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ABSTRACT. A function f, analytic in the unit disk £ and given by f(z) =z + f anzk is said to be
in the family Kk, if and only if D"f is close-to-convex, where D"f =(',__f)n—+T J‘.zn €Ny=1{0.1,2,..}
and « denotes the Hadamard product or convolution. The classes K, are investigated and some
properties are given. It is shown that K, +1S K, and K, consists entirely of univalent functions.

Some closure properties of integral operators defined on K, are given.
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1. INTRODUCTION.
Let A denote the class of functions f: f(z) = z + ig, a‘:zk analytic in the unit disk E = {z: | z] <1}.
k=
The Hadamard product or convolution of two fulzlctions f, g€ A is denoted by fsg. For

neNg={0,1,2,3,..}, let D"f = ((T__:)"'Tf + f, so that

D = 2"~ 1™ 1.

Let S c A be the class of univalent functions and for 0 <8 <1, let C(8) and $*(8) denote the
subclasses of S consisting of convex functions of order A and starlike functions of order 8
respectively. The classes C and S* of convex and starlike functions, respectively, are identified by
C(0) = C and 5*(0) = S*.

A function f € S belongs to the class K(a,8) of close-to-convex of order o and type g if and only
if for some g€ S*(B) and 0 < < 1,

f(2)
Re =)

>a, z€E.

It is clear that K(0,0) = K, the class of close-to-convex univalent functions [1].
DEFINITION 1.1. For n€ N, a function f € 4 is said to belong to the classes Ry, if and only
iffor z€ E,

’_(an(_’))’>0. (1.1)

e =)

Thus Ry=S* and R;=C. In [2], Ahuja discussed these classes and showed that R | C Ry for
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each ne Ny. This implies that functions in R, are starlike and hence univalent.
We now extend the classes R, as follows:
DEFINITION 1.2. Let f € A. Then f € K,, if and only if there exists g € R,, such that for z € E,
ey
Re %’l >0. (1.2)
We note that Ko = K and K| = C*, the class of quasi-convex functions introduced in [3].
In order to develop some results for K, we shall need the following:
LEMMA 1.1 [4]. Let w be analytic in E. If |w| assumes its maximum value on the circle
|z] =r at a point z;, then
zg w'(zo) =k w(zp),
where k> 1.
LEMMA 1.2 [5]. Let u=u +iuy and v=1v +ivy and ¥(u,v) be a complex-valued function
satisfying the conditions:
(i)  ¥(u,v) is continuous in a domain D C c?,
(i) (1,0)€ D and ¥(1,0)> 0,
(ili) Re(iug,v;) < 0 whenever (iug,v;) € D and v; < —%(1 +u%).
Hhz)=1+ § ckzk is a function analytic in E, such that (h(z), zh'(z)) € D and Re ¥(h(z), zh'(z))>0
for z € E, then Re h(z) >0 in E.
LEMMA 1.3. [6]. Let ¢ be convex and g be starlike in E. Then, for F analytic in E with
F(0)=1, %:.—Ff is contained in the convex hull of F(E).
2. PROPERTIES OF THE FAMILY k,,.
We first prove that all functions in K, are close-to-convex and hence univalent.
THEOREM 2.1. K | CKp, for each ne Ny.
PROOF. Let fek, ;. Thenfor:eE
ig::—::f((—g)—>0, for some 9ER, ..
Define w(z) in E such that

(D)) _ 1-u(z) 1)
Dy(:) | 1+u() ‘

where w(0) =0 and w(z) #.—-1. We show that |w(z)| < 1.
From (2.1) we have

A = D5(a). T, (22)
So, from (2.2) and the identity
AD™f(2)) = (n+1)D" + 1f(2) - nD™f(2), (2.3)
we obtain
(D" + lf(z))' == i i l:z(D"g(z))' %‘3 + D"g(z) {(l—-fi:i;))’ + i ;:g;}} (2.4)

Now apply (2.3) for the function g, and use (2.4) to obtain

(D"l _1-w(z), 1 D) [ -2:0(e) (2.5)
ph A1y T THw(E) T n+T prdly) | (14 w(z)? )
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Since R, | C Ry, this implies that g€ R, and hence there exists an analytic function w,(z) with
w)(0)=0 and |w(2)] <1 such that

D"t lgs) _1-w(z)
D“g(z) T 14+ w(z)

(2.6)

Thus using (2.6) in (2.5) we have

(DG 1-w(z), g (149 —20() 2.7)
D1y T THw(@) T a1\ 1~w(2) )\ (1 +w(2))? X

Suppose now that for z € E
lz'l'“g? ™ [w(z)| = w(zg)| = 1,(wlzg) # - 1).
Then it follows, from Lemma 1.1, that
zow'(zo) = kuw(zp),
where k> 1.
Setting w(zg) = ¢'© and wylzg) = re' in (2.7) gives

zo(Dn + lf(zo)) \— 2k(e'e +e— O 2)(1+ v 4or cosd)
Re{ D"+ 1g(zg) = Re| (1) I1+re']2](1+69)2)2

_ —4k | (cos©+1)(1 + 2 42r cosd)
n+l |l+rc'¢|2|(l+c"e)2|2
Hence, if ¢ =%,

2o +li(zg)y <o
D" *lg(zy) '

where g€ R, +1 and k> 1. This contradicts our hypothesis that f € k| +1- Thus Juw(z)| <1 and so
feEK,

From Theorem 2.1, we note that f € K, implies that f € K and so f is univalent in E. Also,
since K, C K| = C* it follows that f is quasi-convex.

REMARK 2.1. Let f € K,, and be given by f(z) = z + .,iz"k'k‘ Then

D™f(z) = ﬁ:{ +f(2),

[z+ > (fz’-:kn-_li') zk:I * [z+kz:2akzk} (2.8)
kE+n-1)
=z+ z (n’(b 1),)

Thus from (2.8) and Definition 1.2 it follows that

f € K,, if and only if D"f € K. (2.9)
THEOREM 2.2. Let f ¢ K,, and be given by f(z) = z + ﬁ ay¥. Then for k>2 and n >0,
=2

oy | < CEDR)
k! SEvn-Dr
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This result is sharp with equality for the function f;, where

n - r4
D"fy(2) = (1—_2;5

(2.10)

The proof follows immediately from (2.8), (2.9), and the well-known coefficient result for the class

K of close-to-convex functions.

THEOREM 2.3. (Covering theorem). Let fe K, I B is the boundary of the image of E

. . e n+1l
under f, then every point of B is distance at least W +9)

PROOF. Let f(z) #¢c,c #0. Then f, given by

fita =L

is univalent in E. Write f(z) =z + f akzk, then
E=2

cc_f(fz()z) =z4 (02 +%)22 B

and, since f, €5, it follows that

|a2+%-| <2
Hence,
131 <2+ lagl,
and using Theorem 2.2, we obtain
n+1
lel 2m~

This completes the proof.

We note that when n=0, |c| 2% and when n=1, | ¢| _>_% (see [3] and [7]).

THEOREM 2.4. ..50"» = {id},
where id is the identity function -.

PROOF. Let f(z) = g(z) = z in (1.2), then it follows trivially that z € K,, for n>0.

On the contrary, assume that f enﬁol( n With f(2) = ‘+g§2"k‘k'
Then it follows from Theorem 2.2. that f(z) = z.
3. INTEGRAL OPERATORS.

Let the operator I): A—A be defined by f = I,(F), as

1-1:1_9
f=tz "X T F(e)e,

(=L

where 0 < A< 1.
For A= %, Libera [8] established that the operator

22
I(F)=7{;F(E)d€

from the origin.

(3.1)

preserves convexity, starlikeness, and close-to-convexity. Bernardi [9] greatly generalized Libera’s

results. Many authors have studied the operators of the form (3.1), see e.g. [7]. Ahuja [2] has

discussed the A =
Kp.

.
CE3y

v complex and Re y# —1 for the classes R,,. Here we shall consider (3.1) for



CERTAIN CLASSES OF CLOSE-TO-CONVEX FUNCTIONS

We shall need the following [2]:

Let I,: A—A be defined by (3.1) with 0 <A< 1. If F € Ry, then I,(F) € Ry(a), i.e., for z€ E

#(D"f(2))
RCW >a,

u=ﬁ[-(2-x)+\/9x2+4x+1]

where 0 < a < 1 and

We now prove:

THEOREM 3.1. Let FeK, and let f=1I,(F) be defined as in (3.1) for 0<A<1.

f € K,(B,a), where a is given by (3.2) and (0 < 8 < 1) is defined by (3.9).
PROOF. Let G € R, and I,(G) =g, where I, is defined by (3.1). So that

D"G(z) = (1~ 2)D"g(z) + Az(D"g(2))

and
D"F(z) = (1-2)D"f(2) + Az(D"f(2)),
Set
2D"f(z)) _
Dng(z) - (l - B)p(z) + ﬂ)
where

00
p(z) =1+ Z cpz™
n=1

We need to show that Re p(z) >0 for z€ E.
From (3.3), we have

ARG | MDY
L0 S 7 O MM )
breG) (-0 + 2200 j((’z)))

Since g € R, (a), where o is given by (3.2), we can write

z(D"g(2))
D"(z)

= (1-a)py(z) +a,

where Re py(z) >0,z € E.
Also, from (3.4) and (3.6), we obtain

D )T _ {z(n"a(z))’ #D"(z))

D%(z) D7(z) {(1-P)p(2)) + ﬂ_Dﬁ;(-? +(1- ﬂ)zp’(z)},
=[(1-a)py(2) + all(1 - B)p(2) + B] + (1 = B)zp(2).
Using (3.4), (3.6), and (3.7) in (3.5), it follows that

#(D"F(z)) M1-B)zp(2)
DG(s) =~ Pt (- AP T N = a)py(@) o]

Next define y(u,v) by taking u = p(z) and v = zp’(z) in (3.8) by

A1 =B
l1-a)py—M1-a)+ 1’

¢(u,v)=[)‘+(l—ﬁ)u+'\(
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(3.4)

(3.5)

(3.6)

(3.7)

(3.8)
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It is clear that y(u,v) satisfies conditions (i) and (ii) of Lemma 1.2. To verify condition (iii), we
note that

A1 =B {M1-a)p; —M1-a)+1}
(A1 - a)py = M1 -a) + 1} +22(1 — a)2pd

Re y(iug,v)) =B+

where py(z) = py +ipy, Py, py being functions of z and y and Re py = p; > 0.
By putting v; < - (1 +u}), we obtain

M1-B)1+u)M1-a)py = A1-a)+1] A4 Bu
A1 -a)py - M1-a)+ 112+ 21— a)Ppd]  2C

Re W(iug,v)) < B -

]

where
C={M1-a)p; - M1-a)+ 1}2 +22(1-a)2p3 > 0,
A=28{A(1-a)p; - M1-a) + 1}2+22(1 - a)%p3 - A1 - A)M1 —a)p; —A(1 —a) +1],
and
B=—X1-8)M1-a)p;~A1-a)+1].
We note that Re y(iug,v1) <0 if and only if A <0 and B<0. From 4 <0, we obtain § < 8, where

. 22(1-a)2p} + MM(1 - a)p; = M1 - ) +1] 0
AT A1 -a)p - M1 -a)+ 12+ 221 - a)2pdl + (M1 —a)py - A1 —a) +1}

(3.9

Also, from B <0, we have 8, < 1 and the condition (iii) is satisfied to give Re p(z) > 0 for z € E which
implies that f € K,(8,a).

If we put n =(i— 1) in (3.1) we have the following:

THEOREM 3.2. Let F € K,, and let

f@)=(n+1)z2~ "Zs“ = 1p€)de. (3.10)
Then fe K, 1
PROOF. Let g(z) = (n+ 1)~ " [ ¢~ 1G(¢)de, (3.11)
where G € R,,. Then from [2] g€ Rn:_ 1- From (3.10) and (3.11) we have
D"F(z) = 724 D"f(2) + A4 D"f(2)) (3.12)
and
D"G(z) = 721D"(2) +5 i 7#(D"9(2)). (3.13)

From (3.12) and the identity

AD"f(2)) = (n+1)D" + 11(z) - nD" 1 (2),
we have (3.14)
D"F(z) = D" +15(2).
Since F € Ky, it follows that, for z € E,

Re (z(D"F(z))'

G0 )> 0, GER,
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and thus, using (3.14), we conclude that, for z € E

(D"t f(2)y
R I 0 f R .
C[ D"+ g(z) > or g € n+1

THEOREM 3.3. Let fe€K,,n>0and ¢ €C. Then ¢*f € K,,.

PROOF. First we prove that, if ge R,, then (¢*9)€ R,. It is sufficient to show that
D™(¢*g) € S*.
Now

1—_:7,,—:,,—1' * 9(z) = (#*D"g)(2).

o * z =—Z_‘ * z) = -
D)) = g + (6°KE) = 800+

Since g € R,, and ¢ € C, it follows that ¢ + g € R,,, see [2].
Next, we prove that (¢*f) € K.

(D" f(2)y
AD™@* 1)) _ 2[¢(2)* D" f(2)] _ ¢(Z)‘Z_Dﬁg(7) -D"g(2)

DY#*9)(z) ~ #()*'D"9(z) ~  #(z)*D"e(z)
Applying L 1.3 with _Z(an(z))' n * :
pplying Lemma 1.3 with F(z) = D) D™(z) € S* and Re R(z) >0, we obtain
D™S*F)(2)]
R¢W>o for z€E.

This proves Theorem 3.3.

REMARK 3.1. Theorem 3.3 is an analogue of the Polya-Schoenberg conjecture [6] for the
family K,,. Many results on K, can be deduced as applications.

We give the following:

THEOREM 3.4. Let fe Ky, n>0 and be defined by (3.1). Then Fe Ky, n>0 for |z| <ry,
where r;, is given by

— 1
O e ynt-nt). (319
The function f, defined by (2.10), shows that this result is sharp.
PROOF. Let ¢,(z) = kgl[x(k “n+1Eo0<a<.
Then A4 €C for |z| <ry where ry is given by (3.15). Also F(z) = (¢,\‘f(‘)) and so using Theorem
3.3, we see that F€ Kp,n>0for |z| <rg.
REMARK 3.2. We note that Theorem 3.3 shows that the family K,, is invariant under the
following integral operators

Zz
nn= [ = ey
0
If)=}% / @df = (f*¢9)(2) (Libera’s operator)
0

Z
1= [HO=LE 12 <1021,
0

= (f*¢3)(2)
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and
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2z
r(n =14 [ e~ 1e)ae, Re(c) >0
0
= (f*84)(2),

where $;€C,i=1,23,4

and

and

> 1
$1(z)= Y 7 2"= ~log(1-2),
n=1

& = 2[z+log(1—
#9(2) = 21 e e+ ol =)
n=

#3(2) = f _l_znz"— L jogl=zz lz] =1,z #1
3 ni-2) 1=z 91—z ’ ’

n=1

o0
#4(2) = Z 'l‘i:: PN Re(c) > 0.
n=1
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