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ABSTRACT. First, a definition is given of the Stieltjes transform of distributions
which contains some well-known. Then, a structural theorem for distributions having S-
-asymptotic is proved. This makes possible to prove two theorems of the Abelian type

valued for Stieltjes transforms of distributions given in different ways.
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1. INTRODUCTION.

It is possible to define the Stieltjes transform of distributions in various ways.
One of them is the so-called direct approach in which we construct a basic space A > D
of smooth functions to which the set {(s + t)-r-l, Ims # 0, r 2 0} belongs. Then, we
define a transform for T, belonging to the dual space A', by the expresion < T(t),
(s + t)-r-1 >. In this paper we shall deal only with such definitions. If the construc-
ted space A' is such that T € A' has the support belonging to [0,=), we have the clas-
sical Stieltjes transform, extended to generalized functions in one dimension.

We shall give a definition of the Stieltjes transform in meny-dimensional case not
only to have a new generalisation of the Stieltjes transform, but to prove Abelian type

theorems valued for the Stieltjes transforms given in different ways.

2. NOTATIONS AND DEFINITIONS.

N is the set of natural numbers,No =NU {0}. If a,b € Rn, z € Cn, z = (x1 + iyl,...

n n n

...»X_+ iy ) and e = (1,...,1), then:(a*b) = 3la.b,; 2% = TI(x, + iy)ai; |22| = IT [x, +

n.n n 2 is1i i j=1 1 i i=1 ' 1
+ iyil 1, z2° = IE 2,5 lal® = (a*a); a2 0 means a, 20 for alli=1,...,n.

j=
I will be a convex acute cone with vertex at zero; B(0,r) the closed.ball with the
]

center at zero and with radius r > 0; S(0,1) the unit sphere, all in R". T is the inte-

riorof T.
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DEFINITION 1. Let hl’hZ € T'. We say that h1 2 h2 in T if h1 € h2 + I'. For a com-
plex valued function G(h), h €T, limG(h) =Ae€C, heT, h»> » if for every € > 0
there exists h(e) € I' such that |[G(h) - A| < € when h 2 h(e) in T.

If ; # #, we can prove the following Lemma:

LEMMA 1. Suppose r # @ and B(a,r) ¢ T. We denote by I, = k% AB(a,r). If

lim  G(h) = A, then lim G(x+h) = A for every x € R".
heT, hre s hoeo

PROOF. By Definition 1 for every € > 0 there exists h(e) such that ‘G(h) -A| <€,
h e h(eg) + T. Now x - h(e) + Boa € B(Boa,Bor) if Bo 2 Ix - h(e)l/r, BO depends on €.
Hence x - h(e) + By2 € Fl c T'. Since T is a convex cone, x - h/(g) + Bga ¥ Ty T +T,
cT and x + Bpa * T < h(e) + I'. It follows that |G(x+h) - A| < € for h € Bod * Ty--

REMARK. In Lemma 1 we can choose the ball B(a,r) in such a way that the distance
between B(a,r) and any coordinate axis Xi, i=1,...,n, in R" is positive, d(B(a,r),Xi)
2 a> 0. Then Iail -r2a>0,i=1,...,n. We denote by FZ = t$ AB(a,r), for such
constructed ball B(a,r). If u € h0 + rz for a h0 € Fz. then u = Aoa + Aoz + Aa + Ay,
where z,y € B(0,r); AO’ A > 0. It is easy to see that |ui| 2 (A + Ao)(lail -r)z2 (A +
+ Ao)a and for any M > 0 we can find h0 with the property lui| 2 M. Hence, if h > =,
h e Tys then Ihil > o, i=1,...,n.

By P we denote the set of all the real and positive functions c. Notations for the
spaces of distributions are as in the book of L. Schwartz [1].

DEFINITION 2. A distribution T € D' has the S-asymptotic in I' related to the
function c € P and with the limit U € D', if the following limit exists

lim < T(x+h)/c(h),¢(x) > =< U,¢ >, ¢ € D. (2.1)

her , hsoo
Then we write T(x+h) £ c(h):U(x), h € T and we say that T has the S-asymptotic in D'
(Pilipovié and Stankovié [2] and Stankovié [3]).

We shall use the same definition for a T € B' = D'(L*) and ¢ € D(L!) stressing
that T has the S-asymptotic in B'.

If the interior of the cone I' is not empty, ; # P, then we can give the analytical
expression of the limit distribution U:

Suppose that T € D' and has the S-asymptotic with the limit U# 0. Then there exists

a¢, e D such that < U,¢0 > # 0. For this % and t € R", using Lemma 1, we have

c(htt)  T(x+(htt)) T((x+t)+h)
< , > = 1i K ———— 0. (x) >. (2.2)
hefz?h*w c(h) c(htt) $() herzTh+w c(h) G

From trhis relation it follows the existence of the following limit

1im  c(h+t)/c(h) = d(t), t € R® (2.3)
heT, hoe

and that U satisfies the equation

d(t) < Uyg > = < Ulx#t),90(x) >, d(0) =1, t € r". (2.4)

Since U, as a distribution, has all the derivatives, it follows from relation
(2.4) that:

[d(t+At1) - d(t)] < Uydg > =< U(x+t+At1) - U(x+t),¢0(x) > (2.5)
= [d(Atl) - d(o)]d(t) < U’¢0 >, d(o) = 1.
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It is now easy to prove that (Pilipovié and Stankovié [2]):
d(t) = exp(a't) and U(t) = C exp(a-t), t e R". (2.6)

3. STIELTJES TRANSFORM OF DISTRIBUTIONS
In the following we shall use the well-known function ne € C®, w > 0 (Vladimirov

[4]):

ne(x) = f qw(x-t)dt, x € R" (3.1)
where B(0,2w)
-n 0)2
Dw exp(- -—-2-—2), Ixl < w
0 (x) = { w2-Ixi i o[ q(tat =1. (3.2)
w
0 Ixl 2 w RM

"

The function n,’ has the properties: 0
nm(x) =0, Ixl > 3w; |Dknw(x)| < Ckm-(k'e),
DEFINITION 3. The Stieltjes transform of a distribution T € D' (Sp~transform) is

n,(x) 1, xe R"; N (¥) = 1,x € B(0,w);

x € R". The constants Ck do not depend on w.

defined by the limit
Lim < T(x),n (0 (s4) P 5 =5 (T)(s), s € (C\R)™, (3.3)
W w 4

if it exists for a p € R". By e we denoted e = (1,...,1).

REMARK. s can belong to a larger set, as well. This depends on the support of T.
s0.5,(8)(s) = s"(P*), s £ 0.

We shall give a relation between Definition 3 of the Stieltjes transform and de-
finitions of some other authors frequently used in many papers. All of them are in one
dimension. Let us start with the classical definition.

If T is defined by the function f, suppf c [0,~), Definition 3 gives the clas-

sical Stieltjes transform, if it exists. Let s € (C\ (-~,0]), then
3w

w
5,(£)(s) = mof f(t)nw(t)(sn)""“)dt - ulr}EoI £(£)(s+t) (P Dge 4+ (3.4)
3w
+ lim f f(t)n (t)(s+t)'(°+1)dt.
wro o w

We have only to prove that:
3w

1im [ £(tn (O)(s4) Pat = 0, s € (€ \(-=,0]) (3.5)
wre - w

when the classical Stieltjes transform exists.

Since for w £ x £ 3w

20 1
nw(x) = f qw(x-t)dt = I ql(y)dy; (3.6)
-2w (x-2w)/w

the function nw(x) is positive and monotone decreasing in this interval. By the mean

value theorem, there exists a £, 0 < £ < 2 such that

3w w+iw
I nm(t)Re[f(t)(sH:)-(p+1)]dt =, (w) f Re[f(t)(s+t)'(p+l)]dc . (3.7)
w w

The last integral tends to zero when w » ®, because we suposed that the Stieltjes trans-

form of function f exists. We have the same situation with the imaginary part of the
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integral from relation (3.5).

Lavoine and Misra [5-6] defined the Stieltjes transform of distributions belonging
to a subset J'(r),Rer>-1 of D',which is used in many papers. A distribution T belongs to
J'(r) if and only if there exist m € N such that T= DmG, where G is a locally inte-
grable function having a suppor* in [0,») and G(x) = o(xr+m-a)’ a > 0. The Stieltjes

transform of T € J'(r) is, by these two authors:

s.(1) = (r+1)...(r+m)IG(t)(s+t)-r~m-1dt, s € C\(-=,0]. (3.8)
0

For a T e J'(r), r = p, relation (3.3) gives

s (T)(s) Lin < T(x),n, (x)(s+x) " PHL) 5 (3.9)
G
= (-1)" E ( )(p+1)...(p+m) hmJ’(——x—i% " nw(x)dx.
k-

We have two types of integrals

3w
G(x) G
I (s+x )z+m+1 N (x)dx  and f (s+x§§%k¥T " nuﬂx)dx, m-k 2 1. (3.10)
W

For the first one we proceed as in the case of the classical Stieltjes integral.

The second one tends to zero when w - =. We have only to start from

3w G(x)
j -;:;;E;E;T (s+x)™ k Dm_knm(x)dx (3.11)

and to use the integration by parts.

In the next cases the authors followed the construction of the Stieltjes transform
as we mentioned in the Introduction. The basic spaces A are topological vector spaces of
complex valued smooth functions. The space A contains 0 and the topology of D is strong-
er then that induced on it by A. The retstriction T of an element T € A' to D is in D'.

pte)

For a p 2 0 and s belonging to a subset of C, (s+t)—( is in A. The Stieltjes trans-

form of a T € A' is defined by < T(t),(s+t)-(p+e) >

In all the cases, we shall list, the family {(s+t)-(p+e)nm(t), w > 0} converges in
A to (s+t)-(p+e) when w > ., Then for a T € A' and T € D', we have:
5,(T(s) = Lim < F(x),n, (x) s+ (%) 5 o F(x), (stx)"(PFO) (3.12)
W

By Zemanian [7] it is p = 0 and the basic space A is J ,d = {y € Czo °°),P d k(W) =
k ’ C, ’d
sup X ()] (tD) Vey(t)| < =, ke N }, where x (t) = t5, 1 St <o x L (t)=td
0<t<o d d C,d
0<t<1landcc<1/2,d>-1/2. The topology of Jc 4 is defined by the seminorms P_ . .,
’ ’ ’
k € No'
By Pandey [8] the basic space A is S = {¢ € CZU ),yk(¢) = sup (1+xa)|(xD)k¢(x))|
< o, k € N;}. The topology in S is def1ned by the seminorms y,, k € N . The function
(s+t)” (p+1) ¢ S for a S p+l, but the family {(s+t) (p+1)n (t), o > 0} tends to (s+t)(p+u
in Sa for a < p+1 when w > =,
Bremermann [9] introduced the basic space Oa = {g € E(R),C(k)(t) = 0(tY), k € No}'
The topology of Oa is that induced by E. He treated the case p = 0, Im s # 0 and & 2 -1.

For the Stieltjes transform of distributions in many dimensional case see also [10].
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4. DISTRIBUTIONS HAVING THE S-ASYMPTOTIC

We shall prove a structural theorem for the distributions having the S-asymptotic
in a cone T with the nonempty interior, r #90.

THEOREM 1. Suppose T, € B' and To(x+h) X 1-U(x), h € T in D', then

a) U=C;

b) T0 = gé)AikFi, where Fi are continuous functions belonging to L™;

c) For every 0 £ i $ 2 functions Fi(x+h) converge uniformly to a constant when x
belongs to a compact set K and h € T, h » «;

d) T0 has the S-asymptotic in B' , as well, related to c = 1 and with the limit U =
=C in the coneT.

PROOF. a) By relation (2.6) U has to be a constant because ¢ = 1.

b) From the fact T0 € B' it follows that (To*&) e L™ for every { € D (Schwartz [1],
II, p. 57) and the set of distributions Q = {1y, = To(x+h), h € R"} is weakly bounded and
bounded in D'.

In addition to @, we shall construct an other bounded set of distributions. We de-
note by S = {y € U,leLl < 1}. We have seen that for a fixed { € D, (TO*E) € L. Now,

for every y € S:

|< To*i,c > = |« To*i,w >| = II(TO*E)(t)w(t)dtl < (4.1)
- R
s ITO*CIL.IWILI.

Hence the set of regular distributions, defined by the set of continuous functions
H= {UW = To*w, Yy € S} is weakly bounded and bounded in D'.

A set W' € D' is bounded if and only if for every a € D the set of functions {T*a,
T € W'} is bounded on every compact set M belonging to R™ (Schwartz [1], II, p. 50).
Hence {T*a, T € W'} defines a bounded set of regular distributions. In such a way
{Th*c, Th € Q} and {UW*C’ UW
for these two sets we can repeat twice a part of the proof of Theorem XXII from Schvartz
{1], I1, p. 51.

We denote by Q an open neighbourhood of zero in R™ which is relatively compact in

€ H} give two bounded sets of regular distributions. Now,

Rn, clQ = K a compact set. Then, by the mentioned part of the proof by Schwartz [1],
there exist m 2 0 and m, 2 0, such that the mappings (a,B) - Uw*(a*ﬂ) or (a,B) ~» Ty *
*(a*B)are equicontinuous and map D:lxvgl or 032x032 into Li; B is the ball B(0,r) where
r is a positive number. Hence, for every x € B and h € R" the function (Th*a*B)(x) =
(Tg*a%g)(x+h) is continous.

Let 2(0,p) be a ball in Li, then there exists a neighbourhood Ul(ml,elKl) in 031,
such that Uw*(a*B) e 2(0,p) for a,B € Vl(ml,el,Kl), U¢
Uz(mz,ez,Kz) c 032, such that Th*(a*B) e 2(0,p) for a,B € VZ(mz,ez,Kz), T, € Q. Let
KO = Kl n KZ’ € = min(el,ez) and m = max(ml,mz). We shall now use relation (VI, 6; 23)
from Schwartz [1], II:

€ H and a neighbourhood

Ty = 75 (ERYERT) - 204 (EXEAT) + (gxExT), (4.2)

where E is a solution of the iterated Laplace equation; AkE =34§8; v, € Dn, suppy and
suppf belonging to K0 = K1 n K2. We have only to choose the number k large enough so
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that YE € Dg. Now, we can take: F2 = yE*YE*To; F1 = YE*E*TO and FO = E*C*To. All of
these functions are of the from: Fi = To*ai*ﬁi; ai,Bi € V(m,:é,Ko), 56 > 0.

We have to prove that Fi have the properties given in Theorem 1. For ai,Bi c
U(m,eb,Ko) and y € S

)2 = M (4.3)

[< (To*a %60, >| = [[(Tyrv)*(a;%8,)1(0) | s o(ef/e,

Now let u # 0 be any element from L!, then u/lplL1 € S and |< (TO*(ui*Bi)),u >| s
S Miub, which proves that To*(ai*si) belong to L*. Since Fi = To*(ai*ﬁi), @B, €
V(m,eb,Ko), Fi are continuous and belong to L™.

c)We shall continue with investigations of the properties of Fi. By the properties
of the convolution we have that Fi(x+h) = Fi*t_h = To*(ai*si)*T_h = Th*(ai*Bi) for ay
Bi € Dz, where Th is the translation operator.

We have proved that the mappings (a,B) -+ Th*a*ﬂ, Th € Q, are equicontinuous and
map Dngg into Lg. D is a dense subset od Dm, m 2 0. We can construct a subset of DK’
clQ = K, which is dense in D:. Since Th*(C*w) > Cx{*y for {xy € DQxDQ, then Th*ui*Bi
converges to C*ui*Bi, as well (Schwartz [1], II, p.53).

d) there remains to prove the last part of Theorem 1. For p € D(L!) and T € B',

noting that Fi € L®, we have:

Mij [a3*u(x) |ax, (4.4)
Rn

where Mi = sup]Fi(x)l, x € R™. Hence the set {To(x+h), h e Rn}, is weakly bounded in
B'. Since D is dense in D(L!), by the Banach-Steinhaus theorem the limit:

gMN

2
|< To(x+h),u(x) >|§2 I lFi(x+h)Aiku(x)|dx s
i=oR" i

lim < To(x+h),u(x) >, w e D(LY), (4.5)
her , hoe

exists, as well, and equals < C,u >.

5. ABELIAN THEOREMS FOR THE STIELTJES TRANSFORM
THEOREM 2. Suppose that T € D', the cone T' is with the nonempty interior and
i) T(x+h) & c(h)-U(x), h €T in D';
ii) For a r > 0 and o € (C\R)™ the distribution T(x)/(so+x)r belongs to B';
iii) For the same r and Sg c(h)/(so+x+h)t converges to C1 # 0O when he€T, h»> =
and x belongs to any compact set in rR".
Then T has the S -transform for all p > r, Sp(T)(s) =< T(x)/(so+x)r,
(sg+0)™/(s+)P™® > and

lim S (T)(s-x)c(h) =0, p > r. (5.1)
hel,hoo P ¥

PROOF. From supposition iii) it follows that the limit distribution U = C. Namely,
for ay e Rn, x belonging to a compact set in R" and sy € (C\R)™ from the relation:
c(h+y) c(hty)  (sg+x+h)™ (sgtx+hy)®

= (5.2)
c(h) (so+x+h+y)r c(h) (so+x+h)r

and from the Lemma 1 with the Remark after Lemma 1, we have lim c(h+y)/ c(h) = 1.

Now, relation (2.6) gives U = C. hely, hoo
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By Theorem X from [1], I, p. 72 (see also Pilipovié and Stankovié [2]), for a ¢ €

€ D it follows the existance of the limit:

T(x+h) c(h)

1i < T(x+h)/ +x+h)T, >=  1i  — > = .3
her:g_m T(x+h)/Gy+x+h) ", L (x) he ru*n‘” ) (so+x+h)r ¢(x) (5.3)
=< cc ,o(x) >.

In such a way we proved that the dlstribut1on T(x)/(s +x) » S € (C\R)n, has the
same properties as the distribution T0 from Theorem 1 and we can use the assertion of
this theorem.

We shall prove, now, the existence of the S -transform for p > r.

Since |D n (x)l £ Cu (“k-e)
tions nw(x)(s+x) p-e converges to (s+x)* 7%, o > r, in D(L'), when w > . Moreover,

(5g+x)7/(s+x)", for s

, k 2 0, where Ck do not depend on w, the set of func-

s € (C\R)" belongs to D(L"); consequently

S_(T)(s) = lim < T(x),n (x)(s+x) P ®>= 1im _ESEZ_ (50+x)
e e W (s +x) (s+x)

0)
ryn (x)(s+x)r p-e> = (5.4)
=< '1'(x),{so+x)”,(s0+x)r(s+x)""e >, p > r.

We have seen that the distribution T(x)/(s0+x)r satisfies the conditions of Theo-

rem 1, therefore

1 T(x+h) r -p-e _ _
(h) Sp(T)(s -h) = (h) < (;;I;:;s?’(s°+x+h) (s+x) > = (5.5)

2 yi(k-e) r
= i—il—————-IF.(x+h)Aik Sfﬂ:ft%;_
i ch) ot (s+x)PTe

The expression Aik[(s +x+h)r(s+x)-p-e] is given by the finite sum of elements which
0

have the following form:

Hj,p = J p(so+x+h)r-3+p(s+x).p-e-p, jzpzo. (5.6)

We shall analyse Hj p/c(h) when x € R” and h € T.
’

First we prove two inequalities:

r, _ n Ts n rs rs
[(sg#x+h)”| = 1_1'11 |so’i+xi+hi| ig 1r=11 (|so’i+hi| + D% [+1)7 s (5.7)
Ty

n rs
) i (x| + D s

n r. 1
SO |s)  +h | 1(1 + I——— ]
’ =1

i=1 Inm sO,il

s s/ (fxg|+1)7i;

-3 n s =7 n
(s +x+h)P7J| = 11 |s. .+x,+h |Pi Ji PiJi - ¢ (5.8)
|(sqy |'= IL |sg g+x+hy) s I |Imsg | c: -
Now
rj
(so+h)r n (|x-|+1)
H, |/c(h) s c, c! II , 2 0. 5.9
l J9P| C( ) jsp isp T c(h) i=1 (s +x. )pi+p +1 P ( )

This inequality shows that IHJ p|/c(h) is bounded by a function which belongs to
L', when h € T, Since F, (x+h) are bounded, as well, when x € R"™ and h € T, we can use
the Lebesgue theorem for the integral in (5.5) to obtain that Sp(T)(s-h)/c(h) tends to

zero when h € T, h + =,
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The next theorem presents more precisely how Sp(T)(s-h) tends to zero when h € Ty
h > =, Fz is defined in the Remark after Lemma 1. We have seen that Ihil > o, i=1,...
..yn, if h+o, h e 1‘2
THEOREM 3. Let T € D’ and s, = (s 10eS ,n)e (C\R)™. We suppose:
i) (s .+x,+h,)T(x+h) Nl C,herlinD'; 1s3jsn

ii) (s +x )T(x) € B!

o
Then, for p > 0 and T convex cone, I # §

lim hjS (T)(s-h) =0 (5.10)
herz,h-»o P
PROOF. We can write:
S ((s 7% )T(x))(s-h) = < (s 5HEgHhy YT(x+h),(s+x) P7¢ > = (5.11)

= -p-e' - cpte g o o ' '
< T(x+h),(s+x) > + (SO,j sj+hj) < T(x+h)(s+x) >; e (el...en),

where e; =1, i #j and e3 = 0. Hence

-n=n!
$,(T)(s-h) = (s .-s +h, )’ [Sp((so §#%ITG)(s7h) - < T(x+h), (s+x) 7 51 (5.12)
First, we shall prove that Sp((so’j+xj)T(x))(s-h) + 0 when h € Tps h > «, By Theo-
rem 1 it follows:

lim S ((s R YT(x))(s-h) = < C,(s+x) P ® > =0 (5.13)
herl, ,h»»

2’
_—n=p!
It remains to prove that < T(x+h),(s+x) P™® 5 5> 0 when h € Fz, h + », as well. By

Theorem 1 we know that our distribution T has the form

T(x) = (s ;4% z;AikF (x) (5.14)

where Fi(x) are bounded functions when x € R". Using this form of T, we have:

2
< T(x+h),(s+x)'°'e' > = X (-1)i(k‘e) < Fi(x+h),Aik(s +h ) L(s#x) 7P e’ (5.15)

i=0

j
The second part of relation (5.15) consists in fact of a sum of integrals
I Py Ge) (s o+
Rn
where m 2 1; a, 2 0 and a, 21, i#3j. All of these integrals tend to zero when h € rz,

j+hj) M(s+x) P %ax (5.16)

h + o, We shall prove only the case: m = 1, aj = 0. In other cases it is trivial.
Let us consider the integral
-pj
_[Fi(x+h)(50 5 j+h )" (sj+xj) dxj (5.17)
for x, € R, k # jand h € I,. The function in X, F, (x+h)(s0 j+x +h ) belongs to D'(LV)
for every v > 1. Let p be such that ppJ > 1 and l - % - 120, Then, for x; € R, i # 3,
integral (5.17) is bounded by a function in h belonglng to D(LY ), = % + é - 1 (Schwa-

rtz [1], II, p. 60).
Now, we have to prove that we can find p, satisfying our conditions, and v > 1,

such that the number u remains in the interval 1 £ u < «, Then, we have only to use the
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property of a £ € D(L"), 1 S u < ®; namely: {(x) > 0, Ixl + = (Schwartz (1], II, p. 55)
and it will follow that integral (5.16) tend to zero when h € r2, h » «. Therefore we
shall analyse two cases.

In case p, 2 1, we can take 1. 1 - L, hence u

o

= 2v.
Case 0 < p, < 1. Since 242 P 1 2 0, Ve have 1> L2 1-L 5> 15, or 1<ve(1-p)™h.

J v p v P J J
For such an v the number 1/u is strictly positive, hence 1 S u < =,

The next example shows that Theorem 3 cannot be proved for p = 0

.__i__ -1 a
J (x+a)(s+x) (a-s) 1“(5)’ a,s > 0. (5.18)
o

There arises an another question: If we know that (s0 j+xj)rT(x) € B' forar>1,
»

is it true that Sp(T)(s-h) = o(h;r), herl , h>»? The answer is in general negative.

2’
This shows the following integral:

f ., adt . 3
I t o " v/z-exp(s/Z)W_vlz (1_v)/2(s) vsV, >0, s> =, (5.19)

0

where Wv " is the Whittaker function.
’
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