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ABSTRACT. In this paper we study the relationships among the spectra of the cosets of an
element of a Banach algebra in some quotient algebras. We also characterize the spectrum of any
a € M (where M is an ideal of a Banach algebra with identity and moreover has an identity) in the

whole algebra in terms of the spectrum of @ in M.
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1. INTRODUCTION.

Let L be a Banach algebra (that is, a linear associative algebra over either the real field or
complex field, endowed with a complete norm such that ||ab|| < ||a]| ||b]| for any a,b€ L and
lle]l =1 if L has an identity e). We recall that the vector space L = L x K (where K denotes the
scalar field) is a Banach algebra (with identity, whether L has an identity or not) with respect to
the product defined by

(a,)(b,8) = (ab+ Ba + ab,ap) for any (a,a),(b,8) € L

and the norm defined by || (a,@)|| = ||a|| + |a| for any (a,a) € L. The identity element of L is
(0,1) (where 0 denotes the null element of L). Henceforth we shall identify the closed two-sided
ideal {(a,0):a € L} of I with L.

Now let L be a complex Banach algebra with identity e. For any a € L, let o(a) denote the
spectrum of a@ with respect to L (where some ambiguity may arise, we shall use the symbol ol(a)
instead of o(a)). Recently Seddighin ([2]) has proved that oL ((a,a)) C oX(a+ ae)U{a} for any
a€ L and for any a € C. Actua’.‘lly, in this paper we show how also the opposite inclusion can be
proved, so that the equality ol ((a,a)) = ol(a+ae)U{a} holds (Corollary 6). We derive the
equality above from the more general result (Proposition 5) mentioned in the second part of the
abstract.

By an ideal of L we shall always mean a two-sided ideal. Let J; denote the set of all proper
closed ideals of L. For any a € L and for any J € J;, we denote the spectrum of the coset of a in
the quotient algebra L/J by o;(a). We remark that J; C J, implies o j9(a) C 5,(a). Moreover,
we have o {o}(a) =o(a). We are also concerned here with the relationships among the spectra of
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a € L in different quotient algebras. In particular, we show that

UM crgnd@ T Y1k <nuk(@)
(Proposition 1 and following remarks) and N0, eod) (@) = N ¢ co;(a) (where the symbol « "
denotes closure) if C is a chain of J; (Proposition 4).
2. RESULTS.

PROPOSITION 1. Let L be a complex Banach algebra with identity, let J,,Jo € J; and let
a€ L. Then 7y, ng(“) = U.Il(“) Uchz(a).

PROOF. Let e denote the identity of L. Since J,NJ, C J, for any k = 1,2, it follows that
aJl(a) U 0"2(“) Cayn Jz(a).

Now we prove that 9y, ng(“) C aJl(a) u aJ2(a).

Let A€ (C\a,l(a)) n (C\le(“))' Then for any k = 1,2 there exist b, € L and u,v, € J such
that b,(\e — a) = e + u;, and (e — a)b, = e+ v,. Consequently,

(by —uybo)(Ae—a) = e+ u) —uj(e+uy) = e — uju,
and

(Ae—a)(b) —byv)) = e+ v; — (e + vy)v; = e —vyv,; .
Since uy, v, € Jy for any k= 1,2, uju, and vyv; belong to J, NJ,. Hence e —a is both left and
right invertible modulo J;NJy, which implies that de—a is invertible modulo J; NJ,. Hence
77,0 12(41) Coy, (a)U cr_,z(a)

We rema.rk that from Proposition 1 it follows that I(n, k< an)( a)=Ujcr< n9J, (a) for any
acLifJy,..,Jp€J;.

Now let S be an infinite subset of Jj. We remark that the inclusion
(Ujesogla) C %n J)(a) holds. The following example shows how the opposite inclusion
may not hold. €S

EXAMPLE 2. Let B denote the vnit ball of the complex plane, and let L denote the Banach
algebra of all complex-valued functions which are continuous on B~ and holomorphic in B. For
any n€N, let Jy,€J; be defined by J,={f€ L: f(g;) =0} (where {g;}; cnyC B has cluster
points in B and is not dense in B). We remark that oj,(f) = {f(qn)} for any f € L and for any
n €N. Moreover, we have N, - \Jn={f € L: f(¢;) =0 for any n €N} = {0}, as Flo)nBisa
discrete set for any f € L\{0}. Thus, if a € L is defined by a(z) = z for any z € B, it follows that
%, o Im)@ = (@)= (B = B ({anby en™ = (U enay (@)

COROLLARY 3. Let L be a complex Banach algebra with identity, let M € J; and let
a€ M. Then o y(a) = o;(a)U{0} for any J € J;.

PROOF. Since a€ M, we have o, (a)={0}. Now the result follows immediately from
Proposition 1.

It is not difficult to give an example of strict inclusion o j(a) C 07 m(a). Let L denote the
Banach algebra C2 endowed with pointwise product. Then, if we set

M ={(0,y):yeC}, J={(2,0):2€C}and a=(0,1),

we have that a € M, JN M = {0} and 0 (a) = {1} - {0,1} =054 pla).
We remark that the maximal ideals of a Banach algebra L with identity are closed. Hence, if
C is a chain of proper closed ideals of L, we have that (U Ject) €Jdp.
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PROPOSITION 4. Let L be a complex Banach algebra with identity, and let C be a

nonempty chain of proper closed ideals of L. Then

T(U, e @=Nyecoyla)
for any a € L.

PROOF. Let e denote the identity of L, and let a€ L. Since MC(UJECJ)" for any
MeC, it follows that TGy ced) (@) Copa) for any MeC. Hence

Ty eod) (@) C Njecoyla).
Now we prove the opposite inclusion. We prove that

oy, on)- @ CONN ¢ coyla) -

Let M€ C\a( Ujead)” (a). Then there exist b€ L and z),zy€(U;¢cJ) such that
ble—a)=e+z and (Ae—a)b=e+z, Let M €C be such that there exist y;,y, € M such that
llz;—y;ll <1forany j=1,2. Then

|6(de—a)—y; —ell = |z)—y; || <land [[(Ae—a)b—yy—e|| = |[zy—y,l <1.

Since every element of L whose distance from e is less than one is invertible, it follows that

'b(Ac —a)—y, and (\e — a)b— y, are invertible in L. Hence there exist ¢,d € L such that
chle—a)—cy; =(le—a)hd—y,d=e.

Since y; € M for any j=1,2, it follows that Ae—a is both left invertible and right invertible
modulo M. Hence e — a is invertible modulo M. Therefore,

A€C\oy(a) CC\(N;cco,la)).

We have thus proved that C\U(UJ ced)” (a) CC\(Nj ¢ coy(a)). Hence

(U, eed)y @=Nsecos@).

We remark that, if L is a complex Banach algebra with identity e and M is a closed subalgebra
of L, also endowed with an identity f, the two identities may not coincide. Moreover, the two
identities are necessarily different if M € J;. Nevertheless, the inclusion ol(a) c oM(a) U {0} holds
for any a € M in view of [1], (1.6.12). Since oX(a+ ce) = 0X(a) + @ and oM (a+ af) = oM(a) +
for any a € C, also the inclusion aL(a+ae)~C oM(a+ af)U{a} holds for any a € M and for any
a €C. Thus, in particular, the inclusion o” ((a,a)) C cX(a+ ae)U{a} for any a € L and for any
a € C can be deduced.

PROPOSITION 5. Let L be a complex Banach algebra with identity e, and let M be a proper
ideal of L, endowed with an identity f. Then M € J; (which means that M is closed) and
ol(a+ ae) = oM(a+ af)U{a} (where we set oM(0) =0 if M ={0}) for any a€ M and for any
a€eC.

PROOF. Let ae M. Since oX(a+ae)=0ol(a)+a and o™ (a+ af)=oM (a)+a for any
a € C, it is sufficient to prove that M is closed and ol(a) = oM(a) U {0}.

Since f is the identity of M, it follows that f2= f. Since the case M = {0} is trivial, we can
suppose M # {0}, which implies f#0. Moreover, since M is a proper ideal of L, we have that
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f #e. Hence fis a proper idempotent of L. Then from [1], (1.6.15) it follows that fLf is a closed
subalgebra of L, with identity f, and in addition oX(a) = o/%/(a) U {0}.

Since M € J; and f € M it follows that fLf C M. Moreover, since f is the identity of M, we
have that M = fM f C fLf.

We have thus proved that M = fLf. Consequently, M € J; and ol(a) = oM(a) U {0).

The algebras L and M and the element a € M introduced in the remark after Corollary 3
provide an example of strict inclusion oM(a) C ol(a).

Now let the hypotheses of Propositi;n 5 hold. For any complex-valued function &,
holomorphic on an open neighborhood A of o(a), let hL(a) € L and kM (a) € M be defined by

hl(a) = (#) j h(A)RL(), @) d) and hM(a) = (#)J R(A)RM(), a) d),
+oD +dD

where RL(),a) (respectively, R¥(),a)) denotes the inverse of Ae —a (respectively, A\f —a) in L
(respectively, M), + 8D denotes the positively oriented boundary of D and D is an open bounded
subset of C such that oX(a) c Dc D~ C A, D has a finite number of components and dD consists
of a finite number of simple closed rectifiable curves, no two of which intersect. We recall that the
two integrals above are well defined and do not depend on the choice of D. From the spectral
mapping theorem (see (3], VII, 55) and from Proposition 5 it follows that
oL(h(a)) = oM(hM () U {h(0)}.

We remark that, actually, the statement above is only seemingly more general than the one of

Proposition 5. In fact, for any A € C\o'(a), we have
(Ae—a)(RM(\,a)— f/A+e/X) = ARM(\,a) - f + e— aRM()\,a) + a/A — a/)
=(Af-aRM(\a)- f+e=e¢,
which implies RL(),a) = RM()\,a) — f/A + /). Hence h['(a)~= hM(a) — h(0)f + h(0)e.
Since any Banach algebra A is a closed proper ideal of A, the following result is a consequence

of Proposition 5.
COROLLARY 6. Let L be a Banach algebra with identity e. Then

oL ((a,a)) = o @+ ae)U{a} foranya€L andforany a€C.

Hence the first inclusion proved in [2], Theorem 2.1 can be replaced by an equality.
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