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1. INTRODUCTION.

For an even integer ), let 4 Ak a(™ denote the number of partitions of n into parts such that no
part #0 (mod A+ 1) may be repeated and no part is =0, :I:(a—'i\-)(/\-r 1) mod [(2k—A+1)(A+1)).
For an odd integer ), let A Ak a(™ denote the number of partitions of n into parts such that no part
#0 (mod '\—;i) may be repeated, no part is =A+1 (mod 21 +2) and no part is =0, *(2a-2) ’\—;i
[mod (2k = A+ 1)(A+1)).

Let By .o(™) denote the number of partitions of n of the form b + - - - +b, with b;>b; , ;, no
part # 0 (mod ) +1) is repeated, b; - b, 1 2 A+1 with strict inequality if A +1/b; and
'\:Z:::lf‘ < a-jfor1l gjsﬁ\—-éﬂ and f;+ - +fy41S8-1 where f; is the number of appearances

of j in the partition.

+k-

Andrews [1] conjectured the following identities for 4 Ak a™ and B) k,o(")-
CONJECTURE. For§<a<k<),
By, k,a(™) = Ay k,o(")
foro<n<(¥¥270F )1 k-2+ 1) +1), while
By ko™ =4y koM +1
when n=(¥*259F ) koas a4+ ).
This conjecture has been verified [1] for 3<A <7, %< k < min(\ - 1,5), §< a<k.

In this paper we prove the case k = a of the above conjecture.
2. PROOF.
We prove the conjecture for k = a by establishing the following identities.
CASE 1. Let A be even. Then
(1) By p o(m) =4y g o) for n<(a-g)(,\+1)
(2) By g ol®) =4y g 4(m) when n=(a—2)(A+1)
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(3) By g la-PA+1)+6]=4,, [a-A+1)+6], 1<O<A+1

A
@ 5, [(a-%+ o 1)) = A,\,k,a[(“ §+ 1)(A+1)) when k > a.
T Ay kal@-3+DA+D]+1 when k =a.
CASE 2. Let A be odd.

(5) By i o(m) =4y ¢ o(n) for n< A

(6) By A+ 1) =4, (A+1)

() By g A+1+40)=4,, O+1+6), ©<2fl

A\k,a [%('\-F 1} a >-A—"211 and for any

(8) B,\,k,d [%(A"'l)]: a=é—'2tla,ndk>a
A,\,k’a[%(»\+l)]+l whenl::.::#

(9) By, k,a(m = Ay, k(") n=@a-a+12Fh+e, e<ipd

(10) For n=(2a-A+2)2F})

Ay ko™ when k>a

By ko™=
SWIWES' when k=a

CASE 1. Let X be even.
PROOF OF (1). Let P By, (n) and P AL (n) denote the set of partitions enumerated by
YKy @ ,k,a

By, o(n) and A, ;. (n) respectively. To prove (1) we prove the following stronger result.

(11) PBA'k’a(n)=PAA’k‘a(n) for n<(a-$(A+1)
In fact we show that both are equal to
(12) Pp(n)U Pg(n)

where Pp(n) is the set of partitions of n into distinct parts and Pg(n) is the set of partitions of n in
which only (A + 1) can be repeated.

From the definition of Ak q(m) it s clear that P ,(n) is equal to (12). Also x € Pg(n) implies
that x € Pp(n) if A+1 is not repeated and r € Pz(n) otherwise. Hence P g(n) C Pp(n)U P p(n).

On the other hand, let x€ Pp(n). n=5;+ - +b.+ - - +b; has more than k parts, then

n2142+ - +k=142+--- +(G+a) where k=}+a, a<}
=@-a+l+i+a)+@G-at2+dta-+ - +G+F+D+1+24 - +(G-0)
SQ+D+ - +Q+D)F1424 -+ (G -a)
=aQ+1D)+142+4 - +G-a)>(@-POA+1).

Thus for n< (a—%)(,\+ 1) and for x € Ppy(n), no partition of n contains more than k parts and
hence the condition on b’s is satisfied.
Let us now verify the condition on f’s for x € Ppy(n). Let a= f2\-+9, < % If

A+1 A
.Zfi>"°l or _Zfi>"'1

i=1 i=1
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then the number being partitioned is

2142+ +a=1+42+--+(3+6)
=(}-0+1+3+0)+(}-0+2+3+0-1)+ - +(F+3+1)+1+2+ - +(}-6)
=0 +1)+1+42+ - +(3-6)> (a- %)(Hl)

Thusforn<(a-§)(,\+l) and for x € Ppy(n), we have Z:[ <a-1and Zf <a-1.

Similarly if }: f;>a-2, then the number bemg partxtloned is

22+3+-»-+(§+e)
=8 +1)+2+3+ - +(}-6)
>(@-3O+1) ifd-e>2

Hence 2} <a- 2for§ 9>2a.ndn<(a-§)(x+l) Let:z— =1
Then a = A —landforrePD(n) fi<iforalli=12,-..,A-1 and hence

A=1
Y figa-2=a-1
i=2
If '\il f; =A-2, then the number being partitioned is
i=2

2243+ .- +(A-1)
SO-142+0=243)+ - +(+1+)
=(g-1)(,\+1)—e(x+1)—(a—g)(xu).

Thus for n < (a - 5)(,\+l), Z fi<A-3=a-2.

Proceeding on the same lines we can show that the other conditions on f’s are satisfied for
partitions in Pp(n). This proves that Pp(n)C Pg(n). Similarly, Pg(n)C Pg(n). Hence
P g(n) = Pp(n)UPg(n).

PROOF OF (2). Let P/(n) [resp. P)g(n)] denote the set of partitions enumerated by Ay ko™
[resp. By}, o(m)] but not by B) ko™ [resp. A Ak, o). Then we claim

Pym)=[a+(@-1)+ - +(A-a+2)+(A-a+1)] and Pg(n) =[a— (A +1)] for n=(a=A+1)

Cleatly x=a+(a—1)+ - - - +(A-a+1) € P4(n) but x ¢ Ppg(n) as it violates the condition on f’s when
j=d-a+1. In fact fr—a41t - tfa=a-(A-a)=2a-Afa-(A-a+1)=2a-A-1 On the other
hand, (a—%)(l +1)€Pp(n) but it does not belong to P,(n) since for partitions enumerated by
A), t,q(m) DO part is = (a=2)(A+1) mod((2k = A +1)(A + 1)}

As in the proof of (1), we can show that partitions x #a+(a—1)+ - -+ +(A-a+1) € P 4(n) are
the same as the partitions r # (a —%)(,\ +1) € Pg(n). This proves (2).

PROOF OF (3). To prove (3) we establish a bijection of P/j(n) onto Pg(n) where
n=(a -'2\-)(,\ +1)+6, 6<1+1. Now =€ P/y(n) implies that it violates one of the conditions on f’s or
bs. Let S j( i=12,..- ,’\) denote the condition

A—j+1
2., fi<a-j
i=j
and let S denote the condition
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and let S* be the condition on b’s. In the following steps 1 to %4—2 we enumerate the partitions in
P 4 violating Sy, - - -,5,,5 and §* and also give the necessary bijection of P/s(n) onto Plg(n).
2
STEP 1. Consider S%: f%"'fx 1 <2< a-—%. For a-—% > 2 there are no partitions in P4
violating §,. If a-%: 1 then the set of partitions violating S, is {(%+ 1) +%+ x: x € Pp(O)
2 2
with parts < %}u{(g+e')+('§\+ 1)+3+rx e Pp(6-3-6') with parts <}, 2<' gg} For an

element in the first set we associate (A+ 1)+~ in Plg while for an element in the second set we
associate (A +1) + (%+ ©')+x in Pp.

STEP 2. Consider S, l: 5 1+['\-0»f,\+1+f'\_’.2545«:-—%+1. Fora—'i‘zstherea.reno
2” - 2 2 2

partitions in P, violating S v Let a —% =1. Then the set of partitions violating S . is

2~ 2"
{(%+1)+’§\+(%—l)+1r:xePD(9-%+l) with parts <$-1}
u{(%+2)+(42\-+1)+%+R:IGPD(9-%—2) with parts <§\-1}
U{(%+2)+%+(%—l)+1mr€PD(9-%) with parts <§"—1}

u{+2+G+D+G-D+mrePp©-3-1) with parts <}-1}

We note that the partitions in the first two sets violate S,. For a partition in the third set we

associate (A + l)+42\-+1r in Py while we associate (A+ l)+(§\+ 1)+~ in P'g for a partition in the last
set.

Let a—'f\ =2. The set of partitions of 2(A + 1)+ in P’y violating S, . is
3-
{(%+2)+(§\-+1)+%+(§\-—l)+r:1€PD(9) with parts <,:}-1}

u{('§‘+e')+('-;+2)+(%+1)+%+(%-1)+1mePD(e-g—e'), parts <3-1, 359’5%}

For an element in the first set we associate 2(A+1)+x in Pz while for an element in the second set
we associate 2(A+1) + (’%+ ©')+x in P. Proceeding like this we arriveat the following step.

STEP '7\ Consider Sy:f;+---+fy<a-1. Since f;<1 for all. i=1,2,.--,A we have
fr+fo+ - +F3<h Let fi+fy+ - +fy=) Then 142+ - +1=3(A+1)>n. Thus there are
no partitions of n in P, in which all parts 1,2,--.,) appear. Let fj+---+f,=2-1. Let the
deleted part among 1,2, - - -, be z. Consider

(13) 142+ - +(z-D)+(z+1)+--- +(,\—1)+A=(’§\—l)(A+l)+(A+l—z) with 1<A+1-z<A

Ifa —i\- = 3\-- 1, then the only partition of n Violating S is
A+A=D+ - +(@+D)+(z=1)+ - +2+1
with A+1 -z = © for which we associate (%- 1)A+1)+© in P
When a—%<%— 1, there are no partitions of n violating S, since (13) >n. More generally, if
fi+ - +fy=2-92<y<Ar-qg, and if z;,-- “yzy are the parts which are left out with
1<zy<zg< - - <zy <A then

(14) A+Q=D+ - HEy+ D+ (zy =D+ (g +D+(z =D+ - - - +2+1

=G-DOA+D+A+1-2) 4 +(A+1-2)
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If a—% < %—y. then there are no partitions of n violating §, since (14) >n. Ifa -% = %-—y, then
n=(a-%)(x+1)+(x+1—z,)+ C (12

There are no partitions of n violating S| if A+1-z)+ - - +(A+1 —zy)>6. The partition (14)
violates §; when (A+1—-z,)+ --- +(A+1-2,) = © and for this partition we associate
1 1 y
G-DA+D+O+1-z)+ - +(A+1-2,) in P

K +1-2))+ - +(A+1-2,) <O, then there are no partitions of n violating S, since parts
have to be repeated.

Let a—% > %—y. Then %—y+l 5«—%5%-1 and there are no partitions of n violating S, since
fi+ - +fy=A-y<Sa-1

STEP 3+1.  Consider S:fy+---+fy1Sa-1.  Clearly f;<1 for i=12---,) and
f,\+15“'%' Let fi+ 1=+ where fryr1=e with 15a5a—%. Since
1424 - +(A+1)=(%+l)()+l)>n, it follows that there are no partitions of n violating § if
fi4 122+ Thus let us consider the case when f, + - - - +h+tfap1=2 with frig1=
Then the number being partitioned is

142+ ---+(A-a)+a(A+1)
=142+ +a+@-a)A+1)+a(r+1)
=3A+1)+142+ - +a>n

Thus there are no partitions of n violating S in this case also.
More generally, let fi+---+f,, ;=A-y.fy,=a With 1<y<r-a Let z,---,z,, be
the parts deleted among 1,2, - - -,A with 1< T)<zy< - <Tyyq S Consider

(15) A+ +- - +Q+D+A+A-D+ -+ @y o+ D+ (Eypq—D+ -

>
a times

+@EHD)H(E D+ 4241
=ad+1)+G-a- A+ D+Q+1-z)+ - +(A+1-2y 4 o)
=G-nO+D+A+1-z)+ -+ +1-2, 4 o).

As in the case of §; we can show that there are no partitions of n violating § when a—% is less
or greater than %—y and even when a—%:%—y and A+1-z))+ .- +(A+1-zy44) is less or
greater then 6. If A+1-z))+ .- +(A+1-2y 4 ,) =0 then the partition on the extreme left hand
side of (15) violates S for which we associate the last partition of (15) which belongs to Pg.

STEP ‘§\+2. We now prove that if a partition violates the condition S* on b’s then it violates
one of the conditions on f’s. Before proving this we first note that when & > a for a partition of
n=(a-$(A+1)+6, ©<A+1 having > k parts

1424 - +k
=1+2+--~+(%+a) wherek:%+a,l$a<-’2!.
=@+a)+G-a+ D)+ +G+D+3+142+ - +G-0)
=(k=PO+D+142+ - +(-a)
>@-HA+D)+A+1>n,

And hence there are no partitions of n violating S* in this case.
Thus it suffices to consider the case when k=a. If a partition violates $* then there exists a

partition
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(16) e L B ST R FE R N

and an integer i with b,—b,  , _, <A+1. Ifs; , | >2+1, then the number being partitioned is

SA+D+ - +A+D)+ -
SKA+1) 2 (@-3+1)A+1) >n.

Thus let b; , , _<A+1. If b;<A+1 then (16) contains at least k parts <) and hence f\: fi2k
which implies that such a partition violates §;. =t

Let b, ,_,<A+1 and b;>A+1. Since n=(a-)(A+1)+6,0 <A+1, the number of parts
2A+1among by, - -4, s Sa—-’i\. If a-—-'f\ parts are equal to A+1, then f'\+l=a—% and the

remaining k -a -{7% parts are <\ and hence

Syt Ay Sy 2 ka3 ra-3=tk

and such a partition violates S.
If a partition of a number violates S* and if there are parts >A+1 then the number being

partitioned is

(17) A+za)+ Atz D+ +Q+2) 4y + - 4y,
where a<a—%,l$zl<z2<~~-<za and gy, ---y_, are among 1,2,---,A Since
b;i=b; , p_1<A+1 we have A+z,-y, _ <A+1 which implies z, -y, _ <1 and hence z4 =y, _ .

Ky, ,=2q>1then (17)is

SaA+1)+(k—a+1)+---+3+2+1

=ad+)+G+B-a+ )+ +2+1 where k=3+8,1<8<%.
=a(d+1)+B-a+ DA+ +142+ - +G-F+a=1)
=(B+DO+)+142+ - +G-F+a-1)

=(E-3+DA+D)+1424 - +G-F+a-1)>n

From this it is clear that if a partition of ("_”2\')(’\"'1)"'9’ 8 <A +1, violates S* then it does not
contain a part > A+1 and hence all the parts will be among 1,2, - - -,A+1. This implies that

fl+~~+f,\+12k=a,<_a—l

and hence such a partition violates S. This completes the proof of (3).

PROOF OF (4). First part of (4) can be proved on the same lines of (3). The second part of
(4) is the case k = a of the Conjecture.

As in the proof of (3) we can show that every partition in Pg has an associate in P!y except

(a-2+1)(A+1)
and this proves (4). 2

CASE 2. Let A be odd.
PROOF OF (5). We prove (5) by establishing the following stronger result

(18) P B,\,k,a(") =Pp(n)=P Ay g, a(n) for n< A

From the definitions of Ay ko™ and By k4™ it is clear that P Ay (n)=Pp(n) and that
Ppg(n)C Pp(n). On the other hand, if » € Ppy(n) then f;<1fori=1,2,-- X and fr41=0a8ng
Also
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fagrt o +Nsl

2

and
Nt A= g+ st =3
2 T
But f; +--- +f,\='\—"ﬁiimplies that the number being partitioned is>1+2+ - - - +'\—"rl+§—'§—l->,\

Thus )+ - - - +f,\51-2'—15a—1 since’—\%loz. Consider

St ANy Sl g H1<@plone=2gL
7

As before if fo+ - - - +f'\_l=’\—E-lthen the number being partitioned >2+3+ - - - +‘\—;—1>,\md

7
hence fy+ - - - +IA_15)‘-§—1—1 <a-2 since)—'rl<a. Proceeding like this we arrive at fryrStas
<af hich we obtai <a-2tl 2
n < A trom which we amj,\_H a-=5—

For x€ Ppy(n) and n< 2 tEe condition on b’s is satisfied since no partition of n has more than

1 parts. This proves that Pp(n) C Pg(n) and hence (5) is established.
PROOF OF (6). From the definitions of 4 Ak a(™ and B A k,a(n) it is clear that

Py(r+1) =

and Pg(A+1) ={(A+l)}
PROOF OF (7). Forn=(A+1+6), @<}l

A3 A1 nrePp0) with parts <351, @ <251 o=241
Py =4 254251, 028 A3 01y e ppy(6) with parts <251, @=251a=241
'\—‘2"—1+A-+TI-+1':IGPD(9) atlda>—42i
Pg(n)={(A+1)+ =7 € Pp(0)}
PROOF of (8) Clearly
'\—"2'—5 "—2— rrePD( 1y with parts <-A—§—la.nda=$\-§l
Pym={ 2523 Al M A e ppdd)) and a =233
'\T AT ‘I’TEPD(A*.I) md ¢>A—+r3
(
$0+1),04 ) +mreppdEl with parts <2$1and a=241
Pg(m)={ 30+10,0+D)+mrePp3))anda=2$3
O+ +mrePpEl)and a>243
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When a _'\—+rl =k, the n in the conjecture becomes %(A+ 1) and %(A+ 1) € P'g has no associate in Py

and this establishes the conjecture when k =a = Atl

PROOF OF (9). Let n=(2a- a\-H)(’\+ ‘)+e,e< A+l Now x € P'4(n) implies = violates one of
=3 "A(n) 1mp

the conditions S, - - Sy 1,S,S ,S** where $** is the condition “no parts £0 (mod A+1) are
2

repeated”. A proof similar to that of Step ’§\+2 of even A will show that partitions violating $* will
also violate §;. Since no part is =X +1 (mod 2 +2) for pa.rt:tlons enumera.ted by A Ak a(m) we have
fy4+1="0 and hence S reduces to §;. In the following steps 1 to —2— we enumerate the partitions
in P, violating S | ;,- - -,5),5** and also give the bijection of P/y(n) onto Pg(n).

2

STEP 1. Consider S, FRLN WS B (a—'\—'i"—l). Clearly there are no partitions in P, violating
’ 2 "7

Sy4qfora —L*’rl >1. Since # is not a part of partitions enumerated by both A Ak, o™ and

By &, 4(n) when a = 1\—"2L1- it follows that there are no partitions violating S+ when a = 1\-'2’2-1- also.
STEP 2. Consider § o f +f +f <3<a-251

A= 7A=1T7A417T/2A43="= §

A+5 there are no partitions in P, violating 5, _ ;. Ifa= —2— then n=(A+1)+6,

2
< '\—'2'2 and the set of partitions violating S, _, is {'\—'2-"—3+-—§-—+ nx€P D(G)}

For a>232

For each partition in the above set we associate (A+1)+7 in Pp Let a= "—;ﬁ Then
n=2(A+1)+6, 6 < '\—;'—l- and the set of partitions violating S, _, is
2

{:‘_'%‘_3+.*_+_1+_2_+,,GPD('\+1+9) with parts <"—§—1}

u{('\“+e’)+'\—+r3+’\—'£-l+"—5—l+x:xePD(e-e'). 256’5‘—‘-5—1}

We associate %(A+ 1)+ x € Pl for every partition in the first set while for a partition in the second
set we associate %(A +1)+ ('\—3'—14- ©')+xin Pp.

Proceeding like this we arrive at the following step.

STEP '\—frl Consider Sy:f;+ -+ +fy<a-1. By the definition of ‘,‘,\.k,a(")’ fi<1 for all

i=1,---,\ except fori:'\2¢l. But 1<fy41S2-2+1 Thecasef'\+l>lwillbeconsideredin
2 —z

step 1\—;—'—2 Hence let us now assume f A+1SL

2
Inthis case fi+---+f <A Hfi+ o 4fy=2 then1+2+~--+,\=§\(,\+1)=é-;-l(x+1)+*—;‘-1

>(a- )(A+l)+’\—"'r1>n Thus there are no partitions violating S, in P Let

f1+ -+ +f,=2-1and let the deleted part be z. Consider
(19) 1424 -4+ (@=D+@E+D)+---+(A-1)+A
= -3+ (A +1-2) where 1S (A +1-2) < A
If 2a—A+1<2-2 then (19) is > n and hence there will be no partitions of n violating §,. Clearly
2a—2+1# -2 When 2a—2+1> -2 the only partition of n violating $, is
A+QA-D4 (D) +(E-1+ - +241 with 231 _-—o

for which we associate the following partition in P
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A+1 A+1
==

A+1)+---+(A+1) +(=5—+6)+

% times

More generally, let fi+---+f3=2-y (1<y<r-a) and let =z,---,z, with
1<z <2y < --- <z, <A be the parts deleted among 1,2, - - -,. Then

(20) A+QA=D+ @y + D+ (zy =D+ -+ + D+ (g - D+ - - +2+1
=-2)AE 40+ 1-z) 4 O H1-2y).

If 2a-A+1<A-2y then (20) is>n and hence there are no partitions of n violating §,. Also
2a-A+1#2-2y. Let 2a-2+1>2-2y. Then A-2y+1<2a-2+1<2-1. If 2a-A+1>r-2y+1

then f,+---+f,=A-y<a-1 and hence there will be no partitions of n violating §,. If
1 A 1

2a-A+1=2-2y+1 and if A+1-z))+--- +(,\+1_,y)>i_2ﬂ+9 then (20) is>n. On the other

hand, if A+1-2z))+ .- +(z\+l—zy)<i%—l+e then also there are no partitions of n violating §;

since in this case parts have to be repeated. Since '\—‘Qd+9<z\+l we note that

(A+1-z)+ - +(+1-2y) =231 4 0 is possible only if

(a) zl<)‘;l. z2=’\7ﬂa.nd i%-lfori.:a.---y

(b) x1<'\—+rla.nd Tfor:-z--~,y

(© z=2flandz;>2H fori=2,-- .y

@) z>2lfori=1,...y
In each of the cases (a)-(d) the partition on the left hand side of (20) violates S, for which we
respectively associate the following partitions in P'g.

Q4D+ +Q+1)+0+1-2)+A+1-2g)+ - +(A+1-2))
A—2y+1
——=—

QD+ +0+) +0+1-2z)+2F 4 04 1-2p)+ -+ +1-2y)
A=-2y-1
—=—

Q+D+ - +QA+ 1) +(A+1-2)+ - +(A+1-2))
¢\-2yﬁ
( 2

A+1)+--- +(A+1)+i§l+(,\+l—zl)+ R RS TN
A-2y-1
(—F=-

STEP "—"’ra Consider $**: 'no parts #0 (mod A+1) are repeated’. This implies that f, , ; >2.

2
When a—T there are no partitions violating $** since i\-'%'—l- is not a part for partitions

) times

) times

) times

) times

enumerated by both A Ak a(™ and By i, o)
Let a = %’—3 Then n=2(A+1)+6,6 < 27—, A +1 The set of partitions in P’y violating $** is

{'\;l+'\+l+’\+l+'\+l+l:rePD(9)}

VAL 0L e ppdtlie)  with parts <231}
u{Af e+ 234 AL A e pp0-0 1 <0 <251

u{%+ﬁ‘—;i+x:xePD(,\+1+e) with parts <"—'{—1}
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u{Af+en+ 23 A s e ppdEl vo-0) parts <AFL 1cercdst

A A _
u{( +1+e”)+("—+-1+9’)+—+—‘+’\—}—1-+r:xePD(e-e’—e”),l 5e'<e”si-2—l}

For each of the above sets of partitions in P/, we respectively associate the following sets of

partitions in Pg.

{%(A+l)+";l+x:r€PD(9)}

u{(,\+1)+( L+ mrePpditso)parts <231}

A -
u{(A+1)+( tlien+2tlynrepp0-90), 139’5'\—2-1}
u{(+1)+mre Py +1+6) parts <231}
o{o+n+AF vy +mrePpdEl+0-0) parts <Mlicercdzl
v{o+n+AF+em+AF+e) 4 nrePp@-0 -0, 10’ <0 <251}

For any given 'a’ we can similarly enumerate the partitions in P’y violating $** and also can obtain
the bijection of P4 onto Pz. The proof of (9) now follows from Steps 1 to -’!-'2"—3

PROOF OF (10). The first part of (10) follows on a line similar to the proof of (9). The
second part of (10) is the case k = a of the conjecture. As in the proof of (9) we can show that every
partition in P’g has an associate in P’y except (2a— A+ 2)(’\ +1) and this proves (10).

We now consider some numerical examples.

EXAMPLE 1. Let A=4,k=3=an=**272* 12400+ 1) = 10.

TABLE 1
. Pag,s,5™ P8y 3,5
1 {1} {1}
2 {2 {2}
3 {3,2+1} {3,2+1}
4 {4,3+1) {4,3+1)
5 {4+1}u{3+2} {4+1}u {5}
6 {6,4+2}u{3+2+1} {6,4+2}u{5+1}
7 {1,6 +1,44+3}u{4+2+1} {1,6+1,4+3}u{5+2}
8 {8,7+1,6 +2}U{4+3+1} {8,7+1,6+2}u{5+3}
9 {9,84+1,7+2,6+3,6+2+1}U{4+3+2} {9,841, 7+2,6+3,64+24+1}U{5+4)}
10 {9+1,84+2,74+3,7+2+1,6+4,6+3+1} {9+1,8+4+2,7+3,7+2+1,64+4,6+3+1}
Uf{d4+3+2+1} u{10,5+5})

According to the proofs of (1)-(4), we have

(a)

P n)=P n forn<4
4435 =PBy 54" ns

(b) Py ®=(+2  Pp, 5)=15)
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(c) The partitions enumerated by A, 5 3(n) for n =6,7,8,9 violating S, according to Step 1 in
the proof of (3) are
{3+2+1}Uu{4+3+2)

for which their associates in P/g are
{5+1}u{5+4)

(d) The partitions enumerated by A4 3 3(n) for n = 6,7,8,9 violating S, as proved in Step 2 are

{4+42+1})u{4+3+1}
for which the corresponding partitions in P'g are
{5+2}u{5+3)}
(e) The partitions enumerated by Aq 3 3(m) for n =6,7,8,9 violating S also violate S, or S,.
. (f) The partition 10=2x(4+1)€ P'B“‘ 3, 3(10) has no associate in P/y while all other partitions
ave.

From Table 1 it is clear that (a)-(f) are indeed true.
EXAMPLE 2. Let A=5,k=a=3n=(*272 a2t r+1) =0,

TABLE 2
n Pag 5 4™ PBg 3,5
1 {1} {1}
2 {2} {2}
3 {2+1} {2+1}
4 {4 {4}
5 {5,4+1} {5,441}
6 {5+1}u{a+2} {5+1}u {6}
7 {1,54+2}u{d4+2+1} {1.5+2}u{6+1}
8 {8,7+1}Ju{5+2+1} {8,7+1}u{6+2}
9 {8+1,7+2,5+4} {8+1,7+2,5+4}uU {9}

From the proofs of (5)-(8) we have the following:

(8 P Ag 3 ;M= Pgs’ 3 3™ forn<s

(b) P’,45' 3, SO =14+2} P’35, 3, 4(6) =16}

i) Pj,s’a’ 3(7) ={4+2+1} P,B5,3,3(7) ={6+1}
G) P'As’ 3'3(8) ={5+2+1} PlBs,s,a(s) ={6+2}

" 541 . . .
(k) The partition (2x3-5+ 2)(_+T) =9in P'B5' 3, 3(9) has no associate in Pl‘s.s, 3(9) while all
others have.
From Table 2 it is evident that the results (g)-(k) are true.
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