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ABSTRACT. In this paper, we will investigate the heating of the solar corona by the resonant
absorption of Alfven waves in a viscous and isothermal atmosphere permeated by a horizontal
magnetic field. It is shown that if the viscosity dominates the motion in a high (low) - g plasma,
it creates an absorbing and reflecting layer and the heating process is acoustic (magnetoacoustic).
When the magnetic field dominates the oscillatory process it creates a non-absorbing reflecting
layer. Consequently, the heating process is magnetohydrodynamic. An equation for resonance is
derived. It shows that resonances may occur for many values of the frequency and of the
magnetic field if the wavelength is matched with the strength of the magnetic field. At the
resonance frequencies, magnetic and kinetic energies will increase to very large values which may
account for the heating process. When the motion is dominated by the combined effects of the
viscosity and the magnetic field, the nature of the reflecting layer and the magnitude of the
reflection coefficient depend on the relative strengths of the magnetic field and the viscosity.
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1. INTRODUCTION.

It is well known that the solar corona is extremely hot, typical temperatures are 100K,
compared with 5x103K in the photosphere. Consequently, thermal energy must be continually
supplied to maintain this temperature against radiative cooling. Early theories of coronal heating
were essentially based on the dissipation of acoustic waves or shock waves. Recent theories
invoke magnetic energy dissipation as the source of thermal energy. Thus two questions must be
answered: how is magnetic energy supplied to the corona, and how is it dissipated? To answer
these questions, many models and dissipative mechanisms are suggested (see Priest [10], chaps 4,
5, 6; Yanowitch [12], [13]; Campos [4], [5]; Roberts [11]; Alkahby and Yanowitch [2], [3]).

Resonance absorption was suggested as a mechanism for the heating of fusion plasmas nearly
30 years go. Ionson ([8], [9]) and Hollweg [7] both concluded that resonance absorption could
explain the observed heating in the solar corona. Davila [6] calculated the heating rate at the
resonance layer to determine the energy dissipation in the plasma.

The aim of this paper is to investigate the heating of the solar corona by resonance

absorption of Alfven waves and to calculate the kinetic and magnetic energies of an upward
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propagating magnetoacoustic waves in a viscous and isothermal atmosphere permeated by a
horizontal magnetic field. Its shown that if the viscosity dominates the oscillatory process for low
. ___gas pressure
and high 4 pl (8= magnelic pressure
in which the reflection and the waves modification take place. Below it the motion is adiabatic

and the effects of the viscosity and the magnetic field are negligible. Above it the motion will be

), it creates an absorbing and reflecting transition region,

influenced by the combined effects of the viscosity and the magnetic field. Consequently, the
heating mechanism is acoustic for large # and magnetoacoustic for small 3.

When the magnetic field dominates the motion, it generates a non-absorbing reflecting layer.
This result is expected because of the dissipationless nature of the magnetic field. As a result of
that, the heating mechanism is magnetohydrodynamic and resonance will occur for many values
of the magnetic field and of the frequency. At the resonance frequency, the magnetic and the
kinetic energies increase to very large values which may account for the heating process.

Finally, if neither the viscosity nor the magnetic field dominates the motion, the nature of
the transition region and the magnitude of the reflection coefficient depend on the relative
strengths of the viscosity and the magnetic field.

2. FORMULATION OF THE PROBLEM.

We will consider an isothermal atmosphere, which is viscous and thermally nonconducting,
occupies the upper half-space z>0. It will be assumed that the gas is under the influence of a
uniform horizontal magnetic field and that is has infinite electrical conductivity. We will
investigate small oscillations about equilibrium which depend only on the time t and on the
vertical coordinate z. Let p,p,w, and B be the perturbations in the pressure, density, vertical
velocity, and the magnetic field strength, and Pg,p(, Ty, and By are the equilibrium quantities.

The equilibrium pressure and density,

Py(2)/ Py(0) = py(z)/pg(0) = exp( - z/ H), (21)

are determined by the gas law, pg = RTp, and the hydrostatic equation, p’+gpy =0, where R is
the gas constant, g is the gravitational acceleration, and H = RT/g is the density scale height.
The linearized equations of motion are:

powy+ Py +9p+(By/47)B, = 4pw,, /3, (2.2)
P+ (pgw), =0, (2.3)

By+ Byw, =0, (2.4)

Py—9pqu + c2powz =0. (2.5)

These are, respectively, the equation for the change in the vertical momentum, the mass
conservation equation, the equation for the rate of change of the z-component of the magnetic
field, and the pressure equation which is obtained from the adiabatic equation and the continuity
equation and ¢ = \/A7RT = \/7¢H = ‘/:ym is the adiabatic sound speed. Here u is the dynamic
viscosity coefficient, which is assumed to be constant, and the subscripts :z and t denote
differentiations with respect to z and t respectively. We will consider solutions which are
harmonic in time, i.e., w(z,t) = W(z)ezp( — iwt).

It is more convenient to rewrite the equations in dimensionless form; z’' = z/H,w, = ¢/2H,
W' =w/e,w’' =wfwg,t' = twg,a = czA/cz,p' =2p/(3py(0)cH)n = a —iw'y, cy= BO/W is the Alfven
speed at z=0, and w, is the adiabatic cutoff frequency. The primes can be omitted, since all
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variables will be written in dimensionless form from now on. One can eliminate P,p and B to

have an equation for W(z) only, by applying (% to (2.2) and substituting (2.3) - (2.5),

(D% = D+ W2/ W(z) + ne? DEW(z) = 0, (2.6)

where D =d/d:.

Boundary Conditions: To complete the formulation of the problem, certain conditions must be
imposed to ensure a unique solution. Physically relevant solutions must satisfy the dissipation
condition (DC), which requires the finiteness of the rate of the energy dissipation in an infinite
column of fluid of unit cross-section. Since the dissipation function depends on the squares of the

velocity gradients, this implies

00
/0 |W, | %z < oo. (2.7)

A boundary condition is also, required at z = 0 and we shall set

w(0)=1, (2.8)
by suitably normalizing W(z). It will be seen that the boundary conditions (2.7) and (2.8) will

determine a unique solution to within a multiplicative constant.
3. REDUCTION TO THE HYPERGEOMETRIC EQUATION AND SOLUTIONS.
The differential equation (2.6) can be reduced to the hypergeometric equation by introducing

a new dimensionless variable,

§= —ezp(—2)/n, (3.1)

then equation (2.6) will be transformed into

(€01 - D% + (1 - 26)D - 2 /aW(€) = 0, (32)

where D =d/d¢ and arg(—¢)= —arg(n). Equation (3.2) is a special case of the hypergeometric
equation

(61— €6)D% + (c— (a+b+1)¢)D — ab]W(€) = 0, (3.3)
with ¢= l,a=%+3 and b=%—s. where s= \/l_——wE/2 for w<1, s=0 for w=1 and
s=iVl—1 /2 =ik for w> 1, k is the adiabatic wave number and we will be interested in the last
case.

For fixed value of |n| >0, the point ¢=0 corresponds to z=o0, the point
€g= —1/n=ezp(—log|n| +i(x—0)) where 6 =arg(n) to z=0, and the segment connecting these
points in the complex ¢ — plane to z > 0.

For |£]| <1, equation (3.2) has two linearly independent solutions of the form

W](f) = F(avbv c, f), (34)
[0,
Wy(6) = W (O)ing + Zl%ﬂ €°((a-+n) — P(a) + Wb+ n) — Y(a) - 26(n + 1) +¥(n)]  (3.5)
n=1 »

where a=%+s,b=%-—s and F is the hypergeometric function. For |¢| >1 it is convenient to
choose
W,(€) = €~ %F(a,a,2a,6 ™ 1), (3.6)

Wy(6) =€ bF(b.b,20,6 1), 3.7
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The second solution W,(¢) will be ruled out by the dissipation condition. Finally, the solution of
equation (3.2) is

w(¢) = Cawl(f) = CaF(a,b,c, &), (38)
where C, is a constant which can be determined by the boundary condition W(0)=1 at
§g=ezp(—log|n| +i(x-6)). For [£] >1 and w # 1 the analytic continuation of W(¢) is

W(s)=ca[r((:2;b‘;)( s)“‘F(a,a,za:“>+5%(—?( €)~F(s,5,25, e“)} (3.9)

When w=1and |¢] > 1, the analytic continuation is given by
)2
W)= Cob (<0 P otD 5 (€7 M- O+ 260+ 1) =gt + H - vl =l (3.10)
‘(2)2”

4. ASYMPTOTIC ESTIMATE FOR THE KINETIC AND MAGNETIC ENERGIES.
For a bounded :- interval ¢~!=0(y), using equation (3.1) and retaining the most
significant terms in equation (3.9), we have asymptotically as n—0

I(b-a)
r(b)

W(z) ~Ca [ ezp [(2 +ik)z+ tn(q))]+ .2’2(_;’2 exp [(,:, —ik)z+ In(q))]] (4.1)

Using the boundary condition W(0) = 1 equation (4.1) will be written like

W(z) ~ [(_I+ITC) [ezp(% +ik)z + RC ezp(} - ik)z]} (42)

where the reflection coefficient RC is defined by

RC = ezp(240 + i6)), (4.3)
0y = arg(RC) =06y = 2kin|n|, (4.4)
8y = 2argT(2ik) — dargl(} + ik). (4.5)

It is clear that [ RC| = ezp(2k0), |RC| =1if § =0 and RC = | RC | ezp(if;).
The time average of the kinetic energy (K ) can be evaluated from equation (4.2) and one

obtains
1+[RC| +2|RClcos(2kz—0)
Kp=p|W|2= 1 4.6
g=rIW] 21+ RC|? (46)
It follows from equation (2.4) that the magnetic energy (M)
Bj 2
Mp=571W,|%x(Kp). (4.7)

From equation (4.6) and (4.7) we have the following observations

(I) When the viscosity dominates the oscillatory motion (a < u), and for large or small g =
'1c
6— —-2—, | RC | = ezp(— xk), and the maximum and the minimum values of the kinetic energy are A

_IRC| +2|RC| +1 _ coshrk+1
MM(KE) - 2]RC +1] ~ 2(coshwk + cosfy) (4'8)
and attained when
0, +2nx
=g (49)
ko~ \RCIZ=21RC1 +1 __ coshak—1
min(Kg) = 2]RC +1] " 2(coshwk + cosby) (4.10)
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and attained when 0 £ (2n+ D) (11)
Zm—T .
The magnitude of the reflection coefficient can be obtained from the maximum and the
ini alues of the kineti L masXE) th
minimum values of the kinetic energy. Let d = (R )’ then
| RC | :3%« (4.12)

If §,— (= + 2n7) the magnitude of the reflection coefficient will be unchanged.
(II)  When the magnetic field dominates the oscillatory process (p < a) and for small
8,6—0, | RC | =1, min(K 5)—0, and

Maz(M p)—Maz(K g)— T-}-cﬁ: (4.13)
If 6, — + (x + 2nx) then
Maz(M p)—Maz(K p)—oo. (4.14)

Consequently, the magnetic and kinetic energies will be increased to very large values when

0o+ (x+2nx) 0o+ (7+2n7)
Inln| =2—gp—=2—p—

where ) is the wavelength. We call this equation “the resonance equation”. The resonance

(4.15)

equation states that resonance will occur for many values of the frequency or of the magnetic
field if the wavelength is matched with the strength of the magnetic field.
5. DISCUSSIONS AND CONCLUSIONS.

It is known that an initiated disturbance results in a sound wave which propagates radially
away from the source with speed c. In the presence of a magnetic field, variations in the
atmospheric pressure will causes disturbances of the magnetic field -lines. Thus any attempt to
initiate a sound wave will result in the variation in the magnetic field. As a conclusion, the
sound will not propagate with sound speed ¢, and the directionality of the magnetic field will
render wave propagation anmistropic. As a result of this, the wave speed W¢ will be
Sg<Wg< Fg, where S¢ is the slow speed, Fg is the fast speed and they are defined by

’ 2.2
= /242 _ CCA
FS— c +CA.SS— m

If follows from our observations in section 4, that for large B2, Sg<Wg<Fg, and
consequently the heating process is either acoustic or magnetoacoustic. For small 8 we obtain
Sg<Wg<ec, and in conclusion the heating mechanism is magnetohydrodynamic. At the
resonance frequency the magnetic and the kinetic energies will increase to very large value and

that may account for the heating process.
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