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ABSTRACT. The aim of the paper is to find suitable conditions so as to ultimately
establish the existence and uniqueness of the extension of a pairwise 8-continuous map

onto an arbitrary extension-space of a bitopological space.
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1. INTRODUCTION.

The problem of extending continuous maps on a topological space X to a given
extension X* of X has been dealt with extensively by many mathematicians. For example
it is known (see [2]) that a continuous map f : X — Y with Y a compact Hausdorff space
can be extended by a continuous map onto an extension X* of X iff for each pair of
closed disjoint subsets A and B of Y, the closures of f_l(A) and f-l(B) in X* are
disjoint. One of the different interesting generalizations of this result arises when
continuity and compactness are replaced by 6-continuity and quasi-H-closedness (QHC)
respectively under a suitably changed condition (see Rudolf [5]).

Bitopological versions of QHC spaces and @-continuous functions have been
introduced by Mukherjee [4], and Bose and Sinha [1] respectively. It is our purpose
here to further generalize the above extension theorem by Rudolf [5]. For this we
suitably modify and redefine the appliances used by Rudolf to ultimately establish the
existence and uniqueness of the extension of a pairwise 6-continuous map onto an
arbitrary extension of a bitopological space under certain conditions.

By spaces X and Y we shall mean bitopological spaces (see Kelly [3])(X,Q1,Q2) and

(Y,P ,Pz) respectively. For any ACX, Qi-intA and Qi-clA will respectively stand for

the interiot and closure of A in (X,Qi), where i=1,2. A set A is called an ij-reqularly
open set (Singal and Arya [6]) if A=Ql—int Qj-clA, and complement of such a set is
called ij-reqularly closed where (and also in future discussion) i,j=1,2 and i#j. A
space X is called pairwise Hausdorff (Kelly [3]) if for x,y€ X with x#y, there exist

UE\Q1 and V€ 92 such that x€ U, y€V and UNV=g.
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DEFINITION 1. (see Bose and Sinha [1]) A function (or map) f : (X,Ql,Qz) —>
(Y’Pl'Pz) is called ij-6-continuous if for each xexand each Pl-open neighbourhood
(henceforth nbd., for short) U of f(x), there is a Qi-open nbd V of x with f(Qj-
clv)c.Pj-clu. f is called pairwise @-continuous if it is 12- as well as 21-6-
continuous.

DEFINITION 2. (see Singal and Arya [6]) A subset A of a space (X,Ql,Qz) is said
to be pairwise dense if every non-empty subset of X which is the intersection of a Ql-
open set and a Qz-open set, has non-void intersection with A.

2. MAIN THEOREM AND ASSOCIATED RESULTS.

DEFINITION 3. A space (X*,Ql*,QZ*) is said to be an extension of a space (X,Ql,
Qz) if Ql"/x=Ql,Qz*/)(=Q2 and X is pairwise dense in X*.

For an extension (X*,Ql*,gz*) of (X,Ql,Qz), amap f : (X,Ql,Qz)—’(Y,Pl,Pz) and a
point x of X* (of Y) let Nx"'1 (resp. le) the far.nily of all Q *-open (P, -open) nbds
of x in X* (resp. in Y), for i=1,2. For x€ X*, N (£, N *'; shall denote the P, ;open
filter on Y generated by the faxnlly{f(u NX):U E N * }(1-1 2).

DEFINITION 4. A map f : X—>Y is ij-0-proper if for each x€ X*—X, NJ(f N *J) has
non-void P, -adherence, where (X",Q1 ,Qz*) is an extension of (X Q.,Q,). The map f is
called pa:.rw1se 8-proper if for each x€ x*—x,[n{p -clU : UGN (£, N * }]ﬂ[\{ -clU :
UEN(fN* )}1¢¢

THEOREM 1. Let (x*,Ql*,Qz*) be an extension of a space (X, Ql’Qz) and f*:(Xx*,
l ,02 )—Y, P ,P ) be an ij-8-continuous extension of an ij-8-continuous map f :
XY on X*. Then £+ (x)EN{P, -c1U:VE ETRY *3)} for each X€ X*—X.

PROOF. Let y = f*(x)¢ P, —clU, for some UE N:| (f, N *3) We consider the P, j-open nbd
Uy=Y—P.-clU. By i]-O-contlnulty of f*, there exists a Q.*—open nbd U of x such that
£*(Q. *-clU < PJ-clUyCY—U (since U€ P ), and hence f*(U {'\x)-f(U (\X)CY—U. Since
UEN- (£, N *J) U contains a set of the form f(Ux'nX), for some Ux'eN *J. Now,
f(anx)h f(Ux'nX)C(Y-U)n U=g implies that f(Uxf\Ux'f\x)=¢, a contradiction
because X is pairwise dense in X*.

LEMMA 1. Let (X*,Ql*,Qz*) be an extension of a space (X, Ql'Qz) and let f'(x,Ql,
Q y—»(Y, Pl’P ) be an arbitrary map. Then for each x€ X* and each y€ Y, yen{? -cluU :
ve N (£,N *J)} iff xenfo *-c1 £ (PJ—clUy) : U ENY}

PROOF. Let yeniP -clU : UE NJ(f N *J)} Then for each P,-open nbd Uy of y and each
UGN](f N *J) we have UynU#, i.e., J-clU NU#F which gives PJ-clU N £(U nx)#
for each U e NY and each U E N *J. For otherwise, P -clU Nf(U nx)# for some U E N
and some U eN *J. Then V-Y—P —clUny(U nNx) and hence V€ NJ(f N *J) for th.ch
vNu —¢, a contradiction. Now, f (PJ-clU N (U nx)# and hence f (PJ-clU )('\U #4,
for each U eN x3 and each U e N . Thus xen{Q *-cl £ (P -clU ) : U E N } Reversing
the argument we get the reverse 1mp11cat10n.

DEFINITION 5. Let (x*,Ql*,Qz*) be an extension of a space (X’Ql’Qz)' A map f : X—»Y
is called ij-*-free if for each x€ X*-X, each y€ Y and each ij-regularly closed set
A in Y with y¢A there exists a P, -open nbd Uy of y with x*Q *-cl £ (P -clu )f\Q *e
cl £ (A). The map f is called pairwise *-free if it is 12- as well as 21- -free The
map f :i.s called ij-*-proper if f is ij-@-proper and ij-*-free; f will be called
pairwise *-proper if it is pairwise O-proper and pairwise *-free.

THEOREM 2. Let (X*,Ql*,Qz*) be an extension of (X,Ql,Qz). Then for each pairwise
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*-proper map f from X to a pa1rw1se Hausdorff space Y, the set [n{P -clU :
UéN (f, N * )}]n[n{p -clv : Ve N (f, N * )}] is a singleton for each x€ X*—X.

PROOF Let X€ X*—X. Since f 1s palrvuse 8-proper, suppose that ye€ [(\{P -clu :
ve N (£, N * %} (n{e, -clV : veN(f, N * )}1. By Lemma 1, x€ [n{Q,*-cl £ (p -elu )
: U €N1}]n[(\{Q *-cl £ (P -c]U ):U eN }] We consider a point y'e Y such that

y'#Y. Since Y is pairwise Hausdorff there exists a P_ -open nbd Vy' of y' such that

y#P -clvy,. Now, f being 12-*-free there exists a P2 -open nbd Uy of y such that
x¢Qz*-c1 £ (p -e1U, )N Q) *-cl £ (p -clv,,).Since xen{Q *-cl £ (p -clU ):U € N }
x#Q *-cl f l(P clV ,) and thus y¢n{p -clV : ven (g, N * )} (by Lemma 1).

LEMMA 2. For an 13 -8-continuous map f:X—Y and U€ Pj, f(Qi—cl £ (U)"C P. -clU.

We are now in a position to prove the main theorem of this paper as follows H

THEOREM 3. Let (x*,Ql*,Qz*) be an extension of (x,Ql,Qz). Then each pairwise 6-
continuous, pairwise *-proper function f : X—»Y possesses a pairwise @-continuous
extension f*:X*—>Y. The extension is unique if Y is pairwise Hausdorff.

PROOF. For x€ X we take f*(x)=f(x), and for each x€ X*—X we choose and fix a point
of [n{Pl-CIU:UG Nz(f,Nx*z)}]n[anz-clV:Vé Nl(f,Nx*l)}] and define it to be f*(x);
the latter choice is possible since f is pairwise 8-proper.

We first prove that for each Pj—open set U of Y,
£4((x*X)N1Q, *-cl £ (P -clU) ) P -c10 (2.1)

If not, then for some x€ X*—X, there exist a PJ-open set U in Y with x€ (X*X) N Q *—
clf (P -clU) but f*(x) (=y, say)¢ P, -clU Since f is 1]-*-free, there exists a P -
open nbd V of y such thatx¢Q *-cl f (PJ-clV)nQ *-clf (P -clU). Now since y =
f*(x)&(\{P -clU : UE NJ(f N *J)} Lemma 1 gives er *-cl £ (PJ-clV) which implies
x¢Q *-cl £ (P -clU), contradicting the choice of x. This proves (2. 1t

Now to prove the pairwise 6-continuity of f*, we first consider x€ X. Suppose
f*(x) (= f(x)) = y and let Uy be an arbitrary Pj-open nbd of y. By ji-6-continuity of
f there exists a Qj-open nbd Ux of x such that f(Qi-clux)C Pi—cluy, i.e.,

-1
Qi—CIUxC £ (Pi-cluy) (2.2)

Define Ux* =U{U€ Qj* : UNX = Ux }which is a Qj*—open nbd of x. Then using the pairwise

denseness of X we have
-1
* * = - * = * *e -
Qi cJLUx Qi cl(Ux Nx) Qi clUxC Qi clf (Pi cluy) (2.3)

Again, f*(Qi*-clUx*) = f*((x*—x){\Qi*-clUx*)Uf*(ani*—clux*) = £*X((X*X)N Qi*-
clUx*)U f(Qi-clUx)c Pi-cllly (by virtue of (2.1), (2,2) and (2.3)).

Next we consider x€ X*-X, and let Uy be a ji-reqularly open set containing f*(x)
6SJ.nce yean -clv
H VGN (£, N * )} Lemma 1 gJ.ves xGh‘Q *-cl f (P —clU) : UEN J} Then by ji-*-
freeness of f, x¢Q *_s1 £ (Y—U ). Then U —X*—Q *-clf _(Y—U ) is a Q *—open nbd of
x. But Y=P -clU U(y—u ). Thus X-f (p -clU JUE (y—u ). Then X* = Q *-cl £~ (p -
clU )UQ *—cl £ (Y—U ). If not, let X € X*—X but x ¢R H S. Let V be any Q *-open nbd

(=y, say). Hence y# Y—Uy. where Y—UY is a ji- regularly closed set.

of xo. Slnce X evn[x*—Q *-cl f (Y—U )] (note that x ¢R H. S ) and X is pairwise
dense in X*, Vﬂ[x*—Q *—cl b4 l(Y—Uy)]nX;% which gives VNf (P -clU_ ) # ¢. Hence
X eQ *-cl f (P -clU ), a contradiction. Now since anQj*-cl £ Y—Uy) = 4,
UXCQi*cl £ (P -clU ), i.e.,

-1
*_ *_ -
Qi cluxc. Qi cl f (Pi cluy) (2.4)
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-1 -1 -1
Again, U X = XQ.*cl £ (YU x—-f “(Y-U =f (U ). Th
gain xn -QJ c y)c y) y us

-1
Qi~CI(Uxf\X)CQi-CI f (Uy) (2.5)

Now, f*(Qi*-clUx) = f*((x*—x)nQi*-clux)U f*(ani*—clux) = f*((x*—x)nQi*-clux)U

f(Qi-cl(UxﬂX)) (as X is pairwise dense in x")c.Pi-clUy (by (2.1), (2.4), (2.5) and
Lemma 2, noting that f is ij-8-continuous). If U;, be any Pj—open nbd od f*(x), then
(Jy = Pj-int Pi-cm;/ is a ji-regularly open set containing y. Thus by what we have
obtained so far, there is a Qj*-open nbd Ux of x with f*(Qi*—clux)c. Pi-cluy = Pi-CIU;,.
Hence f* is ji-6-continuous at each point of X*—X. Thus we infer that f* : X*-»Y is
ji-@-continuous. The ij-6-continuity of f* can similarly be dealt with. The uniqueness
of the extension f* of f follows from Theorems 1 and 2.

REMARK 1. Putting Ql = Q2 and Pl = P2 in the above theorem, we get Theorem 3.1 of
Rudolf [5]. If X and Y are topological spaces, then the 8-properness of a map f : XY
is ensured by the QHC property of Y (see [5] for details). In bitopological setting,
the definition of pairwise QHC property of Y (cf. [4]) implies thatn{P -clU :
U€N3(f N *J)} # ¢, for i,j=1,2 (1#3). But it is not necessary that [n{P -clU
UeN (f, N * )}]n[n{P -clu : UeN (f, N * )}] # #. Hence in our case, the role of
pairwise G-properness of f in Theorem 3 cannot be replaced, in general, by pairwise
é;uasi H-closedness of '(Y,Pl,Pz). Nevertheless, taking Q1=Q2 and Pl—P2 we see that
every *-free 6-continuous map from a topological space X to any H-closed topological
space Y can be extended uniquely over any extension space X* of X.

EXAMPLE 1. Let X*=Y=R (=the set of reals), Ql*=Pl=the usual topology on R and
Qz*=P2=the lower limit topology on R. If X = the set of rationals and Qi=Qi*/X, for
i=1 and 2, then clearly (X*,Ql*,Qz*) is an extension of (X'Ql'Qz) and also, the map
f (x,Ql,Qz)—'(Y Pl PZ), defined by f(x)=x (x€ X), is pairwise 6-continuous and

airwise *-proper. Since (Y,P.,P_) is pairwise Hausdorff, f has a unique pairwise 6-
P P 2

ll
continuous extension over X*, by Theorem 3.
A
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