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ABSTRACT. Let X be a real valued random variable with E[)(lrﬂs

integer r and real number, 6, 0 < 6 { r, and let {X, Xl. X2,...) be a sequence of

¢ » for some positive

independent, identically distributed random variables. In this note, we prove that,

for almost all w € 0, u:,n(w) S with probability 1, if lim inf m(n)n_l3 > 0 for
; N

some f8 > %:—_% . where p:,n is the bootstrap rth sample moment of the bootstrap sample
with sample size m(n) from the data set (Xl, Xz..... Xn) and B is the rth moment of

X. The results obtained here not only improve on those of Athreya [3] but also the

proof is more elementary.
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1. INTRODUCTION
Let X be a real valued random variable with E|X
number 6 { r, and let {X. Xl. X2....) be a sequence of independent, identically

|r+6 ¢ » for some positive real

distributed random variables. Let

n
F(xiw) = & 2 X, (W) (x]. n=12.... wen (1.1)
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be the empirical distribution functions associated with the sequence (Xl(w). X2(w).
Xa(w). ...}. For every positive integer n and w € 0, let (an(w). Xn2(w).. .

X

nm(n)(w)) be independent, identically distributed random variables with distribution

function Fn(x;w) defined as in (1.1). We call (an(w). Xn2(w). xnm(n)(w)} the

bootstrap sample set with bootstrap sample size m(n); it is required that m(n) = « as

n » ©. Denote by "n'r(w) and ":'r(w) the rth sample moment of {Xl(w).

th
X2(w). - .Xn(w)) and the bootstrap r  sample moment of {an(x). Xn2(w). cees
xnm(n)(w” respectively and denote by B the rth moment of X. (When r=1, we use

un(w) and u:(w) instead of un;l(w) and u:;l(w): further un(w) and u:(w) are called
sample mean and bootstrap sample mean respectively.) A problem, from the bootstrap
theory of Efron [1], is to find conditions such that, for almost all w, the bootstrap
sample mean converges to the population mean (when it exists). That is, for almost
all w,

u:;r(w)—»pr as n - ® (1.2)

with probability 1. By using the abstract "Vasserstein's metric"” among distributions
and a Mallow type inequality, Bickel and Freedman [2] showed that if E|X| < @, then
for almost all w € Q, (2) holds in probability. Athreya [3] found that if E|X|e (o

for some 6 > 1, and lim inf m(n)n-B > 0 for some B > O such that 68 > 1, then for
n—o

almost all w € 2, (1.2) holds with probability 1. To show this he used the difficult
and complex inequality of Kurtz [4]. Bickel and Freedman and Athreya used deep
mathematics and hard inequalities to prove the consistency of the bootstrap sample
mean to the population mean. Their proofs are not easily comprehended. This note,
provides an elementary way to obtain the strong consistency. relying on the Markov
inequality. Moreover, the consistency property holds under weaker conditions than
those presented in Athreya [3].

2. RESULTS AND PROOFS
THEOREM 2.1. Let {X. Xl. X2....} be a sequence of independent, identically

distributed random variables with EIXING { © for some integer r and real number

6 { r. Then, for almost all w € 9, (1.2) holds with probability 1, if lim inf
n-»

m(n)n-B > O for some real number B > O such that B > E%

First, a lemma is needed in proving the theorem. The lemma is known in the

literature. For the sake of completeness, a proof for the lemma is given.

LEMMA 2.2. Let {X, Xl. X2....) be a sequence of independent, identically

distributed random variables. Then, for any 0 < p < 1, EIXIp ¢ @ implies that
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= Ix |

b n
n=1 nl/p

(@@ with probability 1.

|l
PROOF. Let Y = I[-I—/—SI] . Thus
n P

n'nl/p
® |x| ®
s p[_l'/'_;ev ]= s P(Ix_| > n}P)
P n n
n=1 n n=1

@
= 3 P(|XIP>n) (o
n=1

since E|X|P ¢ . Defining Aj = {(j-l)l/p < Ix] ¢ (j)UP). we have, for a 2 1,

e a @ n 1 a ° e 1 a
T EY D=3z 3 —|X|dP=2[2—-—]I IX|* ap
n=1 n n=1 j=1 Aj P 3=1 Ln=g 0P J A4

5 C a it P p
> [———_—]I X|%"ap ¢ = cf, [XIP=CEX|P (=
g1 U 5(a/P) ] Ay =1 N

where the constant C depends only on a and p. Choosing a = 1 and 2, we have that
o
S ElY <=
n
n=1

and
]

2 Var Yn < o,
n=1

Thus, by the "three series Theorem" of Kolmogorov the lemma is established.
We are now in a position to prove the main result, which provides the strong

consistency of the bootstrap sample moments.

PROOF OF THEOREM 2.1. It suffices to prove the result for the case r=1. The
other cases can be proved in a similar way with minor changes. Recall that, for each

nand w € 1, {an(w). Xn2(w). e xnm(n)(w)) are the independent, identically

distributed random variables with distribution function defined in (1.1). By the
strong law of large numbers, we have for almost all w € Q,

un(w) “p as n - o, (2.1)

Thus, it suffices to show that, for almost all w € Q,

u
Ipn(w) - un(w)l -0 as n-oow

with probability 1. From the Borel-Cantelli lemma, we only need to prove for almost
all w € 2 and for every e > O,
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© 1 m(n) - 2
z P [lm_(?\_)_ ifl Xni(w) - un(w)l > e] |Xl(w). X2(w)..... Xn(w) <o, (2.2)

n=1

For the case of presentation, we suppress all the symbol w in X (w) X i(w) and My (w)

1-6

ev and from the

and the symbol n in m(n). Let q be an integer such that é- <B -

Markov inequality, we have

1 32 129 o0 3 (x -y 1129 ]
P[I; 131 xm-pnl >e|xl.x2.....xn] Gy E[(ifl(xm ) lxl.xz.....xn (2.3)

Now we write

n
= - 1)
By = B[(2 )0 Xy ]
P 3 T e[, X YKy Xy ]
= e T KR u e
1,=1 1,21 15q71 ni, "n nip, T2 n
2q ] q
= 3 ) —(29)! _(m E[x S Gepy ]
t=1 ql+"'+qt=2q ql!...qt! (t) ( nl un) nt n) l 1’ x2
q;2l.i=1,....t
-3 b _(29)! _ (m, E[(x ) Xy.. x]
t=1 ql+.__+qt=2q ql!~--qt! t nl "n 1 n
qi22.i=l.....t
[(x n) * X Xge - ] (2.4)

where the third equality in (2.4) holds since X n2""' Xm are identically

distributed. Further the last equality in (2.4) is justified since an. Xn2..... Xm
are independent and E(an—pn) = 0 implies that there is no contribution for those

terms which contain at least one of qi=l. In the sequel, we use the shorthand

notation a ~ bn for a = O(bn) as n » @, Thus, from (2.4) we have

[(x =) 1|xl Xy .. ] E[(Xnt-pn)qtl "1-"2-'"-",.]

n

T oL 3 ! 13 e
R AR I R R
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q
¢ 2

n q q q n q q q
t 1 1 1 t t t
@ [1312 AR P I [1312 TR

1

9 q
zt'-1 “1+q (n 11\~
=1 qj~1+q [2 1.9

q 6 q q
¢ 22 2 () &) x| e | 1)]

i=1

n q q q
[iz G ) (2.5)

since qJ 2 2, ql-&q2+...+qt = 2q and where the first inequality in (2.5) is obtained

for fact that |a+b|s < 28( Ials+|b|s) for a, b and s real numbers. Since pu is finite
it follows from (2.1) that, for almost all w, there exists a constant C such that

Hy < C for every n. Further note that 6 < 1 and qJ 22 for § =1,2,...,q which imply
q
—_ > 1. Thus, for almost all w € Q,
qj—l+6
q
® q.-1+6 q
s DY ldce y=12. (2.6)
i=1
q q.,-1+6
Now applying our lemma to IXiI J and choosing p = —Jq— < 1, we have, for almost all
J
weERn,
q
o q.;-1+6  q
s (P Ikl Tce j=12.. . (2.7
i=1
Without loss of generality we put m(n) = np where B is some real number such that B >
1-5

%5 then from (2.5), (2.6) and (2.7), we have

q
2qB+(1-B)t Ejzl ;]?‘}ﬁ

1,2q ~ 1 2.8
R [“] (2.8)
Denote the exponent of (%) in (2.8) as ¢(t) for t =1,2,...,q. Note that
t qj
#(t) = 298 + (1-B)t - jfl qj_“a
(2.9)

2
2 208 - €(B-1 + 35)
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2248 - q(B + 152
(2.10)
=q(f - }—:%

q
for t =1,2,...,q, where (2.9) holds since —_ < 2 for j =1,2,...,t. By the
a 196 © TsB

appropriate choice of q. (2.2) follows from (2.3), (2.8) and (2.10). This completes
the proof.

Theorem 1 of Athreya, stated in Corollary 2.3, is an immediate consequence of
our Theorem 2.1.

OOROLLARY 2.3. If E|X| < @ and m(n) = p" for some p > 1, then (2.2) holds. for

r=1

2 < ® and m(n) = “B for some B > 0, then (2.2) holds for

OOROLLARY 2.4. If EX
r =1.
PROOF. By letting 6 = 1-a for some a < %
REMARKS. Let m(n) growth with an algebraic rate: that is, m(n) = nﬁ for some
B > 0. First note that 1+56 in our notation plays the role of 6 in Athreya's. In

1 1-6
casel<9<2wehave[3)l—+5)m.

weaker than the one is posed by Athreya. In case 8 ) 2, we only require B > O which

Hence, in this case, our condition is strictly

is even much weaker than B > %—- the requirement in the Theorem 2 of Athreya. However,
if 8 = 1, then both of our theorem and Athreya's theorem require B > 1.

Recently, the author learned that Professor Csorgo also improved the result of
Athreya using a different approaching.
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