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ABSTRACT: In finite groups maximal subgroups play a very important role.
Results in the literature show that if the maximal subgroup has a very small
index in the whole group then it influences the structure of the group itself.
In this paper we study the case when the index of the maximal subgroups of the

groups have a special type of relation with the Fitting subgroup of the group.
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1. INTRODUCTION

P.Hall proved that a finite group with the property that its maximal
subgroups have index a prime or square of a prime is solvable. J.Kohler
studied in detail finite groups with the property of Hall mentioned above
(see [5]). B.Huppert [3] proved that if every maximal subgroup has index
prime, then the group is supersolvable. 0.U.Kramer (6] proved that if a finite
solvable group G has the property that for every M <* G, [F(G) : F(G) N M] =1
or prime, then G is supersolvable. In this paper we consider groups with the
following property: For every M <¢ G, [F(G) : F(G) N M] = 1, a prime or

square of a prime. We consider only finite groups.

2. NOTATION AND EKNOWN RESULTS

F(G) is the Fitting subgroup of G, ®(G) is the Frattini subgroup of G,
m(G) denotes the set of distinct prime divisors of order of |G|. N(G)
denotes the intersection of all nonnormal maximal subgroups of G. M <« G
means that M is a maximal subgroup of G. Consider the exponents in the orders
of the chief factors of a chief series of a solvable group G. For each prime
p € w(G), the maximal such exponent is denoted by rp(G), called the p-rank of
G. r(G) = max { r“(G) ; p e m(G) }, is called the rank of G.
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We mention below the following known results for easy reference.

LEMMA 2.1 (Kohler [5], Lemma 3.3): Let G be an irreducible subgroup of
GL(2, p) with |G| odd. Then G is cyclic and |G} divides (p2 - 1).

THEOREM 2.2 (Huppert [3], Satz 1): Let G be solvable. Let p" be the
highest power of p that occurs in a maximal chain of G. Then rp(G) =n.

THEOREM 2.3 (Gaschiitz [1], Satz 13): For a finite group G, F(G)/®(G) is a
direct product of minimal abelian normal subgroups of G/®(G).

LEMMA 2.4 (Kohler [5], Lemma, p.440): If G is a subdirect product of
primitive solvable groups on a prime or prime square number of letters, then
rp(G) < 2 for every p ¢ (G).

THEOREM 2.5 (Gaschiitz [1], Satz 15): If tp(G/l)(G)) < 2, then rp(G) < 2.

3. MAIN RESULTS

We prove the following lemma in a general setting.

LEMMA 3.1: Let G be a solvable group with ®(G) = 1. Let F = F(G).

For every M <°¢ G , let [F : F N M] = p1 , p an arbitrary prime and i 2 0.
J

j<e=max { i ; [F: FnM = pi ,» P an arbitrary prime }.

Then every G-chief factor of F has order q° , q an arbitrary prime and

PROOF: Since ®(G) = 1, it follows from Theorem 2.3 that F(G) is the
direct product of minimal normal subgroups of G. This means that for each
G-chief factor H/K of F there exists a minimal normal subgroup S of G which
lies in F with S = H/K. Then there is a maximal subgroup M of G with MS = G
and M NS =1. So it follows that [F : F N M] = [G : M] = |S|. Hence the
lemma is proved.

REMARK: The condition ®(G) = 1 is needed in the hypothesis of Lemma 3.1
as can be easily seen from the example of Huppert [4], Beispiel 2, p.140.

THEOREM 3.2: Let G be a solvable group. Let F = F(G). For every
M<eG, let [F: FNM]= pi , 1i=0, 1or 2. If |G| is odd, then
rp(G) < 2 for all primes p £ w(G).

PROOF: If ®(G) # 1 , then consider G / ®(G). By induction on !G! we can
conclude that rp(G/ﬁ(G)) < 2 and hence rp(G) < 2. So assume that &(G) = 1.
By Lemma 3.1 it suffices to show that chief factors of G/F are of order a
prime or prime square. By Theorem 2.3 , F = Hl X H2 X ... X Hr where Hi are
minimal abelian normal subgroups of G. Since ®(G) = 1, for every Hi there
exists Mi <* G such that G = Hi Hi' Mi n Hi = 1 since Hi is a minimal
abelian normal subgroup of G. Since Hi <F,G= Mi Hi = Mi F. Therefore
:Hi: = [G : Hi] =[F:Fn Mi]‘ Hence by hypothesis on [F : F N Mi] we
conclude that }Hi: = p2 or p for some p ¢ n(G). If :Hi} = p, then G/CG(Hi) is
cyclic. If :Hi:=p2 , then G/CG(Hi) is an irreducible subgroup of GL(2, p) as
H, is a minimal normal subgroup of G. By hypothesis 1G] is odd. So we can
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apply Lemma 2.1 to conclude that G/C (H ) is cyclic of order dividing

(p -1). F= Hl X HZ e H shows that C (F) = n C (H ). Since G is
solvable, C (F) £ F. Since F is abelian, F £ C (F) Thus F = C (F).
Therefore G/F = G/C (F) & % G/C (H ) implies that G/F is abelian. This

means that all chief factors of G/F are of prime order. This completes the

proof of the theorem.

EXAMPLE (Kohler [51):

«<
[}

Let D = <x, y> = DA , the dihedral group of order 8.
Let K = Al * A, where * denotes the free product. A | = IAZ: =p°,

2
Ai elementary abelian with A, = < a; b, >.

i i
Let H = H1 X H2 where Hi = Db is a group of automorphisms of Ai’
x y y x
i_ i_.-1 i_ i -1
a = = ai N a;” = bi N b1 a; bi bi

for i =1, 2. Let W = <[a1 , 32], [a1 N bZ]’ [a2 N bll, [az R b2]>.

W is a normal, elementary abelian p-subgroup of order p in HW.
H<eHW. HNW=1, W=F(HW). HW has the property that for every
N <e HW , [F(HW) : F(HW) N N] = 1, p or p2 for some p € mw(HW).

[ ;B = p®. lmWl = 1H) W= 2% gt

Thus, we see that in Theorem 3.2 we require that G is of odd order.
However, for groups of even order we have the following theorem.

THEOREM 3.3: Let G be a solvable group. Let F = F(G). For every
M <e G, let [F : F N M] = pi, i =0, 1or 2. If a Sylow 2-subgroup of G
centralizes every Sylow q-subgroup of G for all q, q odd, then rP(G) < 2 for
all p € n(G).

PROOF: As in the proof of Theorem 3.2 we can assume that ®(G) = 1 and
write F = F(G) = H x...xH with :Hi: =p or pz for p € (G).
If :Hi: = p, then G/CG(Hi) is cyclic. If :Hi:
can conclude as in the proof of Theorem 3.2 that G/CG(Hi) is cyclic. If
:Hi} = 4, then G/CG(Hi) is an irreducible subgroup of GL(2, 2) = S, and hence
is cyclic. The rest of the proof now follows as in the proof of Theorem 3.2.

= p2 with p odd, then also we

This completes the proof of the theorem.

THEOREM 3.4: Let G be a solvable group of odd order. Let F = F(G). For

every M <¢ G, let [F : F N M] = pi, i =0, 1 or 2. Then every subgroup of G
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has the same property.

PROOF: It is enough to show that every maximal subgroup of G has the same
property as G. By Theorem 3.2 we have rp(G) < 2 for all primes p € n(G). Now
applying Theorem 2.2 we see that pz is the highest power of p that occurs as
the index in a maximal chain of G for some p £ m(G) corresponding to
rp(G) < 2.

Let H be any maximal subgroup of G. Let K << H. Therefore [H : K] =p
or p2 for some p € n(H). If F(H) < K, then clearly [F(H) : F(H) n K] = 1. If
F(H) #’K, then [F(H) : F(H) N K] = [H : K]. Thus H has the same property as
the group G. This completes the proof of the theorem.

REMARK: Theorem 3.4 can be modified as in Theorem 3.3 for the even order
case.

THEOREM 3.5: Let G be a solvable group of odd order. G has the property
that for every M <¢ G, [F(G) : F(G) n M] = pi for i = 0, 1 or 2 if and only
if G/ O (G) is isomorphic to a subdirect product of primitive solvable groups

on a prime or prime square number of letters.

PROOF: Assume that G/ /AN(G) has the above property. By Lemma 2.4,
rp(G/ D (G)) € 2. By Theorem 2.5 we then have rp(G) <€ 2. Hence G has the
required property.

Now suppose that G has the property mentioned in the statement of the
theorem. By Theorem 3.2, rp(G) < 2. Using Theorem 2.2 we see that every
maximal subgroup has index either a prime or square of a prime. Let m be a
permutation representation on the conjugacy classes of maximal subgroups of G.
Let n* be the restriction of m to one of these conjugacy classes. Since
M <° G, NG(M) = G, and thus n* is the identity. If M = NG(M). then n* is
primitive of degree [G : M] = p or p2 for some p ¢ m(G). Hence G/ker(w) is a
subdirect product of primitive solvable groups on prime or prime square number
of letters. x e ker(w) if and only if x € NG(M) for every M <¢ G and M
nonnormal in G. Hence ker(n) = /A (G). This completes the proof of the
theorem.

ACKNOWLEDGEMENTS: The author wishes to thank the referee for the proof of

Lemma 3.1.
REFERENCES

1. W. Gaschiitz, "Uber die ®-Untergruppe endlicher Gruppen'',
Math. Zeit., 58(1953), 160 - 170.

2. M. Hall, "Theory of Groups", Chelsea, NY, 1976.

3. B. Huppert, "Normalteiler und maximale Untergruppen endlicher Gruppen",
Math. Zeit., §9(1954), 409 - 434.

4, B. Huppert, "Zur Gaschiitzen Theorie der Formationen",
Math. Annalen, 164(1966), 133 - 141.

5. J. Kohler, "Finite groups with all maximal subgroups of prime or prime
square index", Canadian Jl. of Math., 16(1964), 435 - 442.

6. 0. U. Kramer, "Uber Durchschnitte von Untergruppen endlicher auflésbarer

Gruppen", Math. Zeit., l§§ﬂ1976), 89 - 97.




