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Abstract. Nonlinear multivariable differential or integrodifferential equations with terms of
mixed dimensionality can be solved using multidimensional Laplace transform. The special
technique used to find the inverse of the multidimensional Laplace transform is known as
the association of variables. In this paper, some basic theorems are developed for the theory
of association. Examples are presented for each theorem. Once the basic theorems are
established, it is possible to derive many useful associated pairs.
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1. INTRODUCTION.

In systems engineering, nonlinear differential or integrodifferential equations are solved
using multiple dimensional Laplace transform. A commonly used method for obtaining
the inverse of the multidimensional Laplace transform is called the association of variables.
Suppose F(sy,82,...,3,) be a Laplace transform. Its n-dimensional inverse can be found

by the integral

f(tlatZ)" ')tn) = L;l [F(31,32)-~-a3n);t17t2""’tn]
ay+ico ap+ico

1 n
= W / exp Zsjtj

ay—ico ap—ioco Jj=1
n
-F(sl,sg,...,s,.)Hdsj (1.1)
i=1

In certain nonlinear systems analysis, particularly in Volterra series applications [1-2] on
Nonlinear systems [3-5], it becomes necessary to take the inverse of the n-dimensional
Laplace transform and specify this inverse image in the special case: t; =t =--- =t, =t.

We denote this image function of one variable by ¢(t), or

9(t) = f(titzyo oy tn)lg mym ezt e (1.2)
An alternative approach to obtain the time function, g(t), is to associate with given
F(s1,32,...,3q) a function G(s) from which a direct application of the one- dimensional
inverse transform yields g(t). This special method of computing the inverse transform is
said to be the association of variables. The function G(s) is called the associated transform

of F(s1,82,...,5p)
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Recently, Chen and Chiu [6] and Koh (7] have presented several theorems for evaluating
the associated transform G(s) using certain types of F(sy,s2,...,5,). In this paper, a
set of new and important theorems are developed. Several illustrative examples are in-
cluded. However, once the fundamental theorems are established, we can derive many

useful associated pairs and use them conveniently.

2. THEOREMS ON ASSOCIATED TRANSFORMS.

Suppose G(s) be the associated transform of F(sy,s2,...,s,) and Gi(s) be that of
F(s1,-+-y8m—1,Sm+1,---15n), m < n. Let k be any constant and we restrict the variables

8,81,82,...,3n to the right half of the complex plane.

Theorem 2.1. If a given function F(s1,32,...,3,) can be written in the form

k

F(s1,52,...,8n) = mFl(sl,-«-,sm—1,8m+1,~--,3n)

An_
and if F1(S1,---,Sm—1>Sm+1y+-+15n) -/ G(s). Then the associated transform
k G 1 . 1 )
G(s) = — |G1(s) = 5Gi(s —ia) ~ 5Gi(s +1ia)

where A; means the association process for finding associated transform of a function

consisting of i variables.

PROOF: By equations (1.1) and (1.2), we have

g(t) = f(tl) t21 ey t")|11=!2="'=¢n=¢

= L;I [F(81,82, R 130);t11t2a cee ytn]gl=gz=...=¢"=g

1 ay+ico az+ico an+ico n
=W / / / F(s1,32,...,380)€xp (ZSjt) dsyds; . ..ds,

ay—ico az—ico ap—ioco Jj=1
1 ay+ico an+ico
k
= o-nn — 5 F1(81, .-, Sm-1,8 Sn)
T e ~1ySm+1y--+y5n
(2mi)r ) ~ sm(s?%, +a?) ’
ay—ioco an—ico

i=1

- exp (Z Sjt) dsids;y ...dsy
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Q100
1
= — — - exp(smt)dsm
21 Sm(s2, + a?)
Qm —100
ay 4100 am - 14100 ap 41+100 an+100
1
@ri)nT
ay —i00 Qm -1 =100 Qm 41 =800 ay —too

m
“F1(S1,.-,Sm=1,5m+1,---,8n) €Xp E syt
=1
Jj#Em

~dsy...dspm—1dSmyy ... dsy

1
=k -ty - .
Ly [s,..<ss"+a2)"]

. L;ll [Fl(sl,... ySm—1,Sm+41,-- .,Sn);t,t,...,t]

-k [l—cgsat
a

] ai(t)

k
== [91(t) — g1(t) cos at]
Taking Laplace Transform of both sides of the equation (2.1) yields

6(s) = 2 [62(5) - 5Gu(s —ia) - 3Gi(sia)]

Hence the theorem is proved. i

Example 2.1.

Consider
k

s3(s1 + a)(s2 + b)(s2 + c?)

F(31132733) =

and let
1

filens) = o o

Using the table given in [6], we find

1

A
Fl(sl,SQ) _2’ Gl(s) = m

By Theorem 2.1

s+a+b+ic

As k 1 1 1 1 1
F(31,32,33)—*G(3)—c-? [3+a+b_§(s+a+b—ic)—§(
_k 1 s+a+b
T2 lst+a+bd (s+a+b)2+c?
k

T Gtatb)[statdr+d]

179

(2.1)

)
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Example 2.2.

Let
k

F(311327‘93)= [a(Sl +32)2+b(8| +32)+C]S3($§+d2)

and take

1

F = '
1(s1,52) a(s1 + s2)2 + b(s1 + 82) + ¢

Use of the table in [6] gives

1

Az
Fi(s1,8) — Gi(s) = as? +bs+c’

Thus Theorem 2.1 yields

As k 2 1
Fls1,82,83) — G(s) = 2942 |as? + bs+c a(s —id)2 + b(s —id) + ¢

- 1 ]
a(s+1id)2 +b(s+1d)+c]|’

Theorem 2.2. If a given function F(sy, sz2,...,8,) can be factored in the form

k

F(31,82,...,8n) = sm(sm +a)(8m +b)Fl(sl,...,sm_l,smH,...,s,.)

and if

An—l
Fi(s1y. -y 8m=1,8m41,---,8n) — G1(s),

then the associated transform

k k
G(s) = a—gGl(s) + a_b—(a—:T) [6Gi(s + a) — aGy (s + b)) .
PROOF: By equations (1.1) and (1.2), we get

g(t) = f(tl,tz’ .. )t")lt\=tz=m=t,.=t

= L;l [F(sl,32,. .. ,Sn);tl,tz, cee ’t"]|h=la="'=in='
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1 ay+ioco ap+ico
=(?7;z—)7 e F(81,32,...,3”)

ay —100 ap—100

- exp (Z sjt) dsy...dsy

=1
ay+ico ap+ico
1 k A
_(21ri)" s,,.(s,,.+a)(sm+b) 1(815:-ySm—-1ySm+1,y---
ay —100 ap—100
n
- exp zsjt dsy...dsy
i=1
1 am+ico k
=5 t)d
2ri ) Sm(sm +a)(sm + ) exp(smt)dsm
Qm —i00
1 ay+ico am—1+100 am41+ioo an+ico
(2mi)n? /
ay~ico Qa1 =100 Qyp 41 —100 ay, —ico

n
~Fi(S15-ySm=1,5m+1,-+-,8n) €XP Z sjt
j=1
J#Em
. dsl .o ds,,._lds,,.“ . .ds,,

=kL]! [s,,.(s... ¥ i)(s,,. + b);t]

. L;;ll [Fl(sl,...,sm_l,sm“,...,s,.);t,t,...,t]

=k [al—b + ——ab(al— b) (be—"‘ - GC—M)] gl(t)

_ k k —at —bt
= —a(t)+ Ka =) [be™**q1() ae a(t)]
On taking Laplace transform of both sides of equation (2.2), we obtain
G(s) = £61(s) + s [BG1(s +a) — aGa(sy)]-
ab ab(a —b)

This establishes the theorem. §

Example 2.3.

Suppose
k

(81 + 32 + 0)83(33 + b)(33 + c)

F(S] » 82, 33) =

181

73'1)

(2.2)
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and let
1

Fi(sy,82) = St ia

From the table shown in [5]

A
Fi(s1,82) — Gi(s) =

s+a
Then by using Theorem 2.2, we get
A3 k k c b
Flon,82,8) = G(8) = s + 5ep = o) [s+a+b - s+a+c]
_ k k (c-—b)(s+a+b+c)]
T be(s+a) be(c—b) [(st+a+b)(s+a+tc)
k k(s+a+b+c)

“b(st+A) be(statb(s+ate)
Example 2.4.

Consider

k

F(s »52,83) =
(s1,52,33) (s1 + a)(s2 +b)s3(s3 + c)(s3 +d)

and take

1

Fy(s1,82) = (s1 +a)(s2+0b)

From the table shown in [6]

Az 1
F = —.
1(81,82) — Gi(s) Py
Then by using Theorem 2.2, we get
As k 1 k d 4
F(s1, G(s)= = -
(51,52, 83) — Gs) cds+a+b+cd(c—d)[s+a+b+c statb+d
_k 1 _ st+a+b+c+d
T ed|s+a+bd (s+a+b+c)(s+a+b+d)|’

Theorem 2.3. If a function F(s;,ss,...,5y,) is of the form

k(s%, 4+ asm +b)

F(31,32,...,sn)= sm(s?n—az) Fl(sl,...,sm_l,sm+1,...,sn)
. An—\
with F1(S1,---,Sm=1,3m+1,--+15n) — G1(s). Then

F(ﬁﬁz,...,s,,)i.c(s)
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whereGs)— [ 2} aa 4 b)Gi(s — a) + (a® — aa + b)Gy (s + a) — 26Gy (s)] .

PROOF: By definitions (1.1) and (1.2),

90 = Fltrta,- sty gy

= L;l [F(sl,ag,...,3,,);t,t,...,t]

ay+ico an+ioo

1 k(s2, +asm + b
= @T)" *%(82—_":12—))171(31,...,sm__l,sm.,.l,...,s,.)
ay—~ico ay—i00 mom

n
- exp (E 3,-t) dsyds; ...dsy
et

1 k(s b)
_ 1 S + a8y +
T ori ' sm(s2, — a?) exp(smt)dsm

a1+ico am-1+i00 am414+i00 g, +ico

ay—ioco Am =1 =100 Q41 =—§00 ap—ico

n

~F1(81,.. ., 8m—1,Sm+1,---,5n) €XP Z sjt

j=1
J#m
d31 e dsm_ids,,....l e ds,.
_kL—l 83,.+08m+b‘ L—l F, .
= 1 m,t n—l[ 1(8],...,Sm_1,3m+1,...,Sn),t,t,...,t]
a a?+b b
=k [; sinh at + 3 coshat — :1_2] a(t)
ka kb
= —g1(t) sinh at 4 —(L+—)-g1(t) cosh at — 2g1(t) (2.3)

Taking Laplace transform on both sides of (2.3)

k(a® +b)

2 [Gi(s —a) + Gy(s + a)] - a—bzGl(s)

6(s) = 52 [G:(s~ @) = Ga(s +a)] +
573 [(@® + aa + b)Gi(s — a) + (a® ~ aa + b)G:(s + a) ~ 2bGy (s)] .

Example 2.5.

Suppose k(s3 + as3 +b)
F(81,82,93) = Gr+a)(sz +a)(s1 + 52 + B)ss(s] —7?)
and say 1

Fl(slysz) = (31 + a)(sz + (1)(31 + 32 + ﬁ).
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Use of the table given in [6]

2 1
Fi(es) = 610 = (e 7 )

Application of Theorem 2.3 gives

k Y 4ay+b 7 —ar+b B 2b ]
W[(s—a+‘20)(s—a+ﬂ)+(s+a+2a)(8+a+ﬂ) (s +2a)(s +P)

Example 2.6.

G(s) =

Consider
k(s} + as3 +b)
F(s ,82,83) = 3
(51,52, 53) s18953{(s1 + 52)2 + c(s1 + 52) + d}(s2 — a?)
and let
1
F1(31,52) =

sysz{(s1 +52)% +c(s1 +s2) +d}
Then by using the result shown in [6],

1

Az
F, N
1(s1,82) = Ga(s) s(s2+cs+d)

Theorem 2.3 gives
Kk a?+aa+b + a?—aa+b
202 |(s—a){(s—a)’+c(s—a)+d} (s+a){(s+a)?+c(s+a)+d}

2b
s(s2+es+d)]’
Theorem 2.4. If F(sy,s2,...,8,) can be expressed in the following form

G(s) =

k(sm + a)

WFI(SI,--~s3m—lysm+lw-*»sn)

F(31,32,...,8n)=

where

An-
Fi(s1,--+,8m=1,8m41,-++15n) = Gi(s).
Then the associated transform
1 a d 1 a .
G(s) =k [EGl(s) - S G- 5 (1 + E) Gi(s — i)

- m% (1-2) 6+ ia)]

PROOF: By definitions (1.1) and (1.2),

g(t) = L;“‘ (F(.S‘,Sz, ceey Sn); t],tz, ey t“]lll=tz=~--=ln=t

k(s,,.+a)
| =m . 1 ceeySm=1,$ yeeeySn)it .
= L] [ 2( 2 2)1t] Ln—l [Fl(sl, yS 1,Sm+1 ) n)a )t »tl

By the results of inverse Laplace transform shown in [8], we obtain
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1 a 1 a .
gt) =k [(_1? + i l—l—z-cosat - ;351nat] 91(t)-

On taking Laplace transform of both sides of (2.4)

Lg(t);s] = [—gl(t) + ———gl(t) - ——gl(t) cosat

k .
- —&‘—:-gl(t) sin at] .

We establish the theorem. That is,

G(s) = —Gl( ) - ka dGl( )= 502 [Gl(s—za)+G,(s+za)]

Simplifying,
1 a d 1 a s
Glo) =k [? Gi(6) — 5 561~ g7 (14 55) GaCo =)

L (- 2) G +i)] -0

~ 2a?
Example 2.7.

Consider
k(s3s +a)
F(31,82,83) = .
(199) = T T a1 + 51 4 D)
Then we find
Fi(s1,9) = ———— 25 Gy(s) =
o s s+ b =5y

Use of Theorem 2.4 gives

1 a 1
60 =+ [ar + werr ~ () ey

- (1__‘1.)_—
ia/ 2a%(s +ia +b)
k [ 2 2a a—at a+ ai ]

= 222 3+b (s+0)? a(s—ia+d) afs+ia+b)
=L[2(s+a+b)_ 2a(s+a+1b)

2a? (s +b)? a(s+b+ia)(s+b—ia)
_k(s+a+d) [ 1 1

a? (s+b)? (s+b)?+a?
Example 2.8.
Suppose .
F(31,32’33) = (s +2)

515282(s1 + 52 + b)(s2 + a?)’

185

(2.4)
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Then we can find

1

Az
_— G =
8182(31 + s2 + b) - 1(8)

1
Fi(s1,82) = GED)
Using Theorem 2.4, we get
Kk 2 2a(2s +b) a—ai
2a2 [s(s+b)  s2(s+b)? a(s—ia)(s—ia+D)

G(s)=

_ a+ai
a(s +ia)(s+ia+b)|’

Theorem 2.5. If a function F(sy,82,...,Ss) can be expressed in the form

3 4 as? +bsy +c)k

_ (5m
F(SI,SQ,...,S,.)— (sm+a)(sm+ﬂ)(sm+7)(sm+6) (31,...,sm_1,sm+1,...,s,.),
then its associated transform
a® —aa’+ba-c B2 —aB?+b8—c
= - 164 G
60 =+ [T ar e O+ D == A= O )
7 —ay? +by - Ga(s +7) + 8 —af® +b5—c Gi(s +56)

T @G- 7)

where G(3) is the associated transform of F;.

(a—8)(B—8)(v-9)

PROOF: By definitions (1.1) and (1.2)

g(t) = L7 [F(81,82,- -y Sn)ityty. ooy

3+ as?, +bsm +¢
(sm + a)(sm + ﬂ)(sm + 7)(3m + 6)

— ki |

. :—1 [Fi(S1s-»Sm—15Sm+1s---,Sn)i sty .., 1].

Referring to the results given in [8],

3 _ a2 _ 3 _ a2 —
g(t)=—k[ ad—aal+ba—c _, B —af?+b—c _g

B-alr-a)-a) ' (a-Pr-B6-B)"
Y -ayt+by—c ot 8 —ab’+b6—c _g

taoB-6=° T@-0B-9a-0" ] s (2:5)

Taking Laplace transform on both sides of equation (2.5),

ol o®—aa’ +ba—c _,, B —af?+b8—c _4
Ll =~ | a= Ot G pa - aG- A O

Y-a+by—c _, 8 —al?+b5—c _g
B e e MR i e MO
We finally obtain
_ a® —aa’?+ba—c o B —af+b8—c
66 = -k = = O+ )+ = e )

Y -ar’+by-c 8 —as2+b5—c
() R oo 7y e ) R ”)] 3
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Example 2.9.

Consider
k(s3 + as3 + bsz +¢)
F(s1,82,83) = B .
(s1,52,53) (51 +d)(s2 + €)(s3 + a)(s3 + B)(s3 + 7)(s3 + 8)

Direct use of the table given in [7], we find

1
FI(SI’SZ) (81+d)(82+e) 1(8) +d+c

Thus, by Theorem 2.5

As a®—aa?+ba—c
F »S2, G ==
(s1,92,80) = Gls) =~k | r— s e S T a T dT o)

B —af?+b3—c
(a BYy—=B)8-B)s+B+d+e)

P -art+by—c

(a NB=NE—7)(s+rv+d+e)
8% —ab?+b6—c

(a H(B-8)(v—8)s+6+d+e)]’

Example 2.10.

Suppose
F(sl) 32,83) = k(sg + 083 + bs3 + c)
(51432 + d)(ss + a)(ss + B)(s3 +7)(s3 + 6)
Then we find
1 Az
F, -
tle1,1) 81 +-‘32+d_'Gl s+d’

Use of Theorem 2.5 gives
k [ a®—aa’+ba—c
(B-a)(y - a)(6 — a)(s + a +d)
B —ap 118 —c
MR B)(s+ B +d)
Y -ar+by—c
@I -NeF1+ D
8 —ab?+b6—c
@O0 - —8)(s+6+4d)

F(s1,82,85) = G(s) = —

Theorem 2.6. If a function
F(sy,s Sp) = k
1y825::+98n _(3m+0)z(3m+ﬂ)

then

66) = Gt [G1(6 +0) - - ) Gr(e + o) = G + o).

8
PROOF: By definitions (1.1) and (1.2)

g(t) = L7 [F(s1,82,- -y Sn)ityt, ..o\ 1]

F(sla'-'ysm—113m+lv-~-1311)7

187



188 J. DEBNATH AND N.C. DEBNATH

1
m F ol (om + )

=kL]?

-L;ll [F1(81,- .+ y8m=1,8m41y---,5n)it,t,.. ., 1]

= -———-(ﬂ fa)2 [e'ﬂ' +(B —a)te™ — 7] gy(2).

On taking Laplace transform on both sides, one obtains,

G(s) = (T—kT)z [G,(s +8)-(B- a)disGl(s +a)=Gi(s+a)|. 1

Example 2.11.

Let
F(s1,82,83) = k
DT G+ a)(s2 + b)(ss + 0)(ss +d)F
Then
1 Az 1
Ales) =iy — 9= e
Thus, the application of Theorem 2.6 shows
A3 k 1
Fls1,82,85) — G(s) = (c—-d)? [s +a+b+ec
(c—=d) _ 1 ]
(s+a+b+d? s+a+bd+d}’

Example 2.12.

Suppose
F _ k
(01,92,%3) = GO0 T 0 7 o1 + 52) F cl(ss + 0)2(ss + B)'
Thus N 1
1 2
Filer, o) = (a1 + 52 + b(s1 +s2) + ¢} Gie) =2 tbhste
and using Theorem 2.6, we get
A3 k 1
Fls1,82,83) — G(s) = 33 [a(s ;) LY P
+ (B - a)(2as + 2a3 +b) 1

{a(s+ B +b(s+B)+c}? a(s+a)l+bs+a)+c]’
Following analogous arguments, it is easy to prove the following results.
Theorem 2.7. If

(s2, — 2a?)k

F(81,82,...,8")= mz—)
m\Sm —

Fl(sl, e ySm=1ySm41y-. -, Sn),

then its associated transform

G(s) = % (G (s — 2a) + 2Gi(s) + Gy (s + 2a)].



ASSOCIATED TRANSFORMS FOR NONLINEAR EQUATIONS 189
Example 2.13.

Consider
k(s —2a?)
(s1 + a)(s2 + b)sa(s3 — 4a?)’

F(31,82,83) =

Then

1 2 1
s+a+b—2a+s+a+b+s+a+b+2a

_ k{(s + a + b)? — 2%}
T {(s+a+b?-4a?}(s+a+bd)

G(s) = g

Example 2.14.

Considering
_ (s3 — 202)k
F(s1,82,85) = {a(s1 + $2)? + b(s1 + s2) + c}s3(s3 — 4a?)’
We obtain
k 1 2
Gls) = 4 [a(s—-2a)2+b(s—2a)+c R v
N 1
or, a(s+2a)? +b(s +2a) + ¢
64| (o+ Do +4a? 4
2 [{a(s — 2a)? + b(s — 2a) + c}{a(s + 2a)? + b(s + 2a) + ¢}

1
+ as? + bs + c] )
Theorem 2.8. If

_ k
" (sm +a)(sh - B%)

F(31y321'~-73n) Fl(sly---’3m—l’3m+ly'“13n)

then its associated transform
k a
G(s) = 5(_,82—_0[*’) [—ZGl(s +a)+ (1 - %) Gi(s—-B)+ (1 + E) Gi(s+ ﬁ)] .
Example 2.15.

Let
k

(s1+a)(sz +b)(s3 + a)(s3 — B?)
Then, direct application of Theorem 2.8 gives,

F(31)32a53) =

_ 1 _ 2 (B-a) (B+a)
G(s)‘Z(ﬂz—aZ)[ (s+a+b+a)+ﬂ(s+a+b—ﬂ)+ﬂ(s+a+b+ﬂ)]
_ k st+a+b—a 1
T pr-a? (s+a+b)2—ﬂ2—s+a+b+a]
k

T{Gtat b2 -Plstatbta)
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Example 2.16.

Suppose

k
{a(s1 +52)% + b(s1 + 52) + c}(s3 + a)(s] — B2)’

F(81,32,83) =

Then, we obtain

k 2 f—a
Gls) = 2(82 —a?) | a(s+a)?+b(s+a)+c + Bla(s — B)? + b(s — B) + c}
+ B+a ]
Bla(s +B)? +b(s +B) +¢}]”

3. CONCLUSIONS.
Theorems on associated transforms developed in this paper are rigorous and should be

very useful in calculating the inverse Laplace transform for certain functions. These results
should be applicable for obtaining solutions of a wide class of nonlinear equations, which
may be encountered frequently in systems engineering. Moreover, these theorems can
directly be applied to derive many new associated pairs, and thus one can easily extend
the tables given in [5-7] many fold. The results of this paper will help develop more basic
theorems in this direction and will apear in subsequent papers.
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