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ABSTRACT. We consider several norms on the span of the set C of all copulas. Dominance and
equivalence relationships among the norms are discussed, and completeness issues are addressed.
The motivation for the study is discussed. Applications to the study of one parameter semigroups
of copulas are also addressed.
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1. INTRODUCTION.
A copula is a function C : [0,1]> — [0, 1] satisfying the boundary conditions C(z,0) =
C(0,y) =0, C(z,1) =z and C(1,y) =y, for all z, y € [0,1], and the monotonicity condition

C(zlyyl) - C($21y1) - C(xlvy2) + C($2) y2) 2> 0

whenever z; < z2 and y; < y2. These conditions imply that C is a continuous function. Copulas
are of interest because they link joint distributions to marginal distributions: for any real valued
random variables X; and X with joint distribution F)s there is a copula C such that

Fia(z1,22) = C(Fi(z1), Fa(z2))

where F; and F3 denote the cumulative distribution functions of X; and X, respectively. For
a proof, see Sklar[6, 7]. Knowledge of basic properties of copulas will be assumed in this paper,
though references will often be given when they are used. For a discussion of these properties,
see Darsow et al. [2]; Sklar [6, 7).

We denote by C the set of all copulas. C is closed under convex combinations and under a

product operation A * B defined by

1
A * B(z,y) =/ Ao(z,t)B1(t,y) dt.
0

Here and in the sequel the subscripts ,1 and , 2 denote partial derivatives:

0A

Balew) = 520)  Aaley) = 2 ().
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The copulas P(z,y) = zy and M (z,y) = min{z,y} are null and unit elements with respect to
the product operation; that is,

AxP=PxA=P AxM=MxA=A

for all copulas A, as is readily verified using the definition of the product. A copula E is idempotent
if Ex E = E; both P and M are idempotent, and there are many other idempotents. A copula
A is left invertible if there is a copula B such that B x A = M and right invertible if there is a
copula B such that A x B = M. If A is left invertible, its left inverse is the copula AT defined
by AT (z,y) = A(y, z); similarly, if A is right invertible, its right inverse is AT, Darsow et al. [2].
There exist copulas which possess one-sided but not two-sided inverses.

The set C is also closed under uniform limits: if A,, € C for all n and A,, — A uniformly, then
necessarily A € C. In fact, the set C is a compact subset of C°([0, 1)) under the uniform norm.
This is a useful property. However, the product does not behave well under the uniform norm.
If A, — A uniformly and B is any copula, then A, * B — A * B and B *x A, — B x A, Darsow et
al. {2], so that the product is continuous in each place. But the product is not jointly continuous.
It can be shown that (two-sided) invertible copulas are dense in C in the topology of uniform
convergence. If A, is a sequence of invertible copulas converging to a noninvertible copula, say
P, then AI *Ap =M forall n but PT« P = P # M. It follows that the product is not jointly
continuous. This is an inconvenient fact, and a part of the motivation for the research reported
here was to find a natural topology on the set of copulas under which the product operation
was not only continuous in each place but also jointly continuous. The joint continuity issue is
discussed at various points in the paper.

One parameter semigroups of copulas arise naturally in the study of Markov processes, Dar-
sow et al. [2]. Let C be any copula, let E be an idempotent copula satisfying C*E = ExC = C,
and let a be a positive number. Then A, defined for ¢t > 0 by

is a semigroup of copulas: Ag s = Ag*A;. In the definition, C*¥ denotes the k-fold * product of C
with itself; the series converges uniformly for all a and ¢, as is easy to verify. The classical theory
of one parameter semigroups is developed in the context of Banach algebras. To investigate the
applicability of the classical theory to semigroups of copulas, it is natural, first, to work in the
span of C, which we will denote span (C), rather than C itself, and, second, to seek a norm under
which span (C) is in fact a Banach algebra. This was a second part of the motivation for the
research reported here. The application of this research to one parameter semigroups of copulas
is discussed in Section 6 of this paper.

The paper is organized as follows: In Section 2, Preliminaries, we discuss span (C) and define
the norms to be treated in subsequent sections. In Sections 3, 4 and 5, we discuss the Minkowski
norm, Sobolev norms, and the Jordan norm on span (C), respectively. Section 6 is devoted to
semigroups of copulas and Section 7, to discussion and conclusions; in particular, we shall make
some comments about compactness in Section 7.

2. PRELIMINARIES.
By span (C) we mean the linear span of the copulas — the set of all finite real linear combi-
nations of elements of C. Any element A € span (C) can be written in the form

A=sB-1tC (2.1)

where s and t are nonnegative and B and C are copulas. To see this, observe that if

A= iakAk
k=1
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where Ax € C and ag is a real number, then we can write

Ak —ak
A = — A — — = —
s E s/lk t E ; Ax =sB —tC
ax >0 ax <0

where the last equality defines B and C and

S:Zak and t:—Zak.

ax >0 a, <0

(In both of the foregoing equations, the sum is taken to be zero if the set summed over is empty.)
Observe that B and C are copulas, since C is closed under convex combinations. We will make
repeated use of the observation (2.1), usually without comment.

We now define the norms we will investigate.

Minkowski norm. The symbol B =co(—C U C) denotes the convex hull of the set —C UC,
that is, the set of all convex combinations of members of C and —C. It is easy to see that
span (C) = Ug»otB. For any A € span (C) define

Al = inf{t > 0| A € tB}. (2.2)

|| - ||m is sometimes referred to as a Minkowski functional; it is easy to verify that it is a norm
on span (C), e.g. Rudin [5]. There is a more convenient definition of the Minkowski functional:

[|Aljpm = inf{s +t|s,t >0 and A = sB — tC for some B, C € C}. (2.3)

It is easy to verify that (2.2) and (2.3) are equivalent definitions; we omit the proof.

We will show in Section 3 that span (C) is a Banach algebra under the norm || - ||p. The
problem with the Minkowski functional is that it is difficult to compute and thus is cumbersome to
work with. We include some results in Section 3 which facilitate the calculation of the Minkowski
norm for certain special classes of elements of span (C).

Sobolev norms. Since the x product is defined using first partial derivatives, it seems natural
to work with norms which take derivatives into account. It is readily verified that

ccwm™r((0,1%)
for m = 0,1 and all p € [1,00]. W™P(Q2) denotes the Sobolev space
{f|f€LP(Q) and D*f € LP(Q) for all multi-indices @ for which |a| < m }.

Here, Q C RY, a multi-index « is a d-tuple of nonnegative integers, |a| denotes the sum of the
components of a, and D denotes a distributional partial derivative. In our case, d = 2 and
m =0 or 1, so that & = (0,0), (1,0) or (0,1), and D@0 f = f DO 5 = f1 and DOy = fa
It is well known, e.g. Adams [1], that each of the Sobolev spaces so defined is a Banach space
(i.e., is complete) under the norm defined by

(Y 10°71R)" pell o)

[fllmp = OSlelsm (2.4)
max ||D¢ = 00.
e D%l p
We will show in Section 4 that C is a complete metric space under the Sobolev norms || - ||1,
and that on C the product is jointly continuous with respect to || - |1, for p € [1,00); it is an

open issue whether the product is continuous (jointly or separately) with respect to the norm
| - Il1,00- We will also show that, on span (C) each of the Sobolev norms is dominated by, but is
not equivalent to, the Minkowski functional || - ||p and that span (C) is not a closed subspace of
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any of the W™P spaces. The issue of continuity of the * product on span (C), as opposed to C
itself, is an open one.

Jordan norm. We have occasionally found it convenient to work with one other norm.

It is well known, cf. Darsow et al. (2|, that a copula induces a unique doubly stochastic

probability measure uc on [0, 1]2 via the assignment

pc(lz, z2] x [y, y2]) = C(z1,11) — Clz2,11) — C(z1,92) + C(x2,y2) (2.5)

as the measure of a rectangle. Conversely, for any doubly stochastic measure p, there is a unique
copula C, defined via

C”(z,y) = “([OvI] X [Ov y])

Thus, doubly stochastic measures on [0, 1]2 and copulas are in one to one correspondence. An
element C € span (C) induces a finite signed measure on [0, 1|2 via the definition (2.5). All linear
combinations of doubly stochastic measures are obtained in this manner.

It is also well known, cf. Halmos (3], that for any finite signed measure u there exist mea-
surable sets ET and E~ such that EYNE~ = ¢, EtUE~ = [0,1] and, for all measurable sets
F,u(ETNF)>0and u(E-NF) <0. It follows that u+ and x~ defined by

pwH(F)=pn(E*NF) p (F)=-p(E"NF)

are measures. Furthermore, u* and p~ are unique, though the sets E* and E~ need not be.
The decomposition p = u* — u~ of a finite signed measure as the difference of two measures
is called the Jordan decomposition. The set of finite signed measures is closed under real linear
combinations, and it is an easy exercise to show that

lells = w*((0,11%) + ™ ((0,1)?)

defines a norm on the set under which the set is a Banach space, Halmos (3, p. 123, Ex. (4)].
For A € span (C) we define the “Jordan” (or total variation) norm

NAls = llualls. (2.6)

We will show in Section 5 that the Jordan norm dominates, but is not equivalent to, the
uniform norm and is dominated by, but is not equivalent to, the Minkowski functional. We will
also show that span (C) is not complete with respect to the Jordan norm. The continuity (or lack
thereof) of the x product in the topology of the Jordan norm is an open issue.

3. MINKOWSKI NORM.

We will show that span (C) is a Banach algebra under the Minkowski norm. The proof will
be by way of two preliminary lemmas and two theorems. Then we will state and prove some
miscellaneous facts which are useful in computing the Minkowski norm of an element of span (C)
in some special cases.

LEMMA 3.1. The Minkowski norm dominates the uniform (W %) norm on span (C).

PROOF. Observe that if A = sB — tC, where s, t > 0 and B, C € C, then

ll4llo,00 < slIBllo,c0 + tllCll0,00 = s + ¢

since the uniform norm of any copula is 1. Thus, ||A]lo,c is a lower bound of the set whose
greatest lower bound is the Minkowski norm. The desired conclusion follows. |

The infimum in the definition (2.2) of the Minkowski norm is actually achieved:

LEMMA 3.2. For any element A € span (C), there exist numbers s, t > 0 and B, C € C such
that A = sB — tC and ||A||p = s + t.
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PROOF. By the property of the infimum, there exist numbers s,, t, > 0 and copulas B,, Cn
such that A = s,Bp — t,Cpr and s + tn | [|A||m. But B,(1,1) = C,(1,1) = 1 for all n, so
sn —tn = A(1,1) is a constant (and thus convergent) sequence. It follows that the sequences s,
and t,, both converge; call their limits s and ¢t. Furthermore, since C is compact in the uniform
topology, there is an increasing sequence of indices ny such that B,, and C,, both converge
uniformly; call their uniform limits B and C. Clearly A = sB — tC. |

THEOREM 3.1. Span(C) is complete under || - || um-.

PROOF. This is a classical proof, adapted to the case of copulas. Suppose that A,, is Cauchy
with respect to || - || p. Passing to a subsequence, if need be, assume that ||Ap41—An|y < 27D
for all n. Using Lemma 3.2, we can find nonnegative numbers s,, and t,, and copulas B, and C,
such that

Ap = 5,Bn — t,Chp and sn+ttn=||Anllm-

Observe that (by the triangle inequality) the sequence of numbers ||[Ap||pr = sn + tn is Cauchy,
and observe also that s, — t, = A,(1,1) is Cauchy, since by Lemma 3.1 the Minkowski norm
dominates the uniform norm. It follows upon taking sums and differences that both s, and t,
are Cauchy; call their limits s and ¢. Since C is compact, we can find an increasing sequence
ny of indices such that B,, and C,, both converge uniformly; call their limits B and C. Set
A = sB —tC and observe that A € span (C). Clearly A,, — A uniformly, and A, — A uniformly
follows easily. To complete the proof, observe that we can write

e <]
A=A+ Z(A,c+1 — Ax).
k=1

This is true pointwise, by the argument above. But also

o0
4= Anllar = 1) (Akr — Ak)lIm

k=n

o0
< 22—(“1).

k=n

Thus, ||A — Ap|lpm — 0, and span (C) is complete under || - ||p-. |

The following theorem completes the proof that span (C), together with the * product, is a
Banach algebra. It is not obvious, but * defines an associative binary operation on C, Darsow et
al. [2], and associativity for the extension of * to all of span (C) follows, so we need not address
this issue.

THEOREM 3.2. For all A1, Az € span (C), ||A1 * A2||m < ||Ar||m]|A2|| -

PROOF. Write Ay = sgxBk — txCk where sk, tx > 0, Bg, Cx € C and sk + tx = ||Ak||m,
k=1, 2. Then

5182 tity
s182 + tltZBl *Bat s182 + tltzcl * 02)
t152 sit2

— (t1s2 + sltg)(mcl * Bg + mBl * Cz)

= (8182 + tth)B’ - (tlsg + sth)C'.

Ay x A2 = (s182+ t1t2)(

The last expression defines B’ and C’; clearly both are copulas, since C is closed under the x

product and under convex combinations. It follows that
lA1 % A2llm < s1s2 + tita + tis2 + s1t2 = (51 + t1)(s2 + t2) = [|Ar||ml| A2l M-

This is the desired result. |
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This completes the proof of the main result concerning the Minkowski norm. Observe that
continuity of the * product in each place, and also joint continuity, follow immediately from
Theorem 3.2. We turn to the computation of || - || in special cases.

THEOREM 3.3. If B and C are any two distinct left (or right) invertible copulas, and s and
t are any nonnegative real numbers, then ||sB — tC||p = s + ¢.

PROOF. Suppose that B and C are left invertible and B # C, and s,t > 0. Clearly
lsB—tCllm < s+t

Since B and C are left invertible, B} and C,; are 0 or 1 almost everywhere, Darsow et al.
[2]. It is easy to see that the measure of the set where the first partial derivative B 1 is 1 is 1/2,
and similarly for the measure of the set where C,; = 1. Since B # C, it follows that the sets

Fi1 ={(z,y)|B(z,y) = 1 and C,1(z,y) = 0}
Fy = {(z,y)|B1(z,y) =0 and C(z,y) = 1}

have (equal) nonzero measure. Now suppose that s’, t' > 0 and D, E € C are such that
sB—tC=s'D—-t'E.

Take partial derivatives with respect to z and evaluate at points (z,y) € F; where the derivatives
of all four copulas B, C, D and FE exist (this is almost all points of Fy, [2]) to obtain

s =3B (z,y) —tC(z,y) = s'D 1(z,y) —t'E 1 (z,y)) < &’

using the fact that the first partial derivatives of any copula lie in [0, 1], wherever they exist, [2].
It follows that s < s’. By similar argument, evaluating on F3, t < t’. Thus s +t < ||sB — tC||m.
This completes the proof for left invertible copulas. The corresponding result for right invertible
copulas follows by taking transposes. |

It follows from the foregoing result that if B and C are any two distinct left (or right)
invertible copulas, then ||B — C||p = 2. The topology of the Minkowski norm, restricted to the
group of invertible copulas, is accordingly the discrete topology.

The next result concerns the Minkowski norm of differences of copulas which are ordinal
sums. The ordinal sum construction is as follows: Let {(an, bn)}nez be a partition of [0, 1], that
is, a finite or countable set of disjoint open intervals the closure of whose union is the whole
interval. To each n € Z, assign a copula A,. Define a function A : [0,1]% — [0, 1] via

T —an Y —an 9
bn —an)A =z T b
A(Iyy) = on +( n an) n(bn - an’ bn - a")7 (i,y) € [any n]

M(z,y), otherwise.

Then A is a copula, Darsow et al. [2]. A is called the ordinal sum of the copulas A,, with respect
to the given partition. We will write A = @,e7A, for the ordinal sum.

THEOREM 3.4. Let A = ®ne7An and B = ®,ec7B, be copulas which are ordinal sums
with respect to the same partition of [0,1]. Then

14 = Blly = max 140 = Bullu.

PROOF. We will prove the result when Z = {1,2} and (a;,b;) = (0,A) and (a2, b2) = (A,1)
for some X € (0,1). The general result then follows via an inductive argument.
Thus, suppose that A;, A2, B; and Bj are copulas and write

ACI(%)%)v OS-’L‘)‘.US/\

T-Ay—2A (3.1)
<z,y< .
1oy ASTysl

M (z,y), otherwise

C(z,y)zCIQCg(z,y)z ,\+(]_,\)CQ(
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where C = A or B. Suppose A} — B} = sD; —tDy where s, t >0, D1, Dy € C and |41 — Bi||lm =
s+t; evaluate at (1, 1) and conclude that necessarily s = ¢. Similarly, suppose Ao— By = uE|—vE3
where u, v > 0, Ey, E2 € C and ||[A2 — Ba||m = u + v; evaluate at (1,1) and conclude that

necessarily u = v. Suppose that s > u (the proof is similar if s < u) and set

s —u

Fr= B+ M, k=1,2.
S

S

Then Ay — By = sF, — sFy. It follows that
A—-B=sD,®F,—sDy® Fs

so that ||A — Bl|m < 25 = maxx—1 2 [|Ax — Billm-

The opposite inequality utilizes a construction we have occasionally found useful in trying to
work with the Minkowski norm. Suppose that A — B = sD — tE, where s, t > 0, D, E € C and
[|lA — B||m = s + ¢; evaluate at (1,1) and conclude that s = ¢; evaluate at (z, ) and (A, y) and
conclude (using the fact that, by (3.1), A and B agree at (z,)) and (A, y))

D(z,A) = E(z, ) for all = (3.2)
D(M\y)=E()\vy) for all y. (3.3)

We want to show that ||Ax — Billm < 2s, k = 1,2. We will show that the result holds for
k = 1; the proof for k = 2 is similar.
Observe first that

a1
— (= = <
32 D02 Ay)) = D1(Ae, Ay) < 1

4 1
5o (5D(Az,Ay)) = D2(Az, Ay) < 1.
oy A ’

It follows that if for any ¢ > 0 we set

6(z) = ((1+ )z — %D(,\z,)\))/‘/l te- %D(“)
¥(y) = (1+e)y— %D(A,,\y))/,/l +e— %D()\,/\)

the functions ¢ and ¢ are strictly increasing on [0, 1]. (Observe that necessarily D (X, ) < A; this
is a basic property of copulas, Darsow et al. [2].) To complete the construction, define for all
(z,y) €0,1)?

Bile,v) = 6)w() + ;D02 )

Bi(e,9) = 6(@)0@) + 1B, M),

It is readily verified that D, = D1/(1+¢) and E; = E; /(1 +€) are copulas; monotonocity follows

from the fact that D and E are copulas and the fact that ¢ and ¢ are increasing; the boundary

conditions for D; are verified by direct calculation, and those for E; follow from (3.2) and (3.3).
The desired result now follows easily. For all z, y € [0, 1] we have by construction

Ar(e,9) - Bi(e,y) = TAOw M) — 1B(Aa,2y)  (using (3.1))

%D(/\z,)\y) - ;E(/\x,/\y)
(14 €)sD1(z,y) — (1 +€)sE1(z,y).
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Thus, for any € > 0, 4] — By||m < (1 +€)2s = (1 +¢)||A — B||pm- The theorem follows. |

Since span (C) is a Banach algebra under || - ||ar, the Minkowski norm is a natural one, and
the issue of how to compute it becomes important. We will return to the issue of how to compute
the Minkowski norm again in Theorem 5.2.
4. SOBOLEV NORMS.

We will work with the Sobolev seminorm |A], , given by

1,1 1/p
A1(z,y)P + |A2(z,y)P) dz d , 1,
= L ([ [ (s v iaaeir)asa) " penew
max{ess sup |4 1(z,y)|, ess sup |4 2(z,y)|}, p = oo.
THEOREM 4.1. For all p € [1, 0], | - |1, is a norm on span (C) equivalent to || - ||1 .

PROOF. This follows from the fact that an element A € span (C) necessarily vanishes on
the lower and left boundaries of [0, 1]2. The details of the proof can be found in Adams {1].

One of our principal results is that the * product restricted to C is continuous in each place
and jointly continuous in the topology of | - |, p, for p € [1,00). Whether or not the corresponding
result holds for p = oo is an open issue, and what can be said about continuity of the * product
on all of span (C) is also an open issue. Another principal result is that C is a closed subset of
WP for all p € [1,00], so that C is a complete metric space with respect to each of the Sobolev
norms considered. Putting the principal results together, we have that C is a complete metric
space under | - |14, for p € [1,00) and that the product behaves well with respect to the metric.

The utility of the Sobolev norms on span (C) is much less clear, both because the behavior
of the * product is not known, as noted above, and because, as we shall show, span (C) is not
complete with respect to any of the Sobolev norms. This latter result will be proved by way
of a result of independent interest — the Sobolev norms on span (C) are dominated by, but not
equivalent to, the Minkowski norm.

LEMMA 4.1. The topologies induced on C by the norms | - |1, coincide for all p € [1, 00).

PROOF. We will show that for any p > 1, the topology induced by | - |1, coincides with
the topology induced by | - [1,1. Since the first partial derivatives of a copula lie between 0 and 1
almost surely, Darsow et al. (2], we have |B—C|;, < |B - Cli/lp for any copulas B and C. Also,
by by Holder’s inequality, |B — C|;,; < |B — C|1p. It follows that a ball in C in the topology of
| - |1,1 necessarily contains a ball in the topology of | - |, and vice versa. ||

The topology of | - |1, restricted to C is different from the topology of | - |1,1. To see this,
let B,, denote the ordinal sum

nzy, 0<z,y<1/n

Ba(z,y) = { (4.2)

min{z,y}, otherwise

Then by direct calculation

2
|Bn— M1 = 75 — 0 whereas
3n

|Bn — M|1,00 =1 for all n.

Roughly, the topology of | - |1, for p € [1,00), is the topology of pointwise convergence of

derivatives, since pointwise convergence of derivatives implies convergence in the sense of | - l1p

for p € [1,00), by the dominated convergence theorem, and convergence in the sense of | - lup

implies the existence of a subsequence whose first partial derivatives converge pointwise a.e. The

topology of | - |1,00, on the other hand, is the topology of uniform convergence of derivatives.
For B € C and f € L!([0,1]) define

1
B;f(x):A B a(z,t)f(t) dt.
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It is easy to verify that for f € L®, Bif is Lipschitz continuous with Lipschitz constant || f}0,c0
and thus is absolutely continuous.

LEMMA 4.2. For all B € C and f € L!((0,1]), |;;B§f| < ;;B;m a.e.

PROOF. Since ¢ — B s(z,t) is almost surely nondecreasing, Darsow et al. (2], 2 — Bif is
nondecreasing whenever f is nonnegative. The desired result follows immediately from the fact
that for any f € LY, |f| — f and |f| + f are both nonnegative. |

THEOREM 4.2. The * product on C is continuous in each place and also jointly continuous
in the topology of | - |1, for all p € (1, 00).

PROOF. By Lemma 4.1, it suffices to consider the case p = 1. Let B,, B and C be copulas,
and suppose |B—Bp|1,1 — 0. We show first that [CxB—CxBy|1,1 — 0 and |[BxC —B,*C|1,1 — 0.
This will prove that * is continuous in each place.

We will show that ||(B*C) 1 — (Bn*C),1]lo,, — 0 and ||(C * B),1 — (C * By) 1llo,, — 0. The
proof for partial derivatives with respect to the second argument is similar.

Given € > 0, let ¢ € C§°([0,1]?) be such that ||C; — ¢llo, < €/3. C§((0,1]?) is the space of
C®™ functions on the unit square which vanish on the boundary. We can find such a ¢ since C§°
is dense in L1, e.g. Adams [1]. Then

I(B*C),1 — (Bn*C), 1||01—/ /l /(B Bp) 2(z,5)C 1(s, t) dsldtdz

< [ [1& [ Baate o0 dslaras
[ 1L [ patese - a0 dslaae
[ 1L [ Buates)(6 - s as| e
//I /(B B,)(z,5)8,1(s, 1) ds| dt da
[ [ & [ Bateo - cas.0lasaras
+/01 /01%/01 Bp2(2,5)|(6 = C1)(s, )] ds dt da.

Here, we integrated by parts in the first term in the second expression on the right, and we used
Lemma 4.2 to estimate the last two terms in the expression. Since ¢ € C*°, we can perform the
integration with respect to z in the last two terms to obtain the estimate

1 1
(B «C) 1 = (Ba*C).1llon < I16ll000 / / (B - By) (e, 5)] ds de
0 0
1 1
+2/ / (6 =€) (s, )] ds dt
0 0
< |l¢,1ll0,00/B — Bnl1,1 + 2¢/3.

Choose N so large that n > N implies

ll¢,1ll0,00|B — Bal1,1 < €/3.

Then for all such n,
I(B*C)1— (Bn*C)allon <e

so that [[(B * C),1 — (Bn *C) 1llo, — 0.
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To complete the proof, observe that

1 1 1
d
||(C*B)‘1—(C*Bn),lno,l:/ / |d_/ Ca(z,5)(B - By)1(s.1) ds| dt dz
0o Jo @T Jo

1 1 1
d
S/ / —/ Ca(z,s)|(B — Bn),1(s,t)]dsdtdx
o Jo dz Jo ’

_ /0/01 (B = Ba)a(s,0) ds dt

< |B — Bnl1,1.

Here, we used Lemma 4.2 and performed the integration with respect to z. It follows that
I(C * B),1 = (C * Bn),1llon — 0.
Thus, * is continuous in each place with respect to the topology of | - |;,, for p € (1, 00).
Observe that the argument just given shows that for any three copulas B, C and D,

(C*B)1—(C*D)lloy <[B— Dl (4.3)

We will make use of this observation to show joint continuity. To that end, let B,, B, Cn and
C be copulas, and suppose that |B — Byp|;,1 — 0 and |C — Cp|;,1 — 0. We want to show that
|B*C — Bp*xCprl1,1 = 0. Write B¥C — B, xCp = Bp*(C —Cp) + (B — B,) *C. Then

”(B * C),l - (Bn * Cn),l”O,l S “[Bn * (C - Cn)],l"O,l + ”[(B - Bn) * C].l”O,l

<€ = Calhy + (B = Ba) * Clallo,.

We have used (4.3) here. The first term on the right goes to zero by hypothesis and the second
term goes to zero by the onesided continuity of the * operation proved above. Thus, ||(B *xC), —
(Bn * Cn)1llop — 0. By an analogous argument, |[(B * C)2 — (Bn * Cp)2llon — 0. Thus,
B % C — By xCpl11 — 0, and joint continuity is established. |

We turn now to completeness issues.

THEOREM 4.3. For all p € [1, 00] the topology of | - |, , restricted to C is stronger than the
topology of uniform convergence.

PROOF. Forp > 2, || - |l1,p, and thus | - |, ,, dominates the uniform norm || - ||o,c0, by the
Sobolev embedding theorem, Adams {1]. Thus, for each p > 2, there is a constant C, such that

ll4llo,c0 < CplAl1p (4.4)

for all A € span (C). This implies the desired result, for p > 2. Since by Lemma 4.1 the
topologies of | - |, restricted to C coincide for p € [1,00), the conclusion of the theorem holds
also for p € [1,2], though an inequality of the form (4.4) need not hold for p € [1,2]. |

Observe that the topologies of | - |, are strictly stronger than that of || - [|o,c0, since if the
topologies coincided, the *x product would be jointly continuous in the latter topology. This is
not the case, however.

There is a sharper statement which implies Theorem 4.3 and which we will make use of later:

THEOREM 4.4. For all p € (1, c0) the weak topology of W 1 restricted to C coincides with
the topology of uniform convergence.

PROOF. A sequence of copulas is weakly Cauchy in the sense of W 1P if and only if it is
uniformly Cauchy, and the weak and uniform limits are the same. This follows easily from the
fact that C is a compact subset of L and from the fact that the unit ball in LP, p € (1, o)
(which contains both first partial derivatives of any copula) is weakly sequentially compact. |

THEOREM 4.5. For all p € [1,00], C is a complete metric space under the metric

d(B,C) = |B - Cly.
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PROOF. This is a corollary of Theorem 4.3. Suppose B is in the closure of C in WP and let
B, € C be such that |B— Byp|1,, — 0. We want to show B € C. By Theorem 4.3 ||B — By |l0,00 — 0
and the uniform limit of a sequence of copulas is a copula, so B € C. |

We turn now to consideration of the Sobolev norms on all of span (C).

THEOREM 4.6. For p € (1, oo, the Minkowski norm dominates the norm | - |1 , on span (C).

PROOF. Since for p € [1,00), |A|1p < 21/P]AI1100, it suffices to establish the result for p = oco.
Since the first partial derivatives of a copula lie in [0, 1] a.s., the result for p = oo follows via an
argument similar to that of Lemma 3.1. ||

To investigate the issue of whether span (C) is complete under any of the Sobolev norms, we
use the following easy consequence of the open mapping theorem (Rudin [5]):

LEMMA 4.3. Let B be a Banach space under each of two norms. If one of the norms
dominates the other, the two norms are equivalent.

It follows from Theorem 4.6 and Lemma 4.3 that span (C) is complete under one of the
Sobolev norms if and only if that norm is equivalent to || - ||m. A counterexample given in
Example 5.1 below shows that the norms are not equivalent. By Theorem 4.6 and Lemma 4.3,
therefore, span (C) is not complete under any of the Sobolev norms. We can always work with
the closure of span (C) in W', if we wish, but the subspace span (C) itself is not closed.

Before leaving the Sobolev norms, we comment on the difficulty of extending Theorem 4.2,

concerning continuity of the * product, to all of span (C). Since as noted above the norms || - ||
and | - |1,p are not equivalent, there exist sequences A, = spB, — t,Cp, which are Cauchy with
respect to | - |1, for which s, + t, is an unbounded sequence. This cannot be accomodated

within the framework of the proof we have given of Theorem 4.2. If, therefore, the * product is
continuous on all of span (C) in the topology of | - |1 5, it will have to be shown by some modified

or completely different line of proof.

5. JORDAN NORM

We can say less about the Jordan norm than about the norms considered above. The question
of how the * product behaves with respect to the topology of the Jordan norm is open. The
principal interest of the norm is that it sheds light on the behavior of the other norms.

THEOREM 5.1. The Jordan norm dominates the uniform norm on span (C) and is dominated
by the Minkowski norm.

PROOF. Let A € span (C). Write pu4 for the finite signed measure induced by A on [0, 1]2,
write pa = p} — p4 for its Jordan decomposition, where pi(F) = pa(F N E*), and write
lpal = p} + py. Then

4]l = |ial(l0,1]%).

Observe that for any (z,y) € [0, 1) we have
|A(z,y)| = |ra(0,2] x [0,9])] < |ral([0,2] x [0,3]) < [|A]l,.

Take the supremum over (z,y) € [0, 1] and conclude that ||A[|o,00 < ||A]lJ-

Next, observe that if A = sB — tC, where s, t >0, B, C € C and ||A||m = s + t, we have

£5([0,1]2) = pa(E™) = spp(E™) — tuc(E™) < sup(E*) < s
#4(0,1%) = —pa(E™) = —sup(E™) + tuc(E™) < tup(E™) < ¢t

using the fact that up and pc are probability measures and that ug = sup — tuc. Sum the
foregoing inequalities and conclude that ||A||; < s+t = ||A|am. |
We have a representation of the Minkowski norm which makes use of the Jordan decompo-

sition:
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THEOREM 5.2. Let A € span (C), let pg = p} — p; be the Jordan decomposition of
the finite signed measure induced by A, as above, and set A*(z,y) = p}((0,z] x [0,y]), and
A7 (z,y) = ([0, 2] x [0,3]). Then

llAllm = max{|| A% (-, Dlleo, 145(1, oo} + max{]AT(-, Dlloo, §A3(1, )lloo}- (5.1)
PROOF. A* and A~ are continuous monotonic functions satisfying
A*(2,0) = A%(0,9) = A~ (2,0) = A7(0,y) = 0.

These facts are easy to verify. They differ from copulas in that they satisfy different boundary
conditions on the upper and right boundaries of the unit square.
If A=sB —tC where B,C € C and s, t >0, and ||A||ps = s + ¢t, then for z; < z9

At (22,9) = A*(21,9) = suB(E* 0 (21,32] X [0,3]) = the(E™ N (21,32] x [0.9])
< spp(E* N (z1,22] % [0,])
< spp((z1,z2] x [0,y])
< s(B(z2,y) — B(z1,9))
< s(zg — )

using the Lipschitz condition satisfied by the copula B. Since sections of A1 are nondecreasing,

first partial derivatives exist almost everywhere, and the foregoing inequalities imply

0< A"t(a:,y) <s ae. (5.2a)
By similar reasoning,

0< A;(z,y) <s a.e. (5.2b)

0<A5(z,y) <t ae. (5.3a)

0<A5(z,y) <t ae (5.3b)

We use the notation “a.e.” in the statements above as shorthand for the more precise statements
that, for all y, (5.2a) and (5.3a) hold for almost all z and that, for all z, (5.2b) and (5.3b) hold
for almost all y. It follows from (5.2) and (5.3) that [[A{|p = s + ¢t dominates the right hand side
of (5.1), which in particular must be finite.

To obtain the converse inequality, we make use again of the construction utilized in the proof
of Theorem 3.4. Observe that, since A~ = AT — A and A is linear on the upper and right
boundaries of [0,1]2, we can write

1 _ _ 1
o — zl(A (22, 1) -4 (21, l)) - T2 — T
1 1

A_ l, —A— 17 =
yz—yl( (1,92) (1,3)) p—

(At (za,1) — AT (z1,1)) — A(1,1)

(A*T(1,92) — AT (1,11)) — A(1,1)

so that also

max{esssup {A}(z,1)},esssup {A5(1,y)}}
= max{ess sup {A’J'i(:c, 1)}, esssup {A,‘g(l, y)}} - A(1,1). (5.4)

The right hand side of this expression is necessarily nonnegative. Let

k = max{ess sup {A?{(x, 1)}, esssup {A%(1,)}}.
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For any ¢ > 0, set

#(z) = ((x + )z — A% (2,1))/(x + e — AT(1, 1))1/2
¥(y) = ((x + )y — A¥(1,)/(x +e— A1(1,1))"/2

Ble,y) = ——(47(9) + 0 W)
1

CEV = A

(A7(z,y) + o(z)¥(v))-
Then ¢ and ¢ are strictly increasing functions, and, by reasoning similar to that used in the proof
of Theorem 3.4, both B and C are copulas. Since by construction

A=(k+€)B~(k+e—A(1,1))C

it follows that
lAllm < 2x + 26 — A(1,1).

Since € > 0 is arbitrarily small, we obtain finally

lAllm < 26— A(1,1)
< max{[|A (-, Dlleo, [45(1, )llo} + max{[|A7(-. lloc, 14 3(1, - )lloo}

using (5.4) and the definition of k. Thus, the right hand side of (5.1) dominates ||A][a. |

We now give two examples. In the first, we construct a sequence of elements of span (C) on
which the norms || - || and || - ||p are the same, and both diverge to +oo, whereas the norm
| - ]1,00 is bounded. In the second, we construct a sequence of elements of span (C) for which the
norms || - ||; and || - |jo,cc are essentially the same, and both converge to zero, whereas the norms
| - |1,00 and || - |[pr diverge to +o0o. We shall then comment on the examples.

EXAMPLE 5.1. Let n be an even integer. Partition [0,1]? into n? disjoint squares of side
1/n: let zp =y = k/n, k=0,...,n and write

[£,-1,2;) X lyk—1,9x), 1<j,k<n
[xJ—lvz]] X lyk—lyyk): j=n,1<k<n
[€,-1,2;) X lyk—1,9x], k=n,1<j<n
[£,-1 2] X lyk-1,9%], F=k=n

Ry =

Define a finite signed measure p, on [0,1]2 via the conditions that p,(Rjk) = (—=1)’**/n and
that the mass of pn be spread uniformly on each Rjx. That is, define p, via

(—=1)T*X(F N R,)
n)\(Rjk)

pn(F N R;) = = n(=1)""*A\(F N R;3) (5.5)

for any measurable set F', where A denotes Lebesgue measure on [0, 1]2.
The Jordan decomposition of u,, is as follows: Set
Et= Uj+kevenlec
E™ = Ujtkodd Ryk-

Then p}(F) = pp(FNET) and p (F) = —pa(FNE™).
Observe that

pa ([0,2] x [0,1]) = — (5.6)

[V

w101 x [0,9]) = 5 (5.7)
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so that B defined by
2
By (2,y) = —ua([0,2] x [0,4])

is a copula. Equations (5.6) and (5.7) are satisfied with p; in place of 4}, so that

_ 2 _
Bn (Ity) = ;ﬂn([ovzl X [O,y])
is a copula. If we define A,, via
An(z)y) = l‘n([ovz] X [Ov y])

we have
n n
It is easy to see that |un| = nA, so that ||A,|l; = n. Using formula (5.1), together with (5.5)

and (5.6) and the analogous formulae for p;, we obtain also ||A,| s = n.

B, € span (C).

We wish to compute |A,|),00. For (z,y) € Rk we calculate, using (5.5)

1 -1 k-1 k-1 )
An(@,9) = =303 (DT (e —ay0) DO (1P
{=1m=1 m=1
-1
+ (v = wk-1) ) (=D 4 n(e - zim0)(y — ve-1) (- 1)7FF
=1

It follows that for (z,y) in the interior of R,x we have

k—1
[ An1(z,9)] = | 3 (=17 + n(y —ye-r) (-1 < 2

m=1

since |y — yx—1] < 1/n and
k-1

(=1 =—1,00r 1.

m=1
Similarly, |An2(z,y)| < 2 for all (z,y) interior to one of the Rj)’s. It follows that |An|1,c0 < 2.
Thus, as n varies over the even positive integers, we obtain a sequence of elements in span (C)
whose Minkowski and Jordan norms are equal, and diverge to +o0o, but whose W 1*® norms are
uniformly bounded above by 2.
EXAMPLE 5.2. Let B, be the ordinal sum of (4.2) above, and define A, = sp,M — t, By,

where s, = t, = n®, for some positive number «. Thus,

0, z>1/nory>1/n
An(z,y) = { n*(z —nzy), 0<z<y<1/n (5.8)
n%(y—ney), 0<y<z<l1/n

Observe that A,, € span (C) for all n. We calculate [|Ap|l0,00, [An]1,00) [|Anlls and ||An|| .
An easy calculation shows that
[Anl|1,00 = n%. (5.9)

It is easy to verify that the maximum value of |A,(z,y)| occurs at (z,y) = (1/2n,1/2n), so that
| Anllo,c0 = /4. (5.10)

The other norms are also not too difficult to calculate. Write A for Lebesgue measure on the line
segment L = {(z,z)|0 < z < 1}, normalized so that X\, (L) = 1; write L, for the line segment
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L, = {(z,2)]0 < z < 1/n}; and write Ay for Lebesgue measure on [0,1]2. Then it is easy to
verify that the Jordan decomposition of up = p4, is given by

pr(F)=n*A(FNLy,)
pn (F) = 0TI (F 0 [0,1/n]?).

It follows that
l4nlls = #al(10,1)%) = 2n°71. (5.11)

It follows also that

n%, z€l0,1/n]

+(10 0,1]) =
e ([0,z] x [0,1]) n®"1  otherwise

o €[0,1/n]
F([0,1] x [0,9]) = AT ’
#a ((0,1] x [0,]) {na—l, otherwise

Identical formulae are obtained for p . It follows, using (5.1), that
lAnllm = 2n%. (5.12)

Now fix a € (0,1). Observe that by (5.10) and (5.11), ||Anl|l0,c0 and ||Ay||s, which differ by a
constant factor of 8, both converge to 0, whereas by (5.9) and (5.12), [A,|1,00 8nd [|Arnl| s, which
differ by a constant factor of 2, both diverge to +oo.

We turn to the interpretation of these two examples. Since the Minkowski norm dominates
the Jordan norm, by Theorem 5.1, and the two norms cannot be equivalent, by Example 5.2, we
obtain, by way of Lemma 4.3:

THEOREM 5.3. Span (C) is not complete under the Jordan norm.

Observe that Example 5.1 completes the argument of Section 4 to similar effect: span (C) is
not a closed subspace of WP for any p € [1, o0].

Finally, observe that in view of Example 5.2 it cannot be true that || - ||; dominates | - |1,00
and that in view of Example 5.1 it cannot be true that | - |; o dominates || - || .

6. ONE PARAMETER SEMIGROUPS OF COPULAS

We say t — Cy, t > 0, is a one parameter semigroup if Cs4t = Cs * Cy for all s, t.

Observe that C; x Co = Co * Cy = Cy; setting t = 0 we observe that Cp is necessarily
idempotent. Thus, if C; is a semigroup, Cp is an idempotent which commutes with C; for all ¢.

If for some norm lim; g ||C; — Co|| = 0 and the * product is continuous in each place in the
topology of the norm, then

lim ||C¢ - Cio" = lim "Ct—to * Cto - Cgo” = "Co * Cgo - Cto ” =0.
tito tlto

That is, continuity at ¢ = 0 implies right continuity everywhere.

In fact, the existence of a right limit at ¢ = 0 implies right continuity everywhere on (0, c0),
for reasonable norms:

THEOREM 6.1. Suppose || - || is a norm on a space containing span (C), and suppose that
the * product on C is continuous in each place in the topology of the norm and also that norm
convergence implies pointwise convergence. Let t — C; be a semigroup of copulas, and suppose
there is a function E such that lim;)o ||Ct — E|| = 0. Then E is idempotent, ExC; = C;* E = C;
for all t > 0 and limyy, ||Ct — Cy,|| = 0 for all to > 0.

PROOF. The proof is an adaptation of a classical proof to the case of copulas.

Observe first that since norm convergence implies pointwise convergence and C is compact
in the uniform topology, norm convergence implies uniform convergence. Since the uniform limit
of copulas is a copula, necessarily E € C.
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Since for ¢ > tg > 0. C; = Cyy * Cp—yy = Ci_yy * C'yy, onesided continuity of * implies

im|c,-C =0
}111;;”6: to * E|

lim ”C¢ — F x Cto” = 0.
tito

Thus, right limits exist everywhere, and also lim;);, C; = Cy, ¥ E = E % Cy, for all to > 0.
It remains to show that Cy, = CixE = E*Cy. It suffices to show that Cy is right continuous

at a sequence of points t,, converging to 0, since if C;, = C;, x E = ExC,, and t > t,, then
C¢ = Cg_tn *Ctﬂ = Cl—tn *Ctn * F = Ct * E.

Fix (z,y) € [0,1]2, and define f : [0, 00) — [0,1] via f(¢) = C¢(z,y). Observe that since norm
convergence implies pointwise convergence, right limits lim,),, f(t) exist everywhere. It follows
by a classical argument (an outline of the argument is given by Hille and Phillips [4,p. 282])
that the set D(z,y) of discontinuities of f is countable. Now let (z,y) vary over the rational
pairs (p,¢) € [0,1]%, and set D = UD(p, q). Then D is countable. Since copulas are all Lipschitz
continuous with Lipschitz constant 1, Darsow et al. (2], hence equicontinuous, it follows that

i
pointwise for all to ¢ D. Since (0,00) \ D includes a sequence converging to 0, we have right
continuity everywhere.

That E is idempotent now follows easily from the facts that E xC; = Cy x E = C, for all
t > 0, that lim;)o C; = E and that the * product is continuous in each place. |

Note that Theorem 6.1 requires only that the * product be continuous in each place and that
it is the * product restricted to C, rather than on all of span (C), for which continuity is required.
Accordingly, we can take any of || - [lo,c0, | - |1,p, # € [1,00) or || - || s for the norm in Theorem 6.1,
since the * product is continuous in each place with respect to each of these norms, and since for
each norm convergence implies pointwise convergence. The theorem then states that a semigroup
C for which a right norm limit exists at t = 0 is necessarily right continuous everywhere in the
sense of the norm topology. We do not know whether we can take || - || or | - |1,00 for the norm
in Theorem 6.1, since we do not know whether the * product, restricted to C is continuous in
each place in the topology of these norms.

Note also that, if we are willing to assume that lim;)o C; exists, there is no loss of generality
in making the stronger assumption that C; is right continuous at t = 0, since by Theorem 6.1,
we can always redefine Cp to be the limit E = lim;jo C; and still have a semigroup.

We address next the issue of whether measurability implies continuity for a one parameter
semigroup of copulas. There is a classical argument that this is the case for one parameter
semigroups in a Banach algebra, Hille et al. [4, p. 280].

In the following discussion, measurability of a function f : R — B where B is a Banach
space means “strong” measurability, that is, f is measurable if for any compact subset K C R,
f I k is the limit pointwise almost everywhere of a sequence of measurable functions with finite
range. A function with finite range is measurable if the inverse image of each point in the range
is measurable. We will make use below of the following facts:

1. Strong measurability implies “weak” measurability; a function f : R — B is weakly
measurable if ¢ — v(f(t)) is a measurable scalar valued function for each v € B*.

2. Strong and weak measurability are equivalent when the Banach space B is separable, Hille
et al. [4, p.73]. In this connection, recall that the spaces W™? are separable for p € (1, 00),
Adams [1, Theorem 3.5].
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3. (Approximation by continuous functions:) Let £P(f2) denote the space of integrable B-
valued functions with domain @ C R; the set of continuous Banach space valued functions is
dense in LP(Q) for all p € [1,00), Hille et al. [4, p. 86].

Observe that if f : R — B is right continuous, then it is measurable. To see this, let

Pia=tg<t)<...<tp=0b

denote a partition of a closed bounded interval [a, b] and define 7 via

f'P _ {E:=1 flkl‘tk—l,tk)(t)’ te [avb)
' ft, t=5b

where Iy, _, ¢,) denotes the characteristic function of the interval [tk—1,tk). Then for any sequence
of partitions for which the maximum subinterval width |P| goes to zero, limp|_o ||t — Fl=0
for all t. Accordingly, if we make the assumption that a semigroup ¢t — C, is right continuous at
t = 0 in the sense of some norm, then by Theorem 6.1 and the preceding observation, t — C} is
measurable in the sense of that same norm.

The classical argument that measurability implies continuity uses the Banach algebra in-
equality. The proof of the following theorem follows the classical proof but replaces the Banach
algebra inequality by a more restrictive condition.

THEOREM 6.2. Suppose t — C; is a one parameter semigroup of copulas. Suppose also
that t — C; is measurable in the sense of a norm satisfying the following conditions:

(1) There is a number M, such that ||C|| < M, for all ¢, and

(2) There is a number M, such that for any s, ¢, and u

"Ca*cu_ct*cu” < Mg”C,—Ct”. (61)

Then ¢t — C, is continuous on (0, 00).
PROOF. Let t > 0; we want to show that ||Cy4y —Ct|| > 0asnp — 0. Let 0 <a < b< t and
let |n] < ¢t —b. Then for all s € [a, b] we have

Cg+,7 - Ct = (CH-TI--’ b Cg_a) * C_, = C, * (CH.,,_, - Cg_,). (62)
The last term in this expression is constant, hence bounded and integrable, and we have
b
(6 = Cesn = Cell = I [ (Crrn-s = Cocr) O, s
a
b
< [ WCttne = Cecs) rCullas
a

t—a
<My / ICutn - Cull du. (6.3)
t—b

Condition (1) guarantees that the integrand of the last integral above is bounded. By a result
mentioned above, together with some standard arguments, we can find a sequence of uniformly
bounded continuous functions t — g* converging pointwise to the bounded measurable function
C almost everywhere on the compact interval [0,t], that is, for almost all s, ||C, — g7|| — 0 as
n — oo. With C replaced by g™ the integral in the last term in (6.3) goes to zero as n — 0. It

follows, via the triangle inequality and the dominated convergence theorem, that

t—a
| s = Cullau 0
t—b

as n — 0. This yields the desired result. |
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We will show below that the Sobolev norm | - |;; satisfies conditions (1) and (2) of Theorem
6.2, and that as a result measurability of a semigroup t — C,; of copulas in the sense of W 1P for
p € (1, 00), implies continuity of the semigroup in the sense of WP, p € 1, 00). We are unable to
show that condition (2) is satisfied by the uniform norm || - [lo,c0. It is an open question whether
a semigroup which is measurable in the sense of the uniform norm is necessarily continuous.

We establish the inequality (6.1) for p = 1, with M3 = 2. Observe first that

I((Cs ~ Ct) * Cu) allon = [(Cu * (Cs = Ce))allor £1Cs = Celin
I{(Cs = Ct) * Cu) 2llo1 € ICs — Cil1n

by (4.3). It follows that

[(Cs = Cy) * Cul11 = |I((Cs = Cy) * Cu)ﬂ"O,l +[((Cs — Ct) * Cu),2”0,1
<2|Cs — Cihipn-

This yields (6.1) in the case of | - |;,;. Observe that since [0, 1)2 is compact, for p > 1, the
w12([0,1)2) norm dominates the W 11([0, 1]2) norm, so measurability in the sense of W 1'? implies
measurability in the sense of WLl. Accordingly, if t — C, is measurable in the sense of W 1/P,
it is measurable also in the sense of W 1!, whence, by Theorem 6.2, it is continuous in the sense
of Whl. Since the topologies of W I'P restricted to C coincide for p € [1,00), Lemma 4.1, we
conclude that t — C, is continuous in the sense of W1 for all p € [1, c0).

Thus, a one parameter semigroup of copulas which is measurable in the sense of | - |y, is
necessarily continuous in the sense of | - |1, for p € [1,00).

COROLLARY 6.1. A semigroup t — C; of copulas which is right continuous at ¢t = 0 in the
uniform norm is continuous for all ¢t € (0,00) in the norm | - |, for all p € [1, 00).

PROOF. Let t — C, satisfy lim¢jo ||Ct — Coll0,00 = 0. Then by Theorem 6.1, t — C is right
continuous everywhere in the sense of the uniform norm. If v is a continuous linear functional
on W1P([0,1]?), p € (1,00), t — v(C}) is a right continuous real valued function, by Theorem
4.4, hence measurable, by an observation above. Thus, t — C; is weakly measurable in the
sense of W 1P, But weak and strong measurability are equivalent for the separable spaces W12,
1 < p < o0, so, by Theorem 6.2, t — C, is continuous in the sense of | - |; , for all ¢ > 0. ]

One might reasonably expect that right continuity in the sense of the uniform norm || - ||o,c0
would imply measurability in the sense even of the Minkowski norm || - ||p, since on heuristic
grounds one expects reasonable functions to be measurable. Then right continuity at 0 in the
uniform norm would imply continuity for all ¢ > 0 in the sense of || - ||m, directly by the classical
Banach algebra argument, without worrying about how to obtain (6.1) in the case of Sobolev
norms. It is an open issue whether this is the case. Hille and Phillips raise the same issue in the
related context of transition matrices of Markov processes with discrete (but not finite) range,
[4, p. 635]. We point out that measurability of a Banach space valued function depends on the
norm used, so that the copula valued functions t — C; here of interest may be measurable or not,
depending on what Banach space we take C to be a subset of.

We now turn to the issue of analyticity of a semigroup C;.

THEOREM 6.3. Let C; be a semigroup in C, and suppose that lim¢o ||C¢ — E||m = 0, where
E = Co. Then there is an A € span (C), satisfying A x E = E * A = A, such that

Ct = e““

for all t > 0, where e is defined by its series representation, with the convention A® = E.

This is a classical result for Banach algebras; for a proof, see Hille et al. [4].

It is an open question whether the generator A of the semigroup C; in Theorem 6.3 is required
to have the form A = C — E, where C and E are copulas, E is idempotent, and EC = CE = C.
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It follows from Theorem 6.3 and some other elementary arguments that a semigroup C; of
copulas possesses an exponential representation C; = eAt for some A € span (C) if and only if
limyo [|Ct — E|lm = 0, where E = Cp. This says roughly that the Minkowski norm is a natural
one for one parameter semigroups with generators in span (C).

It is by no means true that all one parameter semigroups of copulas possess exponential
representations. We next exhibit a one parameter semigroup C; which is right continuous at 0
in the sense of | - |1, for p € [1,00) but not in the sense of | - |1 o and hence, by Theorem 4.6,
also not in the sense of || - ||pm. By Corollary 6.2, therefore, the semigroup does not possess an
exponential representation.

EXAMPLE 6.1. It was shown in Darsow et al. [2] that the copulas of a Wiener process have

the form o .
Cart(z,y) = A G( ¢ (3:)/;_‘130 (u))du (6.4)

where s < t and

l T
G(z) = E/ e /2 gu.
—00

Since the Wiener process is a Markov process, we have, for s < u < t,
Cau * Cut = Cy. (6.5)
Equation (6.4) implies the following scaling property: if r > 0 and s < t then
Cofritjr = Csit- (6.6)
It follows from (6.5) and (6.6) that the family of copulas B; defined by
Bt = Cy,er (6.7)

where C,,; is given by (6.4), has the semigroup property for t > 0, as is readily verified. (We
remark that it is also possible to go backwards: if B is any one parameter semigroup of copulas
and we define C7,, = By, /, for s < t, then the family C.. satisfies the Markov condition (6.5)
and also the scaling property (6.6) of a Wiener process.)

We will show that limgjo||B: — M||1,, = 0 for p € [1,00) but not for p = co.

From the definition, we have

T et/2 -1 — G Yu
B@,;,):/o o(2=C \/(i"t)_l(" ) gu.

It follows, after making a substitution in the integral, that

et/?y —u

Bt(G(.’L‘),G(y)) = \/%/_;G(—,ﬁ.)e_uz/z du.

. ety —u V2r, y>u
lim G (X =%) =
ti0 Vet —1 0, y<u

Since

we have

T
lim B(C().60) = [ x-mp(w)e™ 2 au

—00

- / T g,

—00

= G(min{z,y})
= mm{G(z)y_G(y)})
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Hence, lim;jo B, = M pointwise, and since C is compact in the uniform topology, also uniformly.
By similar arguments, limjo B¢,1 = M pointwise a.e. and lim;g By 2 = M 2 pointwise a.e.

From the foregoing results and the dominated convergence theorem, we obtain
lim||B; — M =0
t10 ” t ”1,12

for p € [1,00). The result does not hold for p = oo, however; the partial derivatives B; 1 and B2
are continuous for all t > 0, but M ; and M 7 are not continuous functions, hence not the uniform
limit of continuous functions.

That B, possesses no exponential representation now follows from an observation made above
(see discussion following Theorem 6.3). Observe that if B, possessed an exponential representation
B, = eA‘, then it would be true that lim,jodB;/dt = A. It can be verified directly that the
semigroup B; of this example does not possess an exponential representation, since the latter
limit is 0 except when z = y, when it is infinite.

7. DISCUSSION.
We conclude with some remarks about compactness. Recall that C is a compact subset
of W9 and also that the * product fails to be jointly continuous in the topology of uniform

convergence. The question is whether C itself or any useful subset is compact under any of the

other norms addressed. It is easy to verify that if || - || is any norm which dominates the uniform
norm, and C is compact under the topology of || - ||, then necessarily the * product on C is not
jointly continuous in the topology of || - ||. This implies that C is not a compact subset of W :P

for p € [1,00), since the * product is jointly continuous on C with respect to the norms of these
Sobolev spaces, Theorem 4.2. More generally, this seems to imply that we cannot obtain both
compactness of C and joint continuity of the * product in a single topology. We thought at one
time that it might be possible to find a topology under which the group G C C of invertible
copulas was a compact group. But this seems unlikely, for the following reasons: G is dense in C
in the uniform topology, Darsow et al. [2], and thus is dense in the topology of any norm which
is dominated by the uniform norm. Compactness fails because G is not closed. On the other
hand, if || - || dominates the uniform norm, and C, is a sequence of invertible copulas converging
uniformly to a noninvertible copula, say P, then if G were compact in the topology of || - ||, there
would be a subsequence converging to an element of G, contradiction, since then the subsequence
would necessarily also converge uniformly to the element of G. A norm with respect to which G
was compact could accordingly neither dominate nor be dominated by the uniform norm.

We consider it unlikely that any norms in which the * product behaves well will be found to
possess any useful compactness properties.
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