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ABSTRACT. We study geometric properties of topological spaces called proper NB-tameness,
proper PB-tameness, and proper N ®-movability, where B and C denote classes of spaces. They
are related to proper J\lf -tameness and proper M5-movability from [5] and could be regarded
as their dual forms. All three are invariants of a recently invented author’s proper shape
"theory and are described by the use of proper multi-valued functions. We explore their basic
properties and prove several results on their preservation under proper maps.

KEY WORDS AND PHRASES. Proper multi-valued function, o-small, proper o-homotopy,
proper multi-net, properly Nf-tame, properly N8-tame, properly N5-movable.

1991 AMS SUBJECT CLASSIFICATION. 54B25, 54F45, 54C56.

1. INTRODUCTION.

In this paper we shall continue exploration of invariants in the proper shape theory of
arbitrary topological spaces from [3]. As in the article [5], we study proper tameness and
proper movability. However, this time instead of looking at maps from some objects into a
space we take a dual approach where we utilize maps from a space into those objects.

The objects are spaces from classes B and C of topological spaces and for maps we take multi-
valued functions. The dualization procedure when applied to invariants of proper M$-tameness
and proper M B-movability from [5] gives new invariants which we call proper NB-tameness,
proper Pg -tameness and proper NZ-movability. The change from the letter M to the letters
N and P should reflect duality between these notions. As the reader will see this duality is
striking.

Let us describe the content of the paper in greater detail. In §2 we recall notions and results
from Cerin [3] that are necessary in further developments. The next §3 studies properly NE-
tame and properly Pcs-tame spaces. The origin for these notions could be traced back to L.
Siebenmann’s tame at infinity spaces [7]. The idea is that we require that small enough proper
multi-valued functions from a given space X into members of a class of spaces B factor through
some member of another class C also through sufficiently small proper multi-valued functions.
This concept is related to the notion of shape dimension Borsuk [2] and could be regarded
as a substitute for it in the proper shape theory. We prove that these are invariants in the
proper shape category Sh,, explore the role of classes B and C, and study what kind of maps
will preserve and inversely preserve properly NS-tame and properly PB-tame spaces. The
classes of proper M B-surjections, proper N&-surjections, proper M B_injections, and proper
NB.injections from [4] are of key importance here.

In the following §4 we consider properly NB8-movable spaces which are the analogue of
movable compacta Borsuk [2] in proper shape theory.

Finally, in §5 we consider dependence of these notions on classes B and C under the assump-
tion that they are connected with each other by morphisms from [4].
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2. PRELIMINARIES ON PROPER SHAPE THEORY.

In this section we shall introduce notions and results from Cerin [3] that are required for
our theory.

Let X and Y be topological spaces. By a multi-valued function F : X — Y we mean a rule
which associates a non-empty subset F(r) of ¥ to every point r of X. A multi-valued function
F: X — Y is S-proper provided for every compact subset C of ¥ its small counterimage
F'(C)={r e X|F(r)C C} is a compact subset of X. On the other hand, F is B-proper pro-
vided for every compact subset C of ¥ its big counterimage F''(C) = {r € X| F(x)NC # 0}
15 a compact subset of X', We shall use the term proper to name either S-proper or B-proper.
However, in a given situation, once we make a selection between two different kinds of proper-
ness it is understood that it will be retained throughout.

Observe that for single-valued functions the two notions of properness coincide. Classes of
S-proper and B-proper multi-valued functions are completely unrelated [3]. It follows that each
of our notions and results involving proper multi-valued functions actually has two versions.

Let Cov(Y') denote the collection of all numerable covers of a topological space Y. Let
Inc(Y') denote the collection of all finite subsets ¢ of Cov(Y") which have a unique (with respect
to the refinement relation) maximal element [c] € Cov(Y). We consider Inc(Y') ordered by
the inclusion relation and regard Cov(Y') as a subset of single-element subsets of Inc(Y).

Let 0 € Cov(Y). Let ot denote the set of all numerable covers of Y refining o while o*
denotes the set of all numerable covers 7 of ¥ such that the star st(7) of 7 refines o. Similarly,
for a natural number n, ¢*" denotes the set of all numerable covers 7 of Y such that the n-th
star st"(7) of 7 refines o.

For our approach to proper shape theory the following notion of size for multi-valued func-
tions will play the most important role.

Let F: X — Y be a multi-valued function and let & € Cov(X) and v € Cov(Y'). We shall
say that F'is an («, v)-function provided for every A € « there is a C4 € v with F(A) C Ca4.
On the other hand, F' is y-small provided there is an a € Cov(X) such that F is an («, v)-
function. For a o-small multi-valued function F : X — Y we use S(F, o) to denote the family
of all numerable covers o of X such that F is an («, o)-function.

Next we introduce the notions which correspond to the equivalence relation of proper ho-
motopy for proper maps.

Let F and G be proper multi-valued functions from a space X into a space Y and let v be a

numerable cover of Y. We shall say that F' and G are properly y-homotopic and write F e G
provided there is a y-small proper multi-valued function H from the product X x I of X and
the unit segment I = [0, 1] into Y such that F(z) C H(z, 0) and G(z) C H(z, 1) for every
z € X. We shall say that H is a proper y-homotopy that joins F and G or that it realizes the

relation (or proper homotopy) F ZG.

The following two definitions correspond to Ball and Sher’s definitions of proper fundamental
net and proper homotopy for proper fundamental nets from [1].

Let X and Y be topological spaces. By a proper multi-net from X into ¥ we shall mean
a collection ¢ = {F, | c € Inc(Y)} of proper multi-valued functions F, : X — Y such that for
every ¥ € Cov(Y) there is a ¢ € Inc(Y) with Fy - F, for every d > ¢. We use functional
notation ¢ : X — Y to indicate that ¢ is a proper multi-net from X into Y. Let M,(X, Y)
denote all proper multi-nets ¢ : X —» Y.

Two proper multi-nets ¢ = {F.} and ¥ = {G.} between topological spaces X and Y are

properly homotopic and we write ¢ = 1 provided for every v € Cov(Y) there is a ¢ € Inc(Y)

such that Fy 2 G4 for every d > c. On the other hand, we write ¢ X 3 and call ¢ and
properly y-homotopic provided there is a ¢ € Inc(Y') such that Fy - G4 for every d > c.

The relation of proper homotopy is an equivalence relation on the set M,(X, Y'). The proper
homotopy class of a proper multi-net ¢ is denoted by [p] and the set of all proper homotopy
classes by Shy(X, Y).

The topological spaces as objects together with the proper homotopy classes of proper
multi-nets as morphisms form the proper shape category Sh, (see [3]).

3. PROPERLY N2-TAME AND PROPERLY Pf-TAME CLASSES.

The notion of a properly MF-tame class of spaces from (5] allow us to obtain two new
properties that are preserved under proper M-domination. They could be considered as dual
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to the notion of a properly M&-tame space. While in [5] we investigated a space X by looking
at small proper multi-valued functions from members of a given class of spaces B into X, we
now change our point of view by concentrating on small proper multi-valued functions from X
into members of B.

Let B and C be classes of spaces. A class of spaces .U is (1) properly NB-tame and (2)
properly P8-tame provided the class B is (1) properly MF-tame and (2) properly M§-tame,
respectively. In other words, provided that

(1) for every B € B and every o € Couv(B) there is a 7 € Cov(B) such that for every
X € XV and every proper r-small multi-valued function F: X' — B there1sa C € C
and a proper g-small multi-valued function H : C — B so that for every 4 € Cov(C)
there is a proper 4-small multi-valued function G : X — C with F Z HoG.

(2) for every B € B and every o € Cov(B) there is a 7 € Cov(B) such that for every C € C
and every proper 7-small multi-valued function F : C — B there is an X € X' and a
proper g-small multi-valued function H : X — B so that for every £ € Cov(X) there

o

is a proper ¢-small multi-valued function G: C —» X with F = HoG.
We shall say that a space X has one of the above properties provided the class { X'} consisting
just of a space X has this property.

The three versions of proper tameness share many properties. We shall now state and prove
the N and the P versions of most results from §3 in [5].

THEOREM 3.1. A class X of spaces is properly NB-tame if and only if a properly NB-
tame class of spaces properly M-dominates it.

PROOF. Suppose that X’ is properly M-dominated by a properly Nf-tame class J. Then
B is properly Mg’ -tame so that B is properly MF-tame by theorem 3.5 in [5]. Hence, X is
properly NB-tame. O

COROLLARY 3.2. A space is properly NB-tame if and only if it is quasi Shy-dominated
or Sh,-dominated by a properly NB-tame class of spaces.

THEOREM 3.3. A class X’ of spaces is properly PZ-tame if and only if a properly P#-tame
class of spaces properly M-dominates it.

PROOF. Similar to the proof of theorem 3.1. 0O

COROLLARY 3.4. A space is properly Pf-tame if and only if it Sh,-dominates or quasi
Shy-dominates a properly P8-tame class of spaces.

THEOREM 3.5. Let A, B, and C be classes of spaces. If a class X" of spaces is both
properly N5-tame and properly Né“-tame, then X is also properly N8-tame.

PROOF. Let a member B of B and a numerable cover o of B be given. Let u € o*. Since
X is properly N5-tame, there is a 7 € Cov(B) such that for every X € X' and every proper
7-small multi-valued function F : X — B there is a A € A and a proper p-small multi-valued
function A : A — B so that for every £ € Cov(A) there is a proper y-small multi-valued

function L: X — A with F = Lo . Then 7 is the cover we have been looking for.

Indeed, let X € X and let F: X — B be a proper 7-small multi-valued function. Pick an
A € A and a K as above. Let § € S(I\, u). Now we utilize the fact that X" is also properly
Né‘tame to select a numerable cover € of A such that for every X € X and every proper
€-small multi-valued function L : X — A there is a C € C and a proper #-small multi-valued
function M : C — A so that for every v € Cov(C) there is a proper y-small multi-valued

function G : X — C with L i M o G. Choose an L and then a C and an M as above. Let H

denotes the composition I o M. Then C and H are the required space and proper function.
In fact, let a v € C be given. We first choose a G as above. Our choices give us the following

chain of relations F & LoK A KoMoG = HoG. Hence, F b4 HoG. O

THEOREM 3.6. Let A, B, and C be classes of spaces. If a class X' of spaces is properly
PB-tame and the class B is properly M§-tame, then .\ is also properly PB-tame.
A A I c

PROOF. The assumption on X' can be expressed by saying that the class B is properly
M#-tame. It follows from theorem 3.4 in [5] that B is properly M -tame or that X is properly
PB.tame. O
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THEOREM 3.7. Let AL B. C. and D be classes of spaces such that B and D are properly
M-dominated by A and C, respectively. If a class .U of spaces is properly N{;‘-tmne, then it is
also properly N&-tame.

PROOF. The assumption that .\’ is properly ]W{,‘-tame means that A is properly Mz -
tame. Since A properly M-dominates B, it follows from theorem 3.1 in [53] that B is properly
M3 -tame. But, since C properly M-dominates D, we get that B is properly M@ -tame and
therefore that .\ is properly N¥-tame. O

COROLLARY 3.8. Let A, B, C, and D be classes of spaces such that B and D are quasi
Shy,-dominated or Shy,-dominated by A and C, respectively. If a space X is properly N{,‘—tame,

I N Jv B
then it is also properly N7 -tame.

THEOREM 3.9. Let A, B, C, and D be classes of spaces such that B and C are properly
M-dominated by A and D, respectively. If a class .V of spaces is properly P{,‘-tame, then it is
also properly P2-tame.

PROOF. See the proof of theorem 3.7. O

COROLLARY 3.10. Let A, B, C, and D be classes of spaces such that B and C are quasi
Shp-dominated or Shy-dominated by A and D, respectively. If a space X is properly PDA-tame,
then it is also properly Pf-tame.

There seems to be no analogue of theorem 3.7 in [5] for properly NZ-tame and properly
" PS-tame spaces. In order to state versions of theorem 3.9 in [5] we need the following dual
form of the notion of a proper MB-surjection from [4].

Let B be a class of topological spaces. A class F of proper maps is properly NB-surjective
provided for every B € B and every o € Cov(B) there is a 7 € Cov(B) such that for every
f: X — Y from F and every proper 7-small multi-valued function F : X — B there is a
proper o-small multi-valued function G : Y — B with F ZGo f.Apropermap f: X =Y
is a proper NB-surjection provided the class {f} is properly N8-surjective.

THEOREM 3.11. If F is a properly NB-surjective class of proper maps and the class F"
is properly NB-tame, then the class F' is also a properly NZ-tame.

PROOF. Let a member B of B and a numerable cover o of B be given. Let p € o*. Since
F" is properly NZ-tame, thereis a £ € u¥ such that for every Y € F"' and every proper {-small
multi-valued function K : Y — B there is a C € C and a proper p-small multi-valued function
H : C — B so that for every v € Cov(C) there is a proper vy-small multi-valued function

L:Y 5Csothat K = HolL. Finally, we utilize the fact that F is a properly N5-surjective

to select the required numerable cover 7 of B so that for every member f : X — Y of F and
every proper 7-small multi-valued function F : X — B there is a proper €-small multi-valued

function K : Y — B with F é Kof.

Consider a proper 7-small multi-valued function F : X — B from a member X of F' into
B. Choose a proper map f : X — Y from F , a K, and then a C and an H as above.
Let v € Cov(C). Pick an L and let G denote the composition of f and L. Notice that G
is a proper y-small multi-valued function. Then we obtain the following chain of relations.

3 .
F=Kof i HoLof = HoQG. Hence, F Z HoG and F'is properly BCN-tame. 0O
In a similar fashion one can prove the following result for properly PE-tame spaces.

THEOREM 3.12. If F is a properly NZ-surjective class of proper maps and the class F'
is properly PB-tame, then the class F" is also a properly PZ-tame.

THEOREM. 3.13. If F is a class of properly right M-placid proper maps and the class F'
is properly NB-tame, then the class F" is also properly N2-tame.

PROOF. Let a member B of B and a numerable cover o of B be given. Let p € o*. Since
F' is properly NB-tame, there isa 7 € pF such that for every X € F' and every proper 7-small
multi-valued function P : X — B there is a C € C and a proper p-small multi-valued function
H : C — B so that for every v € Cov(C) there is a proper y-small multi-valued function
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Q: X — C and a proper p-homotopy W joining P and H o Q. Then 7 is the required cover.

Indeed, consider a member Y of ' and a proper 7-small multi-valued function F: Y — B.
Let f: X — Y be from the class F. Let P denote the composition of f and F. Then P is a
proper T-small multi-valued function from X into B so that a C € C and an H as above exist.

Let a v € Cov(C) be given. Now, we pick the function Q and a proper p-homotopy W.
Let A € S(F, 7) and let 8 be from the intersection of sets D(W, ) and S(Q, 7). Since f is
properly right M-placid, there is a proper -small multi-valued function J : ¥ — X such that

fold 2 wdy . Let G denote the composition of J and Q. Then we have the following relations.
F = Fofold = HoQolJ = GoH. Hence, F 2 HoG. O

COROLLARY 3.14. A proper M-retract of a properly Nf-tame space is properly NE-
tame.

THEOREM 3.15. If F is a class of properly right M-placid proper maps and the class F"
is properly NB-tame, then the class F' is also properly NB-tame.

PROOF. The proof is similar to the proof of theorem 3.13. O

In the next result that corresponds to theorem 3.13 in [5] we shall use a notion of properly
NB.injective class of proper maps from [4] whose definition we now recall.

Let B be a class of spaces. A class F of proper maps is properly NB-injective provided for
every B € B and every o € Cov(B) thereisar € Cov(B)such that for every f : X — Y from F
and for every proper r-small multi-valued functions F, G : ¥ — B the relation F o f ~Go f
implies the relation F ZG. A proper map f : X — Y is a proper NB-injection provided the
class {f} consisting of f alone is properly NZ-injective.

Also, a class of proper maps which is both properly N B-injective and properly N¢-surjective
is called properly NB-bijective. We shall use a shorter name properly N B_bijective for a properly
NE-bijective class of proper maps. A proper map f is a proper NB-byjection provided the class
{f} is properly NB-bijective. A proper N B_bijection is defined analogously.

THEOREM 3.16. If F is a properly N8-injective class of proper N¢-surjections and the
class F' is properly N8-tame, then the class F" is also properly NB-tame.

PROOF. Let amember B of B and a numerable cover o of B be given. Since F is properly

NB.injective, there is a p € Cov(B) such that for every map f : X — Y from the class F and

all proper p-small multi-valued functions P, Q@ : Y — B the relation Po f 2 Q o f implies
the relation P = Q. Let i € p*. We now utilize the assumption that F' is properly N2-tame
to select a 7 € Cov(B) such that for every member X of the class ' and every proper 7-small

multi-valued function I : X — B there is a C € C and a proper p-small multi-valued function
H : C — B so that for every § € Cov(C) there is a proper §-small multi-valued function

L:X—>Csothat K = HolL.

In order to check that 7 is a cover we were looking for, let ¥ be from the class "' and let
F:Y — B be a proper 7-small multi-valued function. Select a proper map f : X — Y from
the class F. Let I denote the composition of f and F. Notice that I\ is a proper 7T-small
multi-valued function from X into B. Pick a space C from the class C and a proper p-small
multi-valued function H as above. Let a v € Cov(C) be given. Let § € S(H, p) refines 7.
Since f is a proper CN-surjection, there is a § € % such that for every proper §-small multi-
valued function L : X — C there is a proper #-small multi-valued function G : Y — C with

6 t
L = Go f. Pickan L and a G as above. Our choicesimply Fo f = I ~HoL=HoGo f.
It follows that F o f 2 HoGo f and therefore F £ HoG. O

The situation with properly Pf-tame classes of spaces is much simpler as the following
theorem shows. The proof of it is left to the reader.

THEOREM 3.17. If F is a class of proper M -surjections and the class F" is properly
PB-tame, then the class F' is also properly PB-tame.

4. PROPERLY N8-MOVABLE CLASSES.

In this section we shall do for properly M¢-movable spaces what we have done in §3 for
properly MJ-tame spaces. In other words, we shall introduce a dual notion called proper
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NB-movability. It applies to classes of spaces and it satisfies six theorems which are analogues
of results in [5, §5)].

Let X and B be a classes of spaces. The class U is called properly NB-mowvable provided the
class B is properly M¥-movable, i. c., provided for every B € B and every o € Cov(B) there is
a 7 € Cov(B) such that for every X € X, every p € Cov(B), and every proper 7-small multi-
valued function F : X — B there is a proper g-small multi-valued function G : X' — B with
F2G.A space X is properly NB-movable provided the class {X} is properly N8-movable.

The following two theorems are immediate consequences of 5.2 and 5.1 in [5], respectively.

THEOREM 4.1. If a class of spaces C quasi Shy-dominates another such class B and a
class of spaces .V is properly N¢-movable, then the class .\ is also properly NZ-movable.

THEOREM 4.2. A class of spaces .Y will be properly NB-movable if and only if it is
properly M-dominated by a properly N8-movable class of spaces Y.

THEOREM 4.3. Let B and C be classes of topological spaces. If a class of spaces X is at the
same time properly N8-tame and properly N¢-movable, then it is also properly NB-movable.

PROOF. Let a member B of the class B and a numerable cover o of B be given. Let
7 € o*. Since .Y is properly N¢-movable, there is a numerable cover £ € 7% such that for every
proper £-small multi-valued function I from a member C of C into B and every o € Cov(X)

there is a proper p-small multi-valued function L : C — X with I¥ 2 L. Since X is properly
NB-tame, there is a numerable cover 7 of B such that for every proper 7-small multi-valued
function F of a member X of .V into B we can find a C € C and a proper £-small multi-valued
function R : C — B with the property that for every a € Cov(C) there is a proper a-small

multi-valued function P : X — C so that F L Ro P. Then 7 is the required numerable cover
of B.

Indeed, let F be a proper 7-small multi-valued function from a member X of X into B and
let ¢ be a numerable cover of B. Choose a C and an R as above. Then we pick a proper
¢-small multi-valued function I and a proper 7-homotopy L : C x I — B joining R and K.
Let a be a numerable cover of C that satisfies « € D(L, m) and a € S(I\, p). With respect to
a we now select a P as above and put G = K o P. Then G is a proper p-small multi-valued

function and we have F é RoP AKoP = G. Hence, F b4 G. O

THEOREM 4.4. If a class of maps F is properly NB-surjective and the class F" is properly
NB.imovable, then the class F' is also properly N®-movable.

PROOF. Let a member B of B and a numerable cover o of B be given. Let u € o*. Since
the class F" is properly NB-movable, there is a numerable cover £ € u+ of B such that for
every proper ¢-small multi-valued function i : ¥ — B from a member Y of " into B and
every p € Cov(B) there is a proper g-small multi-valued function L : Y — B with K ~ L.
On the other hand, since F is properly N8-surjective, there is a 7 € Cov(B) such that for
every proper map f : X — Y from the class F and every proper 7-small multi-valued function
F : X — B there is a proper ¢-small multi-valued function K : ¥ — B with F i Kof.
Then 7 is the numerable cover of B we were looking for.

In fact, consider a proper 7-small multi-valued function F': X — B from a member X of F'
into B and a ¢ € Cov(B). Pick a proper map f: X — Y in F and proper functions K and L
as above. Let G denote the composition of f and L. Then G is a proper g-small multi-valued

function and we have G = Lo f =Ko f L F. Hence, F ZG¢. O

COROLLARY 4.5. The image of a properly NZ-movable space by a refinable proper map
is properly NB-movable space.

THEOREM 4.6. If F is a class of properly right M-placid proper maps and the class F'
is properly NB-movable, then the class F" is also properly NB8-movable.

PROOF. Let a member B of B and a ¢ € Cov(B) be given. Let u € o*. Since the
class F' is properly N8-movable, there is a numerable cover 7 € u* with the property that
for every proper 7-small multi-valued function I from a member X of F' into B and every

. . . , . - H
o € Cov(B) there is a proper g-small multi-valued function L : X — B with ' = L. Then 7
is the required numerable cover.
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In fact, let a member Y of F”, a proper r-small multi-valued function F:' Y — B, and a
numerable cover p of B be given. Let f @ X — Y be fiom the class F. We let K denote the
composition F o f aud pick an L as above. Let W be a proper pr-homotopy joining K and
L. Let 8 € Cov(X) be from the intersection of sets S(L, o) and D(WV, u). Let o € S(F, 7).
Since the map f is properly right M-placid, there is a proper f-small multi-valued function
J:Y 5 X such that idy = foJ. Let G be the composition of J and L. The function G

. " . T
is proper and g-small and we have relations G = LoJ = KoJ = Fo fo.J = F. Hence,

o

F=G. D

THEOREM 4.7. If F is a properly N¥-injective class of proper N8-surjections and F' is
properly NE-movable, then F" is also properly N E-movable.

PROOF. Let a member B of B and a numerable cover o of B be given. Since the class F is
properly N&B-injective, there is a 4 € Cov(B) such that for every proper map f: X — Y from

. . ¢
F and all proper pi-small multi-valued functions F, G : ¥ — B the relation Fof = Go f

implies the relation F ZG.Lethe u*. Since the class F' is properly N8-movable, there is a
7 € Cov(B) such that for every member X of F', every proper r-small multi-valued function
P: X — B and every m € Cov(B) there is a proper 7-small multi-valued function Q : X — B

with P 2 Q. Then 7 is the required numerable cover of B.

In order to verify this, consider a member Y of F", a proper r-small multi-valued function
F : Y — B, and a numerable cover o € Cov(B). We can assume that g refines A\. Let
f:X =Y be from F. Since f is a proper NB-surjection, there is a 7 € Cov(B) such that
for every proper m-small multi-valued function Q : X — B there is a proper g-small multi-

6
valued function G : Y — B with Q = Go f. Let P denote the composition of f and F.
Observe that P is a proper 7-small multi-valued function from X into B. Pick a Q and a G

as above. Our selections imply the following relations : Fof = P é Q 2 Go f. It follows
that Fo f é G o f and therefore F ZG. 0O

5. COVERED AND EXTENDED CLASSES.

In this section we shall explore dependence of all proper shape invariants which were defined
on classes of spaces involved under the assumption that these classes are connected by either
surjections or injections. The connection can be through one of the following two notions.

Let F be a class of proper maps and let B and C be classes of spaces. We shall say that the
class C is F-covered by B provided for every C € C there is a B € B and an h : B — C from
F. Similarly, the class C is F-eztended by B provided for every C € C thereis a B € B and a
k:C — B from F.

For a class of spaces B we shall use B,, B,, and B, to denote the classes of all proper
MB.injections, proper MB-surjections, and proper MB-bijections. Also, B', B*, and B® de-
note the classes of all proper N5-injections, proper NB-surjections, and proper NZ-bijections.
Moreover, if F and G are classes of maps we let FG denote the intersection F()G.

We begin with the result on properly Nf-tame spaces and continue to cover all our proper
shape invariants. The proofs are mostly omitted.

THEOREM 5.1. Let A, B, C, D, and .Y’ be classes of spaces such that A’ is properly
Ng-tame and either

(cc) B is A,-covered by A and D is .Vs-covered by C,

(ce) B is X,-covered by A and D is A®-extended by C,

(ec) B is C,Ad;-extended by A and D is [V,-covered by C, or
(ee) B is C,d,-extended by A and D is A°-extended by C,

then X is also properly N8-tame.

PROOF. (cc). Let a member B of B and a numerable cover o of B be given. Let u € o*.
Since the class B is .V,-covered by the class A, there is an 4 € A and a proper M ¥-surjection
h:A— B. Let § = h™!(u). We now utilize the assumption that the class .U is properly
N“D‘-tame to select a numerable cover ¢ with the property that for every proper e-small multi-
valued function P from a member X of .U into A there is a D € D and a proper é-small
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multi-valued function K : D — 4 so that for every 3 € Cov(D) there is a proper 1-small

. . - . h - . . 9 . .
multi-valued function L: X — D with P = Ko L. Since I is a proper MY -surjection, there
is a 7 € Cov(B) such that for every X € .U and every proper 7-small multi-valued function

F: X = B there is a proper s-small multi-valued function P: X — A with F = h o P. Then
7 is a numerable cover we were looking for.

Indeed, let X € .V and let F: X — B be a proper r-small multi-valued function. Pick a
P and then a D and a I\ as above. Since the class D is .V,-covered by the class C. there is a
C € C and a proper M¥-surjection k : C — D. Let H=ho L o k. )

Let 7 be a numerable cover of C. Let 8§ € S(I, ¢). We use now the fact that & is a
proper M ¥-surjection to choose an 5 € Cov(D) with the property that for every X € .t and
every proper n-small multi-valued function K : X — D there is a proper y-small multi-valued
function G : X — C with L 2 ko G. Pick an L and then a G as above. Our selections imply
the following chain of relations: F “hoP % hoKoL = hoKokoG = HoG. Hence,
F2HoG. O

THEOREM 5.2. Let A, B, C, D, and X be classes of spaces such that X' is properly
Pg-tame and either

(cc) B is Dy-covered by A and C is B, X'*-covered by D,

(ce) B is D,-covered by A and C is B*-extended by D,

(ec) B is D,X,-extended by A and D is B*X*-covered by D, or

(ee) B is C,D,-extended by A and C is B*-extended by D,

then X is also properly Pf-tmue.

THEOREM 5.3. Let X, B, and C be classes of spaces. If the class .’ is properly NB-
movable and the class C is either .\,-covered or Xj-extended by B, then .V is also properly
N¢-movable.

PROOF. (Cis Vs-covered by B). Let a member C of C and a numerable cover v of C be
given. Let § € v*. Since the class C is .X,-covered by the class B, there is a B € B and a
proper M¥-surjection h : B — C. Let ¢ = h™'(8). Since .\’ is properly N5-movable, there is a
numerable cover 7 € Cov(B) such that for every proper r-small multi-valued function K from
a member of X into B and every p € Cov(B) there is a proper p-small multi-valued function

L with K = L. Since his a proper M~¥-surjection, there is a § € Cov(C) such that for every
proper é-small multi-valued function F' from a member of X’ into C there is a proper r-small

multi-valued function K with F 2 ho K. Then § is the required numerable cover of C.

In fact, let ¢ be an arbitrary numerable cover of C, let X € .V, and let F: X — C be a
proper §-small multi-valued function. Let o = h~'(¢). Pick a ¥ and an L as above and let G
denote the composition ho L.

b=

o
Then G is a proper e-small multi-valued function and the relation X' = L implies F

]
hoK = hoL = G. Hence, F - G. O
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