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ABSTRACT. In [1], Craig and Goodman develop the geometrical optics solution of the
linearized Korteweg-deVries equation away from caustic, or turning, points. Here we develop an

analogous solution valid at caustic points.
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1. INTRODUCTION. In [1], Craig and Goodman consider the linearized Korteweg-deVries
(KdV) equation

dyu(z,t) = a(z,t)8u(z,t). (1.1)

where z represents space and t represents time. Their analysis begins with a geometrical optics
(WK B) solution. They first rescale the independent variables to obtain

O,u(z,t) = ea(z,)d3u(z,t) (1.2)

where € is a small parameter, then assume a solution of the form
u(z,t) = A(z, t;€)exp [% S(:c,t)] (1.3)
00
where A(z,t;e) = ) €’A, may be regarded as amplitudes and S(z,t) as the phase. Then
7=0
substituting (1.3) into (1.2) and regrouping, they develop an eikonal equation for the phase
8,5 + a(z,t)(8,5)* =0 (1.4)
a first order transport equation for A,
0,5 + 3a(z,1)9,{(8,5)*Ag) = 0 (1.5)
and the Hamiltonian, H(z,t,k,w) = w + a(z, )3, flow
& = 0 H = 3a(z, t)k? k= —8,H= —0,(a(z,t)k?
t=0,H=1 w= —8,H = — 8,(a(z,t)k?),
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where w = — 9,5 and the dots indicate differentiation with respect to time. Near caustic curves
this system is singular and the geometrical optics technique does not apply. An approach which
does apply at caustics is the Lagrange manifold technique ([2], [3], [4]). Here we apply this
technique at caustics associated with the linearized Korteweg-deVries equation.
2. FORMALISM.

Near caustics we assume an asymptotic solution of the form

u(z,t) = / Az, k,tie) exp [§ (ak — S(k, )k, (2.1)

o0
where amplitude A(z,k,t;¢) = E €’A, and its derivatives are assumed bounded and
i=o

zk — S(k,t) = ¢(z,k,t) may be regarded as a phase. Then carrying the differentiation in (1.2)
across the integral in (2.2) leads to

/ [£ A(= 8,5 + a(z, ) + (8,4 + 3a(s, )k?0, A)

— ie(3ka(z,)02A) - a(z, )03 A] ezp [E gltk = 0(0).  (2.2)

Here, the coefficient of the ! term is the Hamiltonian. On the caustic, the integral is evaluated
using the stationary phase condition [0,, ¢ = 0], which obtains the Lagrange manifold

z = 0, S(k,t) (2.3)

and turns the Hamiltonian into an eikonal equation, cf. (1.4),

— 3,5 + a(z, t)k* = 0. (2.4)

We obtain the phase from the Hamiltonian flow, (1.5). First these equations are solved to obtain

Tr= x(/“’a) k= k(g, ‘7)
t=¢u,0) w = w(g,0),
using p as an arbitrary ray-path parameter and o as an initial condition. Then the inversion of
the wave vector (k) and time transformations, followed by substitution into the coordinate space
map, determines the Lagrange manifold explicitly,
T= (L’(p(t, k))a(t7 k)) = akS(k’ t)'
An integration along the trajectories obtains
S(k,t) = / "z dk
ko
and hence the phase
é(z, k,t) = zk — S(k,1). (2.5)
We obtain a transport equation for the amplitudes by first Taylor-expanding the
Hamiltonian near the Lagrange manifold to obtain
A(z, k,t;€)( — 8,5 + a(z,t)k®) = A(8,S,k,tie)( — 8,S + a(0,S, 1)k>)
+(z—0,S)D = (z - 0,S)D,
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where

D= / L3, H(v(z - 8,5) + 8,8, k, t)d~
0

with H the Hamiltonian, i.e., H = 8,5 + a(z,t)k*. Next substituting into (2.2) leads to

/ (= 84A)D + (- 0,D)A + 8,4 + 3a(x, )k?024
— tea(z, t)(3k02A) — €%a(x, )03 A] exp [% ¢>]dk = 0(e).

Finally, introducing the non-Hamiltonian flow

& = 3a(z,t)k?02A k=-D t=1
and requiring that
(= 0xA)D + (- dD)a + 8,A + 3a(z,t)k?d2 A
— tea(z,t)(3k02A) — ea(z,t)02A = 0
in a neighborhood of the Lagrange manifold determines the transport equation

% — A,0,D — 3ka(z,t)0%A, _, —a(z,t)03A4,_, =0 (26)
for the evolution of the amplitudes A,.
The asymptotic evaluation of the field integrals at the caustic points has been detailed
elsewhere ([2], (3], [4]). For brevity, we do not repeat the procedure here.

REFERENCES
1. CRAI(G, W) and GOODMAN, J., Linear dispersive equations of Airy type, J. Diff. Eqns. 87
1990), 38-61.

2. ARI, N. and GORMAN, A.D., Time-evolution of a caustic, Internat. J. Math. and Math.
Sci. 11 (1988), 805-810.

3. GORMAN, A.D., On caustic associated with hyperbolic systems, Quart. Appl. Math. XLIX
(1991), 773-780.

4. GORMAN, A.D., On the asymptotic series solution of some higher order linear differential
equations at turning points, Internat. J. Math. and Math. Sci. 7 (1984), 541-548.



