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ABSTRACT. Cain and Nashed generalized to locally convex spaces a well known fixed point
theorem of Krasnoselskii for a sum of contraction and compact mappings in Banach spaces. The
class of asymptotically nonexpansive mappings includes properly the class of nonexpansive
mappings as well as the class of contraction mappings. In this paper, we prove by using the same
method some results concerning the existence of fixed points for a sum of nonexpansive and
continuous mappings and also a sum of asymptotically nonexpansive and continuous mappings in

locally convex spaces. These results extend a result of Cain and Nashed.
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1. INTRODUCTION.

Let K be a nonempty closed convex bounded subset of a Banach space X. In 1955,
Krasnoselskii [6] proved first that a sum T+ S of two mappings T and S has a fixed point in K,
when T:K—X is a contraction and S:K—X is compact (that is, a continuous mapping which maps
bounded sets into relatively compact sets) and satisfies the condition that Tz+Sye K for all
z,ye K. Nashed and Wong [7] generalized Krasnoselskii’s theorem to sum T +S of a nonlinear
contraction mapping T of K into X (that is, ||Tz—Ty|| <é(||z—y||) for all z,y € kK, where ¢ is a
real valued continuous function satisfying certain condition) and a compact mapping S of K into X.
Subsequently, Edmunds [4], Reinermann (8] extended Krasnoselskii’s theorem to a sum T+ of a
nonexpansive mapping T and a strongly continuous mapping S (that is, a continuous mapping from
the weak topology of X to the strong topology of X) when the underlying spaces X are Hilbert
spaces and uniformly convex Banach spaces respectively. »

Krasnoselskii’s theorem was further extended by Cain and Nashed [2] to a sum T+5 of a
contraction mapping T of a nonempty complete convex subset K of a locally convex space X into X
and a continuous mappings S of K into X. Sehgal and Singh [9] generalized the above result of
Cain and Nashed [2] to a sum T +S of a nonlinear contraction mapping T of K into X and a
continuous mapping S of K into X. This result generalizes the result of Nashed and Wong [7].

The study of asymptotically nonexpansive mappings concerning the existence of fixed points

have become attractive to the authors working in nonlinear analysis, since the asymptotically
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nonexpansive mappings include nonexpansive as well as contraction mappings. Goebel and Kirk [5]
introduced the concept of asymptotically nonexpansive mappings in Banach spaces and proved a
theorem on the existence of fixed points for such mappings in uniformly convex Banach spaces.

The aim of this paper is to prove fixed point theorems for a sum of nonexpansive and
continuous mappings in locally convex spaces. Throughout this paper, let X denote a Hausdorff
locally convex linear topological space with a family (pa), ¢y Of seminorms which defines the
topology on X, where J is any index set.

We recall the following definition.

DEFINITION 1.1. Let K be a nonempty subset of X. If T maps K into X, then
(a) T is called a contraction (2] if for each a € J, there is a real number k, with 0 <k, <1 such
that

Pal(Tz —Ty) < kgpo(z—y) for all z,y in K.

(b) T is called a nonexpansive if k, =1 in (a).
(c) T is called an asymptotically nonexpansive [11] if

Pa(Tz = T™y) < kppolz —y) for all z,y in K,

for each a € J and for n = 1,2,..., where {k,} is a sequence of real numbers such that lim &, =1.

It is assumed that k, > 1 and k, >k, | forn=12,...

We introduce the following definition.

DEFINITION 1.2. If T and S map K into X, then T is called a uniformly asymptotically
regular with respect to § if, for each a in J and n > 0, there exists N = N(a,) such that

pa(T"z—T"'lz+Sz)<n for all n > N and for all z in K.

EXAMPLE 1.3. Let X =R and K =[0,1].
We define a map T:K—X by Tz =1+«z for all z in K.
Then T2z = T(1 +z) =2 +z. By induction, we prove that

Tz=n+z.

We define a map S:K—X by Sz= -1 for all z in K.
Therefore |T% —T"~ 1z +Sz| =0. Hence T is uniformly asymptotically regular with respect to S.
REMARK 1.4. T is uniformly asymptotically regular with respect to the zero operator means
that T is uniformly asymptotically regular [11]. The following example shown in [11] that uniform
asymptotic regularity is stronger than asymptotic regularity.
Let X = €P,1 < p < 0o and K denote the closed unit ball in X. Define a map T:K— by

Tz = (£g,€3, ) for all z = (£,5,63,--) € K.
2. MAIN RESULTS.
We state the following Tychonoff’s theorem and Banach’s contraction principle which will be
used to prove our theorems 2.1 and 2.2.
THEOREM A [10]. Let K be a nonempty compact convex subset of X. If T is continuous
mapping of K into itself, then T has a fixed point in K.
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THEOREM B [2]. Let K be a nonempty sequentially complete subset of X. If T is a
contraction mapping of K into itself, then T has a unique fixed point u in k¥ and T"z—u for all z in

K.
The following theorem is an extension of Theorem 3.1 of Cain and Nashed [2] for a sum of

contraction and continuous mappings to a sum of certain type of asymptotically nonexpansive
mapping T and continuous mapping S in locally convex spaces X by assuming the conditions that T
is uniformly asymptotically regular with respect to § and T"z + Sy € K for all z,y in K and n=1,2,....
This result is new even in the case of normed linear spaces.

THEOREM 2.1 Let K be a nonempty compact convex subset of X. Let T be an
asymptotically nonexpansive self-mapping of K. Let S be a continuous mapping of K into X.
Suppose that T is uniformly asymptotically regular self-mapping of K with respect to the mapping
S and that T"z + Sy € K for all z,y€ K and n=1,2,.... Then T + S has a fixed point in K.

PROOF. For each fixed y in K, we define a map H, from K to K by

Hpy(z) =a,(T"z+ Sy) for all z€ K.
where a, = (1-1/n)/k, and {k,} is an in Definition 1.1(c). Since T is asymptotically nonexpansive,
it follows that

Pa(Hyp(a) — Hy(b)) = “nPa(Tn“ -T™)

<(1-1/n)pyla—1b) for all a,b in K.

Hence H,, is a contraction on K. By Theorem B, H,, has a unique fixed point, say, L,y in K.
Therefore

Lyy = Hy(Lpy) = ap(T™(Lyy) + Sy). (2.1)

Let u,v € K be arbitrary. Then we have

Pa(Lpt = Lpv) < apo(T™(Lpu) = T™(Lpv)) + 6P (St — Sv)
< (1-1/n)py(Lpu = Lpv) + anpo(Su - Sv)
Therefore
Pl Lt — L) < nanpa(Su— Sv). (22)
Since § is continuous, L, is continuous.
Using Tychonoff’s Theorem A, we see that L, has a fixed point, say, z,, in K. Therefore
z, = Lyz, = ay(T"z,, + Sz,). (2.3)

Hence z,, — T"z,, - Sz,, = (ap, — 1)(T"z,, + Sz,)—0 as n—oo, since a,—1 as n—oo and K is bounded and
T"z + Sy € K for all z,y € K. (2.4)
Since T is uniformly asymptotically regular with respect to S, it follows that

Tz, - T" ~ 1z, + Sz,—0 as n—co. (2.5)

From (2.4) and (2.5) we obtain

z,-T"~ lzn—»O as n—oo. (2.6)
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pa(’n - (T + S)In) S Pu(zn - (Tn + S)zn) + pa((Tn + S)zn - (T + S)I")
< pa(rn—(T"+S)zn)+k1pa(T"—lzn—zn). (2.7)

Using (2.4) and (2.6) in (2.7) we get

zp, — (T + S)z,—0 as n—oo. (2.8)

Since K is compact, there exists a subnet (z ) of the sequence {z,} such that

zﬂgu for some u € K.

Since T and S are continuous, it follows that

U= T+8)eg) L (1= +5)w)
and by (2.8) we get
25— (T +5)(z5) ..
Since X is Hausdorff, it follows that (I — (T + $))(v) =0. Hence T + S has a fixed point v in K.

For nonexpansive mapping T, the condition that T is uniformly asymptotically regular with
respect to the map S is not needed in the following theorem. This theorem is an extension of
Theorem 3.1 of Cain and Nashed [2] for a sum of contraction and continuous mappings in locally
convex spaces.

THEOREM 2.2. Let K be a nonempty compact convex subset of X. Let T be a nonexpansive
mapping of K into X and § be a continuous mapping of K into X such that Tz + Sye K for all
z,y € K. Then T + S has a fixed point in K.

PROOF. For each fixed y in K, we define a map H,, from K to K by

Hy(z) = M\y(Tz + Sy) for all z e K,

where {),,} is a sequence of real numbers with 0 < A, <1 and A,—1 as n—oco.
Proceeding as in the above theorem, we obtain a sequence {z,} in K such that z, = A,(Tz, + Sz,).

Since K is compact and {z,} C K, there exists a subset (z 8 of the sequence {z,} such that

zﬂ—ﬂ-»z for some z in K.

Therefore zg=Ag(Tz5+ Szp). Since T and S are continuous, it follows that = = (T + S)z. Hence
T + S has a fixed point z in K.
The following example shows that the above theorem cannot be deduced from Theorem 2.1.
EXAMPLE 2.3. Let X=space (s), the space of all sequences of complex number whose
topology is defined by the family of seminorms p,, defined by

pp(z) = maz | 13 | for z= (51,52,...) €Xand n=1,2,...

Let K ={z e X: |ej| <1for j=1,2,..}.
Then K is compact [3, Problem 47, p. 346]. Also K is convex.
We define a map T from K to K by Tz = (3/4) z for all z € K. Then T is nonexpansive.
We define a map S from K to K by Sy =(1/4) y for all y € K. Then § is continuous.
If a,b € K, then we have
Pn(Ta+ Sb) < (3/4)pp(a) + (1/4)pu(b).
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Therefore Ta + Sb € K for all a,b € K.
Suppose that ¢; =(1,0,...) € K. Then we have

T(e)) = (3/4,0,0,...), T™~ (e) = (374"~ 1,0,0,..)
T™(e;) = ((3/4)™0,0.....) and S(e;) = (1/4,0.....
Therefore
Pa(T™(e)) = T™ ™ ep) + S(e)) = 1 3/4)™ = 3/4)™ ~ 1+ 1/4|
= [(1/4)(1 = (3/9™ 1) | =1/4 as m—oo.

Hence T is not uniformly asymptotically regular with respect to S.

The following example shows that if the condition Tz + Sy in K for all z,y € kK of Theorem 2.2 is
dropped, then the conclusion of theorem fails.

EXAMPLE 2.4. Let X =R and K =[0,1].

We define a map T from K to K by Tz=z/2 for all ze K. Then T is a contraction and hence
nonexpansive. We define a map § from K to K by Sy =1 for all ye K. Then S is continuous.
Suppose that a =3/4,b€ K. Then |Ta+Sb| =11/8 <1¢ K. Therefore Ta+ Sb ¢ K for some a,b € K.

If uis a fixed point of T+ S in K, then u=Tu+Su=(u/2)+1 and therefore u=2¢ K. Hence T +$
has no fixed point in K.

To prove of the following Theorems 2.5 and 2.6, we need the following extension of Tychonoff’s
Theorem A.

THEOREM C [1, p. 169]. Let K be a nonempty closed convex subset of a locally convex space
X. If T is a continuous mapping of K into itself such that T(K) is contained in a compact subset of
K, then T has a fixed point in K.

In Theorems 2.5 and 2.6, the compactness of the set K of Theorems 2.1 and 2.2 is replaced by
a weaker condition that the set K is a complete and bounded set, but the mappings T and S are
required to satisfy additional conditions that S(X) is contained in some compact subsets of K and
(I -T - S)(K) is closed.

THEOREM 2.5. Let K be a nonempty complete bounded convex subset of X. Let T be an
asymptotically nonexpansive self-mapping of K. Suppose that § is a continuous mapping of K into
X such that S(K) is contained in some compact subset M of K. Assume further that 7T is a
uniformly asymptotically regular with respect to S and that T"X +Sy in K for all z,y€ K and
n=12,.. If (I-T-5)(K)is closed, then T + S has a fixed point in K.

PROOF. Define a map H,, as in the proof of Theorem 2.1. Proceeding as in Theorem 2.1, K
and L, satisfy all hypotheses of Theorem C, where L, is as in the proof of Theorem 2.1. By
Theorem C, L, has a fixed point, say, z,, in K. Since (I -T - S)(K) is closed, it follows from (2.8)
that 0 € (I - T - S)(K). Hence the proof is complete.

THEOREM 2.6. Let K be a nonempty complete bounded convex subset of X. Let T be a
nonexpansive mapping of K into X. Suppose that S is a continuous mapping of K into X such that
S(K) is contained in a compact subset M of K and Tz+Sye K for all z,ye K. If (I-T-S)(K) is
closed, then T + § has a fixed point in K.

PROOF. Define a map H,, as in the proof of Theorem 2.2. Proceeding as in the proof of
Theorem 2.2 and using Theorem C instead of Tychonoff’s Theorem A, we obtain a sequence {z,} in
K such that z,, = A\,(Tz,, + Sz,,).

Since A;—1 as n—oo and K is bounded, it follows that (I - T - S)z,—0 as n—oo.
Since (I -~ T - S)(K) is closed, it follows that 0 € (I - T — S)(K).
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Hence the proof is complete.

The following example shows that if the condition Tz + Sy in K for all z,y € K of Theorem 2.6 is
dropped, then the conclusion of theorem fails.

EXAMPLE 2.7. Let X=¢, and K={z€eX:|lz]| <1}. Define a map T from K to K by
Tz =(0,€;,€y,..) for all z € K. Then T is an isometry and hence nonexpansive.
Define a map S from K to K by Sy=(1- |[y|2,0....) for all ye K. Then § is compact and hence §
is continuous S(K) is contained in a compact subset of K.
Suppose that a = (1/2,0,....),b = (0,....) € K. Then we have

| Ta+Sb]12 =1+ (1/4) = 5/4.

Therefore Ta+ Sb ¢ K for some a,b € K. Suppose that z is a fixed point of T+ $ in K. Then

z=(T+S)z=(1-lz12¢,6-).

Therefore ¢, =1= ||z||% for n=1,2,... But lim €, =0. Thus lim ¢, =1- ||| 2 and hence ||z|| =1.

Therefore z=(1- ||z]||2,..)=(0,..) and so ||z|| =0 which contradicts ||z|| =1. Thus T +S has no
fixed point in K.
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