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Abstract. Nonlinear multivariable differential or integrodifferential equations with terms of
mixed dimensionality can be solved using multidimensional Laplace transform. The special
technique used to find the inverse of the multidimensional Laplace transform is known as

the association of variables. In this paper, some basic theorems are developed for the theory
oF association. Examples are presented for each theorem. Once the basic theorems are

established, it is possible to derive many useful ssociated pairs.
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1. INTRODUCTION.

In systems engineering, nonlinear differential or integrodifferential equations are solved

using multiple dimensional Laplace transform. A commonly used method for obtaining

the inverse of the multidimensional Laplace transform is called the association of variables.

Suppose F(sl, s2,..., sn) be a Laplace transform. Its n-dimensional inverse can be found

by the integral

f(tl,t2,...,t,) =_ L’ [F(s,s2,...,sn);tl,t2,... ,t,]

1

(2ri)"
at --ioo . --ioo j=l

F(s,s2,...,s,) I dsj (1.1)

In certain nonlinear systems analysis, particularly in Volterra series applications [1-2] on

Nonlinear systems [3-5], it becomes necessary to take the inverse of the n-dimensional

Laplace transform and specify this inverse image in the special case: t t2 tn t.

We denote this image function of one variable by g(t), or

g(t) f(t,tz,...,tn)],,=,, ,.=, (1.2)

An alternative approach to obtain the time function, g(t), is to associate with given

F(s,s,...,sn) a function G(s) from which a direct application of the one- dimensional

inverse transform yields g(t). This special method of computing the inverse transform is

said to be the association of variables. The function G(s) is called the associated transform

of F(sl s2,
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Recently, Chert and Chiu [6] and Koh [7] have presented several theorems for evaluating

the associated transform G(s) using certain types of F(sl,s2,...,s,). In this paper, a

set of new and important theorems are developed Several illustrative examples are in-

cluded. However, once the fundamental theorems are established, we can derive many

useful associated pairs and use them conveniently.

2. THEOREMS ON ASSOCIATED TRANSFORMS.

Suppose G(s) be the associated transform of F(I,2,...,,) and G(s) be that of

F(,... ,s,,_,,,+,... ,s,), m < n. Let k be any constant and we restrict the vaxiables

1, ,...,, to the right half of the complex plane.

Theorem 2.1. /.f a given function F(sl,sz,...,sn) can be written in the form

F(sl,sz,... ,s,)

An-I
and if F(s,... ,Sm-,sm+,...,sn) G(s). Then the assoc/ated transform

where Ai means the association process for finding associated transform of a function

consisting of variables.

PROOF: By equations (1.1) and (1.2), we have

?(t) f(t, t,..., t,)l,t=, ,.=t

1

(2ri)"
c,t-ioo c,--ioo .--ioo j=l

ox +ioo o.+ioo
k

exp

Fl(..ql,... ,,.qm_l, 8re+l, ,,5,)
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1 / k
exp(s,t)dam

2ri 8 (,S2m + ot

(27ri)"- f...II...l
--iO0 Ore-- --io Ore+ On --io0

F(s,...,Sm_t,sm+t,...,s,)exp

k
1- cost

g(t)

k

Ting Laplace Trsform of both sides of the equation (2.1) yields

G’(8)--, - G’I(, GI(,S- is)-

Hence the theorem is proved. |

Example 2.1.

(2.1)

Consider

and let

F(s,,s2,s3) s3(s, + a)(s2 + b)(s + c)

F,(,,,,=)

Using the table given in [6], we find

A2
Fl(l,82)---.i, GI(,..q)" s+a+b"

By Theorem 2.1

A3 k 1
f(sl,S2, S3) G(s)’- - sjrajrb 2 s+a+b-ic -’ s+a+b+ic

k[ 1 s+a+b]- ,+a+ -(, 4,;@ +c
k

( + + )[( + + ) +1
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Example 2.2.

Let

and take

k

[(, +) +b(,, + ) + ]( +d)

F(,,)
a(, +) + b(, + ) + "

Use of the table in [6] gives

A2 1
F1 (, s2) ----+G(s)=

as2 + bs + c

Thus Theorem 2.1 yields

A3 k 2
F(s,,s2,s3) a(s)

as2 + bs + c a(s id) + b(s id) + c

1

a(s + id):z + b(s + id) + c

Theorem 2.2. If a given ftmction F(sl,s2,...,s,,) can be factored in the form

k

s,,,(Sm + a)(s,,, + b) F(s’’’’’s"-l’s’’+l’’’’’s’)

and if

then the associated transform

C(,) -C,(,) + k
ab(a b) [bC, (s + a) aC, (s + b)].

PROOF" By equations (1.1) and (1.2), we get

9(t) f(t,t=,...,t,)l,,=,2 ,.=,

LX’ [F(,,=,...,,);t,,t=,...,t,]l,,=,,
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1

t -ioo on -io

exp

Fl(..ql,... sin_l, am+l,... ,Sn)

exp

m+ioo

exp(smt)dm

(2ri)"-

t+ioo om-t+ioo m+t+ioo =n+ie

/...//.../
Ott --io0 Ore- --iO0 m+t -ioo on -ioo

Fl(,Sl,... ,Sm-l,Sm+l,...,n)exp
j=l

dsx dsm-1 dSm+l ds.

1L? ",(’m + )(.. + );
i’ll [Fl(81,..

=k
1 1 (be_at ae_b,)] gl(t)+ ,t,(,- t,)

a,(t) + (_ )
On taking Laplace transform of both sides gf equation (2.2), we obtain

(,) (,) +
k , [bGl(s + a) aG(s,)]

ab(a o)

This establishes the theorem. |

(2.2)

Example 2.3.

Suppose

F(s,, s2, sa) (s + s + a)sa(sa + b)(sa + c)
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and let

From the table shmvn in [5]

F,(,)
sl + s2 + a

A2
(,,)----,v,()=

1

Then by using Theorem 2.2, we get

A3 k
F(s,,s2,s3) G(s)

bc(s + a)

k

bc( + )
k

be( s + A)
Example 2.4.

k c b

bc(b-c) s+a+b s+a+c

(c )( + + + c)
bc(c b) (s + a + b)(s 4- a 4- c)

k s 4- a 4- b 4- c)
( + + )( + + )

Consider

and take

k

F,(,,,)
(s + a)(s: + b)"

From the table shown in [6]

A2
r,(,)--a()= s+a+b"

Then by using Theorem 2.2, we get

As k l k d c
F(sl,.S2,83) G(.s) - 8 4- a 4- b

4-
cd(c d) .s 4- a 4- b 4- c .s 4- a 4- b 4- d

k 1 s+a+b+c+d
d ++ (+++)(+a++d)

Theorem 2.3. /f a function F(sl,s2,... ,sn) is of the form

F(Sl,S2,... ,Sn) k(s2m 4- aSm 4- b)
( _,,)

F,(,,..., -,, a+,,. .)

with rl(8l,...,.Sm-l,.m+l,...,sn) a(s). Then

F(,,,... ,s,) .-__, a(,)
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PROOF: By definitions (1.1) and (1.2),

g(t) f(tl, t2,..., tn)ltt=,,

exp

/...//.../

Fl(sl,...,sm-l,Sm+l,...,s,)exp

ds ...dOm-ldSm+l ...ds.

2+b b]=k a_sinhat+ 2 coshat-- gl(t)
_

k(a + b)
91 (t) sinht + a2

kb
g,(t)eoshat (2.3)

Taking Laplace transform on both sides of (2.3)

a(s)
ka

[a,(s a) a,(s + a)] + k(a2 + b)
= [a,(, =) + a,( + =)1-

[(* + a, + )C,(, ) + (* + )a,( + ) 2a,(,)]2a2

Example 2.5.

Suppose

and say

l(s] + as + b)
F(,,,) (, + ,)( +,)( + +)(, _.)

1

(81 + )(82 " )(81 "" 82 + )"
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Use of the table given in [6]

A2 1
V,(sl,s2) al(s) (s + 2c)(s +/3)"

Application of Theorem 2.3 gives

k [ 7
2 +aT+ b

() [( + 2)(
7
2 -aT +b

(, +. + 2)(, +. + Z)

Example 2.6.

( + 2)( + Z)

Consider

F(sl,s:,sa) k(s + as3 + b)
813233{(,Sl -t- 32) -I" (81 -- 82) -- d}(8 O2)

and let

FI(s, se)
1

{( +) +( +) + d}"
Then by using the result shown in [6],

s(s + cs + d)"

Theorem 2.3 gives

k a +aa+b() ( ){( ) +( ) + d}
aZ-aa+b

( + ){( + .) + ( + a) + d}

2b
s(s + cs + d)

Theorem 2.4. If F(s,s2,... ,s,,) can be expressed in the following form

(s., +a)F(sl,s2,...,s,,)= 2 F(s ...,s,,_,s,,,+,,...,s,,)
s,.(,. + ,)

where

Then the associated transform

G(s) k V,(s)- - sV,(d)- 1 + -a G,(s-

1 (I-a)Gl(S+itr)]2c2

PROOF: By definitions (1.1) and (1.2),

By the results of inverse Laplace transform shown in [8], we obtain
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On taking Laplace transform of both sides of (2.4)

L[9(t);s] L 91(t) + -dg(t) 9(t)cosat

ka
t1-igl (t) sin

We establish the theorem. That is,

Simplifying,

ka d k
[al(3 ion) + Gl(3 + io)l

ka
2ic---S [G(s ia) Gx(s + it,)].

[1 a ff__Gl(s)_ 1 ( a)a(s) k -TG(s)- - 1+ al(s ict)

22
a(s + i) |

Example

(2.4)

Consider

Then we find

/( + -)F(sl,S2,S3)- 2 2 b)"s(s+ )(s+s2+

1 A2 1
FI(Sl, 32)

Sl 4" 32 4" b G(s)
3 4" b"

Use of Theorem 2.4 gives

1 a

( + ) ( +) ( o) 1
l+.--a 2a2(s_ia+b)

( o) 1
l-i-- 2a2(s+ia+b)

k 2 2a a-ai a+ai
2a"-F + (s + b)----7 tr(s ia + b) a(s + ia + b)

k [2(s+a+b)_ 2ct(s+a+b)
2 ( + b) c,(s + b + ia)(s + b- ia)

k(s 4" a 4" b) 1 I
o2 (3 4" b)2 (3 4" b)2 4" 2

Example 2.8.

Suppose
k(s + a)

F(31,32,33) 3132332(31 4" 32 4" 5)(31 4" 2)"
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Then we can find

1 A2 1

( + + ) ,() ( + )
Using Theorem 2.4, we get

2a(2s + b) a -ai

s2(s + b)2 a(s ia)(s ia + b)

a+ai
a(s + ia)(s + ia + b)

Theorem 2.5. /fa function F(Sl,S2,...,s,,) can be expressed in the form

(3 4-a32m 4-b8 4-)k F(3I,...,3m_l,m+l,...,,Sn),F(sl,S2,...,s,,) (Sm + a)(Sm + fl)(Sm +7)(Sm + 6)

then its associated transform

() - a3 aa2 4- ba c 3 a/2 4- b c
( +) + ( )( )( )( +)

7 a7
2 + b7 c

( -,)(Z- ,)( -,)
63 --a62 4- b6 c

a,( + "r) + (, 1( )(-r 1
G,( + )

where G(s) is the associated transform of

PROOF: By definitions (1.1) and (1.2)

9(t) L [F(Sl,S2,...,sn);t,t,...

.qm 4- -I-kL[1
(sin + a)(Sm + )(Sm + 7)(Sin + 6)

;t

LZ_ [Fl(s,...,Sm-a,Sm+l,...,s,,);t,t,...,t].

Referring to the results given in [8],

a3-aa24-ba-c
(t) - ( 1( )( 1

7:1 a7
2 4- b7 c -Tt+ e +(, -)( -)( -r)

/3 a/2 4- b c

(- )(- Z)(6- Z)

( )( )(7 )
Taking Laplace transform on both sides of equation (2.5),

a3-aa24-ba-cL [g(t); s] -kL (-_ -)-"-a-=)e-atgl(t) 4-
3 a2 4- bfl c

(- )(- Z)(- Z)

(2.5)

7 a7
2 + b7 c+ (, "r)( ")( ") -’,(t) +

63 a62 4- b6 c

(- )(- )(- )
e-Stga (t); s]

We finally obtain

a3-aa2+ba-ca() -,
( ,1(, )( )G(s+a)+ 3 a2 4- b c

Gl(S 4-/)

7 a7
2 + b7 c

( )(- )(- )a(s+7)+
63 a62 4- b c

( )(- )(- ) al(3 4- 6)] I
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Example 2.9.

Consider

F(sl,s2,s3) (d + + + )
(, + d)(, + )(,, + )(,, + Z)(, + 7)( + )"

Direct use of the table given in [7], we find

1 A2 1
(’=) ( + )(2 + ) -- ’() + +

Thus, by Theorem 2.5

F(sl,s2,s3)- G(s) -k
a3 aa + ba c

( ,)( )( ,)( + , + d + )

3 a + b c

( Z)(V Z)( Z)(, + Z + d + )

7 a7 + b7- c

( )( )( )(, + 7 + d + )
$3 a62 + bd c

( )(Z )( )(, + + d + )
Example 2.10.

Suppose

Then we find
1 A 1F,(,) + + d G,() + d"

Use of Theorem 2.5 gives

A, r a3 aa2 + b cF(,,) G() -k [( )(7 )( )( + + d)

Theorem 2.6. /f a function

then

k
($m q" )2($m "l-)

F(al’’’’’Sm-a’’m+l’’’’’$n)’

k ,
G(,) ( )2 C,(, + ) (Z )G,(, + ,) C,(, + )

PROOF: By definitions (1.1) and (1.2)

g(t) L=’ [F(sl,S2,...,Sn);t,t,...,t]
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( + )=( +

;_ [,(,,...,_,, +,..., ,); ,,...,t]

[-, + (- )-, -,] ().(_)
On ting Laplace trsform on both sides, one obtns,

d(s+a) G(s +a)] ,,( + ) (# )() (Z )
Example 2.11.

Let

F(sl,s2,ss) (sl 4- a)(2 4- b)(s3 4- )(s3 4- d)2"

Then
1

F(,) ( +)( +
Thus, the application of Theorem 2.6 shows

A2 1--- () s4-a+b"

(c-d) s+a+b+c

(c d) 1

(s+a+b+d) s+a+b+d

F(s,s2,s3)-----,G(s)=

Examvle 2.12.

Suppose

F(81, s2,.3) {a(, +) + b(, + ) + }( + )2( + )-

Thus
1 A2 1

F,(,,) {( + ,), +( + ,) + } --- () = +
and using Theorem 2.6, we get

A3 k 1
F(,,,) -- V() ( ) [( +) + b( + ) +

( a)(2as + 2a + b) 1
+ {( +) + b( +/) +} ( +) + b(

Following analogous arguments, it is easy to prove the following results.

Theorem 2.7.

F(sl,s2,... ,s,,)

then its associated transform

k
[G(s 2a) + 2a(s) + G(s + 2a)l.G()
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Example 2.13.

Consider

Then

Example 2.14.

(.91 4- a)(.92 + b).93(.93 4a2)"

k
G()

s+a+b-2a++s+a+b s+a+b+2a

{( += + b)’- =’ }
{( + a + b)= -4}( + a + b)"

Considering

We obtain

F(.91, .92, .93) (s2 2c,)/
{( +) + b(, + ) +}( 4)"

k[ 1
4-

9.
G() ( 2) + b( 2) + + b +

or, ( + 2.) + b( + 2) +

k [ (a 4- b)s 4- 4a2 4- ca() ,{( 21 + b( 21 + c}{.( + 21 + b( + 21 + }
i+

a.92 4- bs 4- c
Theorem 2.8.

k
F(.sl, .92, ,sn)

(.gin 4- [)(.92m 92)
F(.9’" Sm-1, .gm+l,

then its associated transform

G() 2( )
Example 2.15.

Let
k

F(sl,s2,sa) (.91 4- a)(.92 4- b)(s3 4- a)(.9 -/2)"
Then, direct application of Theorem 2.8 gives,

1
G(s) 2(f2-or2) -(.9 4-a4-b4-

k s+a+b-ct
/2 a (s + a + b)2 -12

k

(/- )+ (++b-)

.9+a+b+

{(.9 4- a 4- b) --/2 }(.9 4- a 4- b 4- )"

(+)
Z( + a + b + Z)
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Example 2.16.

Suppose

{( + ,), + b( + ,) + }(, + )( 3)"

Then, we obtain

G() 2( ) -( +) + b( + ) + {a( )’- + b( ) + }

+ {( + )2 + b( + ) + }
3. CONCLUSIONS.

Theorems on associated transforms developed in this paper are rigorous and should be
very useful in calculating the inverse Laplace transform for certain functions. These results
should be applicable for obtaining solutions of a wide class of nonlinear equations, which
may be encountered frequently in systems engineering. Moreover, these theorems can
directly be applied to derive many new associated pairs, and thus one can easily extend
the tables given in [5-7] many fold. The results of this paper will help develop more basic
theorems in this direction and will apear in subsequent papers.
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