([O,To];D) for some T0 > 0 and z(0)=z'(0)=0. Then

t t
f(w')zpﬂzuzds =< A(Tl)f"2w'z’+¢“z-Nz"2ds for any T < min(To,Tl) (3.22)
0 0

t
where ¢ and p are defined as in Lemma 5 and A(t) = f¢(s)/s ds.
0

PROOF. Since the function A is increasing, it suffices to prove (3.22) for T1 -
t. The operator N is antisymmetric and hence (n > 0)

n n
Ref(w'z,Zw'z'+¢"z—Nz)ds - Ref[2(¢')2(z,z’) + w'w""z"z]ds
0 0 (3.23)

n n n
2 2 2
- gw') Iz]217as - forerlzl?ds = o' () 2lzm|? - Jorelzlds = (o () z(m |
0 0
since @'p" < 0. Multiply (3.23) by p(n) and integrate to get

t n
Refp(n) [ (9'z,20'z' +¢"z-Nz)dsdn
0o o

A

t
gp(¢’)2"2H2dn

(3.24)
t  n
< {p(n)f“w’z"“2¢'z'+¢"z-Nz)“dsdn.
0
Application of (2.8) to (3.24) (with h=|e’z| and r=|2¢’z'+p"z-Nz)||) yields
22 t 2 a ¢ 2
Jote) lzl%an = (e/2)fplle’z]|“dn +(2e) " "a(t) [ll20’ 2’ +o"z-Nz|| “dn. (3.25)
0 0 0

Putting ¢ = 1 in (3.25) and simplification yields (3.22) for Tl = t. This completes
the proof.
LEMMA 7. Suppose the operator A satisfies condition (II) and Lu = u" - Au. Let

¢ and p be as in Lemma 5 with t . + T < 1 and suppose u ¢ C*([O,T];D). In addition,

0
assume u(0) = u’'(0) = u(T) = u'(T) = 0. Then, for >0, we get
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T 2 -1 21T 2
fre %P (Mu,u)de < [-1 + 4(3+2e+he P(T) ) (3-a) ]fpe Plur | “ae
0 0
(3.26)
T 2 20y 42 T 20y 42
+ (3/e)[(e") pe lul“at + efe L] “at.
0 0
PROOF. Using the definition of the operator L and the antisymmetry of N, we get
(All of the following integrals are taken over [0,T].)
8 3
fpe-zw(Mu,u)dt - fpe'2¢(u"-Lu-Nu,u)dt (3.27)
- Refpe-zw(u”,u)dt - Refpe—2¢(Lu,u)dt = J1 + J2.

Integration by parts twice in Jl and using the fact that u and u' vanish at both 0
and T yields

- -2 2
3, = -Jee Plur|Pae + (/2 [(oe”*) " Jul e (3.28)
Since (pe 29y = e 2P 4 (cZyn tryp +6y-at2p ' +8tp! YratP(p ) 2-262po"), $'20, $"<0 and
@'>0, we get
(pe 29y < e 2P(6e ™% + 8t 30y + 4t 2p(0) % - 27 Hpem)
- e 0672, w8t o+ tp(en)? - 200m).
Hence substitution of this into (3.28) yields

- 2 - -2 -1 2
Jl < -fpe 2¢“u’" dt + fe 2‘0(3t: p + 4t To'p + 2p(<p’)2 - pp™) Jul|“dt. (3.29)
To estimate the right side of (3.29), we observe that -¢" < 2(@')2 for B large since
t0+T <1, and for £ > 0, we get 4t-1¢'p < 2ct-2p + 2£-1p(¢’)2. Applying these two

inequalities to (3.29) produces

3, s -fee 2P urPae + (3420)fe 20 2] %dt + (442/0) (o) Pe 2P u] Pat.

Now apply (3.17) to the second integral on the right side of this inequality to get
IS 11+ 603420 B-a) 21 fe Ppflur |Pae + (ar2/0) foet) Pe P u) e, (3.30)
The monotonicity of % and application of (3.17) allows the estimate

1, < efe 22 Luf2at + (a/e)fe 2202 uf %ae

2

A

efe 2| Lu)%at + 4/)e() e %0e 2 |u]%at (3.31)

IA

A

efe-2¢"Lu“2dt + 4(42-1(3-a)-2)¢(T)fpe-2¢"u'ﬂzdt.
Substitution of (3.30) and (3.31) into (3.27) gives (3.26) provided ¢ is sufficiently
small that 4+42/¢ < 3/e. This completes the proof.

LEMMA 8. Let z, u, p and ¢ be as in Lemma 7. Then, for £>0 small, we get

T T T
Tolz %at = (1 - 4c(3-a)"2) fre 2@ur2ae - 2¢71 fp')20e 2P u)?ar.  (3.32)
0 0 0

PROOF. Since z = e'zwu , we get (All integrals are taken over [0,T].)

Sollz |2at = fpe 2Pu’ -p'ul%at (3.33)

= [pe 2?u |2dt - 2Refpp’e 2P (u,ur)dt + [o(p") e 2P u) 2.
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Integrating by parts in the second integral on the right side of (3.33) and using ¢"
> -(v')z, for B large, gives

- - -2
-2Refpp'e 20(u,u')dt = [(pp'e 20y |ufdt = f(o'e’ + po" - 200" ) 2)e 2 u) %at

> [(o'0" - 3p(e")2)e 2°|u]at. (3.34)

Since ¥'20, we get p’' = -2p/t and hence p'p’' = -2pp/t 2= -cp/t2 - p(w’)z/c. Substi-
tute this into (3.34) and that result into (3.33) to get

follz |2t = fre 2u%at - cft 2e Pplul%at - (241/e)foto")%e Plu)?ac.  (3.35)

Now apply (3.17) to the second integral of the right side of (3.35) and use 2+1/e <
2/e for small ¢, we get (3.32). This completes the proof.
LEMMA 9. Suppose the operator A satisfies condition (II) and z € C,([0,T];D)

such that z(0) = z'(0) = z(T) = z'(T) = 0. Then, for To > T and u = e-wz, we get

T T
@-ep)fre 2?ur | 2an < e ATy [l (o) P2ez] an
0 0 (3.36)

T T
+ 5/ [ @) pe P ul%an + efe ?®|Lu) at.
0 0

where £>0, c,_ = e+73(2-a)(1-a)'2¢(T)+A(3+3c+ae'1¢(r))(3-a)’2, the function X is

T
defined in Lemma 6, p and ¢ are defined in Lemma 5 and the operator L is defimed in
Lemma 7.

PROOF. Since z'(0) = 0, we get

t t
2f“z'“"z"+(¢’)2z-uz"ds = 2Ref(z’,z"+(¢')zz-Mz)ds
0 0

(3.37)
2 £ .2 t 2
= |z (©)° + 2Ref(p") (2’ ,2)ds - 2Re[(z’ Mz)ds = |z’ ()" + I; + I,.
0 0
We now estimate I1 and 12. Integration by parts gives
C .2 2,02
I, = 2Ref(p")"(z',2)ds = [(o") (|z]")"ds
0 0 (3.38)
t t t
- @) %=l?| - z£¢'¢"||z||2ds - @ @z - zgww-vuzuzas 2 0.
0

This last inequality is true since ¢’¢"<0. To estimate 12, we use (iii) of condition
(II) (using ¥ in the expression for F instead of ¢0 and ¢1) to get

t t
I, = -2[(z’ ,Mz)ds 2 [(-F - (Mz,z)’')ds
2 0 0

(3.39)

K -3y 12 1y .2
2 -7y £¢(s)(s Iz “as + s™ "z [“)ds - M(e)z(r),2(t))

t
We now give an estimate for fs-aw(s)"znzds. Since z(0)=0, we know
0



UNIQUENESS OF SOLUTIONS OF SINGULAR DIFFERENTIAL INEQUALITIES 267

t
lz¢t)|? = tf]lz* (s)|%ds and apply this to get
0

€ .3 2 t s 2 td € -2 s 2
gs ¥(s)|z| ds < £p<s>£uz'<n>u dnds < - ag[ff ¢(€)d€]fH2'(n)H dnds. (3.40)
0 s 0

Integrating by parts in (3.40) and using (3.16) with k=1, we get
t trt t
£S-3¢(s)"z"2ds < f[Te Pworae] Iz 1175 < ) s oz (o 7s. (3.41)
O's 0

Substitution of (3.41) into (3.39) gives

t
I,z -c, fs'lw(s)nz'(s)uzds - (M(t)z(t),z(t)) (3.42)
0

where c, = 13(2-0)/(1-a) and a comes from the definition of ¥. Combining (3.37),
(3.38) and (3.42), we get

2 €t 2
Iz )" - <, gs v(s) |z’ (s)[|“ds - (M(t)z(t),z(t))

(3.43)
E 2
< 2f|z' ||z "+’ ) “z-Mz|ds.
0
Multiply (3.43) by p(t) and integrate to get
T 2 T t-l 2 T
Jollz'I%ae - e Jo(e)[s w(s) 2" (s)]|“dsat - [p(uz,z)ae
° °o 0 0 (3.44)

T t
< 2£p(t)fﬂz'"nz”+(¢’)zz-Mz"dsdt.
0

T
To estimate the second integral in (3.44), we let P(t) = fp(n)dn and note that integ-
t
ration by parts produces (h(t) = t-lw(t)“z'(t)uz)

T t T t
Jo(t)[h(n)dndt = -[B’(t)[h(n)dndt
0 0 0 0 (3.45)
T € T
= -P(T)[h(n)dn + lim P(e)fh(n)dn + [P(n)h(n)dn.
0 40 0 0

€ T €
But P(e)[h(s)ds < [ft'1¢(c)](1/e)fh(s)ds and since z’'(0)=0 (and ¥(0)=0 because of
0 € 0

€ €
(3.13)), we get lim (l/c)fh(s)ds = 1lim h(e¢) = 0. Hence lim P(c)fh(s)ds = 0.
€40 0 €40 el0 0

Combining this result with the fact that the first term on the right side of
(3.45) is nonpositive, we get

T 3 T
£p<e)fh<n>dnde < [P(m)h(n)dn. (3.46)
0 0



268 A.V. LAIR

T
However, t2P(t) = tzfn-2¢(n)dn < t¥(t)/(l-a) (We have used (3.16) here with k = 1 and
t

0 <a <1 to get the last inequality.) Thus P(t) < (l-a)-lt-1¢(t) and hence substi-
tution of this into (3.46) gives

T8 a1t
Je(&) [n(n)dndé < (1-a) ™" [n “$(n)h(n)dn. (3.47)
0 0 0

Substituting h(t) = c'1¢(c)nz'(t)n2 in (3.47) and using the monotonicity of ¥ yields

T £ 4 T
£p<e)fh<n>dnde < (1-@) ¢<T>£puz'udn.
0

Substitution of this inequality into (3.44) gives

T 2 T T t 2
& [olz'|“at - [foMz,z)dt < 2fp(t)[||z’ ||z "+(p’) “z-Mz|dsdt. (3.48)
0 0 0 0
where & = 1-(1-a)-1ca¢(T). Application of (2.8) to the right side of (3.45) gives,
for T0 > T,

Ay 1 12ae . F 1,k 2. 2
(&-¢) [olz'[|%dt - [oMz,z)dt < ¢ A(T)[|z"+(p’ ) z-Mz| “dt
0 0 0 (3.49)

T
s e I [lzm+ (o) 22z a.
0

To complete the proof, we substitute (3.32) and (3.26) into (3.49) and simplify.
This completes the proof.
LEMMA 10. Suppose the hypothesis of Lemma 9 holds. Then

T T T
T 20e 2|u)%at + (T, Ty) fpe'2¢nu'uzd:] < fe 2| Lu|ax (3.50)
0 0 0

where C(T,To) - [A(TO)]-I[.02 - (373+23.36)¢(T)].

PROOF. Since e ¥Lu = z"+2¢'z’+(¢')22+¢”z-Hz-Nz, we get (All integrals are taken
over [0,T].)

fe'zwﬂLuﬂzdt - f"z"+2¢'z'+(¢')2z+¢“z-Mz-Nz"2dt (3.51)
- f"z“+(¢')22-Mz“2dt + 2 Ref(z”+(¢’)zz-Mz,2¢'2'+w"z-Nz) + f"2¢'z’+¢"z-Nz"2.

In [1; pp. 70-72], it is shown (for v, = Vo =¥y = 0) that

1
Ref(z"+(¢')2z-Hz,2¢’z'+¢"z-Nz) > 0.

We now apply this result along with (3.22) and (3.36) to (3.51) to obtain
2 - - - -2 2
21 ™h fe 2 Lu)ae = e(ary) 1 2= ) foe 20 ur | at
0 0 T (3.52)

+ II/AT)) - ST 1S (o) 2pe 2P u] %ar

In (3.52), choose a = 1/2, ¢ = [A(To)]l/z, and T. > O sufficiently small that

1
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l/A(Tl) - S/A(To) > 2 so that (3.50) follows after simplification. This completes
the proof.

We may now prove necessity. We note that Theorem 4 contains the results
of [1; Theorem 3] as a special case.

THEOREM 4. (Necessity) Suppose the operator A satisfies condition (II) and
there exists T ¢ (0,T] such that u ¢ C,([0,T];D) is a solution of (1.2) on (0,T] with
u(0) = u’(0) = 0. If the functions ¢i' i=0,1, satisfy (3.11), then u = 0 on [0,T].

PROOF. Proceeding in the same manner as in the proof of Theorem 2, we again use
the function {u, T’ to be chosen below, and note that inequality (3.50) yields

T'-e . -B T'-¢ -B T' -B
B[ 22T TplulPar v carr ) [ € p||u'||2dt] < [ 2" JLcw e (3.53)
0 0 0

Application of inequality (3.14) to the right side of (3.53) gives

T'-¢ -B T'-¢ , -B
2 -28-2 2
L B NN I N TN LY
0 0 (3.54)
T'-¢

2r-ﬂ t T 2r
=y [ e [p(t) + fp(s)ds]dt +f e
0 0 T'-¢

-8 9
[Lcsw | “ac.
Using estimates identical to those of [1, p.64], inequality (3.54) may be simplified
t
to get rid of the fp(s)ds term (and then vy is replaced with 2vy). If we then apply
0

inequality (3.17) to the resulting inequality, we get

T'-¢

T'-e .. -B -B
B2 % pu)Par v o1 [ & pllu'llzdt]
0 0

(3.55)

’

g T've B T B
< 29[144GB-a) 2] [ 27 plur]lae + €27 |L(cu)|ae.
0 '-¢
Thus we choose T'e¢ (0,T] small and TO = T' so that C(T',To) > 29[1 + &(3-a)-2] (with
a = 1/2) so that (3.55) may be simplified to get

’

T Lo, , B T -B
B2 [ e 222 T luf?ae < [ €2 Lcew | Zat.
0

T'-¢

As in [1, p.64], for B large, we may now conclude that
T'-¢ T
2 2 2
B°J  elul®at = [ [LGw|®ac.
0 T'-¢

Letting § + » we get u = 0 on [0,T']. This completes the proof.
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