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ABSTRACT. The concept of a uniformity was developed by A.
Weil and there have been several generalizations. This
paper defines a point semiuniformity and gives necessary

and sufficient conditions for a topological space to be
point semiuniformizable. In addition, just as uniformities
are associated with topological groups, a point
semiuniformity is naturally associated with a semicontinuous
group. This paper shows that a point semiuniformity
associated with a semicontinuous group is a uniformity

if and only if the group is a topological group.
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1. Introduction. In 1937, A. Weil [1] generalized the concept
of a metric space by defining a topology-generating structure called a
uniformity. There have been several generalizations of uniformities.
For example, a semiuniformity, U, for a set X is a filter of supersets
of the diagonal in X%XxX such that for each U in U, there is a V in U
such that V-l={(y,x)|(x,y)eV}<U. As with a uniformity and its other
generalizations, there is a natural way to try to construct
neighborhoods of points. Namely, for each x in X and U in U we define
a slice, U[x], to be ({y|(x,y)eU}. For a semiuniformity, the
collection {U[x]} does generate a topology on X but we are left with
the unsatisfactory situation that some of the slices are not
neighborhoods in this topology. In (2], W. Page gets around this
problem by calling a semiuniformity a t-semiuniformity (for
topological semiuniformity) if all the slices turn out to be
neighborhoods, and he proves that a space is t-semiuniformizable
(there is a t-semiuniformity which generates the topology) if and only
if the space satisfies a certain separation property. We take a
different approach. We define a point semiuniformity, P, to be a
semiuniformity with the added condition that for every SeP there is a
TeP having for each (x,y)eT a VeP such that (x,y)oV and Vo(x,y) are
contained in S. We will show that the slices gotten from P will
always be neighborhoods in the topology generated by P and that a
space is point semiuniformizable if and only if it satisfies the same
separation property referred to above.
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The natural association of uniformities with topological groups,
or more exactly, with a fundamental system of a topological group
is well known. We show that a point semiuniformity is just as
naturally associated with a semicontinuous group (3] (called
semitopological groups by Bourbaki [4] and L. Fuchs ([5]). A
semicontinuous group is a group with a topology making inversion and
left and right multiplication by single elements continuous. We show
that the point semiuniformity associated with a semicontinuous group
is a uniformity if and only if the group is a topological group.

2. Point Semiuniformity

We begin by formalizing our definitions. A point semiuniformity
for a set X is a filter P of subsets of XxX such that VvSeP,

1) AsS

2) 3TeP such that T~l¢s

3) 3TeP such that for each (x,y)eT there is a VeP with

Vo(x,y)SS and (x,y)eVsS.
A pair (X,P) consisting of a set X and a point semiuniformity P on
AxX is called a point semiuniform space. We call B a base for a
point semiuniformity P if and only if the collection of all supersets
of elements of B is P. It is clear that any filter base satisfying
the three conditions above is a base for a point semiuniformity.

THEOREM 1. Let P be a point semiuniformity for a set X and let
P,={S[x] | SeP}. Then {P, | xeX} forms a neighborhood base for a
topology T on X.

PROOF. Clearly, for all S,TeP, xeS[x] and S[x]nT(x]=(SnT) [x].
Now let S[x)eP,. Since SeP then 3TeP with the property that for each

(a,b)eT, 3V, eP with U, ,,°(a,b)ss. In addition, since (x,x)eT
then 3U ,)€P with U ,)°(x,x)sS. Since U ,€P then 3VeP with the
property given any (s,t)eV 3W ) eP with W i o(s,t)sUy - Now

V(x]eP, and thus we must show that a neighborhood of each point of
V[x] is contained in S[x]. Suppose that yeV(x] then (x,y)eV. Now
W, ,neP  such  that W )0 (X,¥)SUg 4 It suffices to show
Wi,y [Y1SS[X]. Therefore, let zeW(, ,[y] and so (y,z)eW(, which
implies that (x,z)eW( ,)°(X,yY)SUy 4 -

Hence, (x,z)=(x,z)o(x,x)eUb“”o(x,x)sS. Consequently, zeS(x].m

A uniformity U is a semiuniformity with the property that for
each UelU, there is a VeU such that V-»veU. Thus, we see that every
uniformity is a point semiuniformity and every t-semiuniformity is a
point semiuniformity. We now turn our attention to which topologies
can be generated by these point semiuniformities. Any topology thus
induced is called a point semiuniform topology and the space is called
a point semiuniformizable topological space. The finite complement
topology on an infinite space is point semiuniformizable, but since
the space is not completely regular, it is not uniformizable.
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In (2], Page shows that a space is t-semiuniformizable if and
only if Vx,yeX, xeCl {y} iff yeCl {x}. We restate this closure
condition in an equivalent form.

DEFINITION. A topological space (X,T) is point regular (or
p-regular) if and only if for every Vet and for every xeV, Cli{x}<V.

The next proposition states some of the basic topological
properties possessed by p-regular spaces.

PROPOSITION 2.

i) Every regular space or T,-space is a p-regular space.

ii) A p-reqular, Ty,-space is a T,-space.

iii) The continuous closed image of a p-regular space is a
prregular space, but the quotient of a p-regqular
space need not be p-regular.

iv) Products and subspaces of p-regular spaces are
p-regular.
V) Although homogeneous spaces need not be p-regular,

bihomogeneous spaces are p-regular.

In [2], Page shows that a space X is t-semiuniformizable if and
only if it is p-regular. In his proof, he constructs a
t-semiuniformity as follows: For each xeX, let u, be a neighborhood
of x and let R=U(xxu,) and S=RuRl. The collection B of all such
Sc<XxX forms a base for a t-semiuniformity which induces the original
topology <. However, a t-'semiuniformity need not be a point
semiuniformity as the following example shows.

EXAMPLE 3. Consider R, the real numbers, with the usual

topology. For each reR, choose neighborhoods, u as follows: Let

rr
u,=R. For each element of the sequence <1-1/n>%_,, choose open
interval neighborhoods so that
1/2¢uy, 0,2/3¢u,,,, 1/2,3/4¢uy,5,...
(k-2) /(k-1), K/(k+1)¢u i/, etc.
For yeR-{1,0,1/2,2/3,3/4...}, choose any neighborhood u, of vy. Now,
let R=Upcr(rxu,) and let S=RuR'!. Let B be the collection of all such
S. Let Bef and we may as well assume BSS. Then there exists x such
that x=1-1/(m+1), m a positive integer, and such that u,, the
neighborhood of x, is strictly contained in B[1], the neighborhood of
1, since any neighborhood of 1 contains a tail of the sequence <1-
1/n>2_;,. Then, (x,1)¢xxu, but (x,1)eB[1]xl. In order to have a point
semiuniformity, we need Do (x,1)<S for some Def. The composition
Do (x,1)=( {UyeryxD(y]} U {UyerDl[yIxy} ) ° (x,1)
=( x xD[1} ) U { (x,¥y) | 1 € D(y] }
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and recall that S=(U(rxyu,)) U (U(uxr)). Now if xxD[1]€Upegru.xr then
vzeD[{1], xeu,. But & =1-1/m'eD[1] for some integer m'>m and Xx¢ug.
Also, (X, R) £xXxu,. Hence, although (x,R%)exxD[1]sDe(x%x,1),
(x,%) ¢ (Uper (rxu,)) U (Uper(uxr)). Thus, Deo(x,1)¢S.

This example shows that Page’s construction of a t-semiuniformity may
not be a point semiuniformity. Although t-semiuniformities and point
semiuniformities are not the same, they are related as the next
theorem shows.

THEOREM 4. A topological space (X,T) is point semiuniformizable
if and only if (X,t) is p-regular.

PROOF. Since one direction is trivial, we only need to show that
a p-regular space is point semiuniformizable.
Thus, let B be the collection of all neighborhoods of A in 7Txt.
Clearly, B is a filter that satisfies property 1) and 2) of the
definition of a point semiuniformity. Therefore, to show property 3),
let Bef which implies that there exists Uetxt with A<U<B. Let
C=UnU-l. Then C is open and symmetric and AcCs<B. Pick (x,y)eC. We
need to find Def with Do(x,y)SB or equivalently, D[y]sC[x]sB(x] (The
proof of (x,y)°DSB is similar using inverse notation). Let D=C~{ y x
(X-C[x]) }.

a) To show that D[y]sC[(x], suppose that z¢C(x]. Then
(y,2)eyx(X-C[x]) and so (y,z)¢D. Thus, z2¢D[y].
b) To show that D is a neighborhood of A, consider D’'=C-

{Cle{y}Ix(X-C[x]) }.
Since yx(X-C[x])SClr{y}x(X-C[x]), we have that D’sD. Thus, since D’
is open, we only need to show that Ac<D’.
Case 1) Suppose (z,z2)eA with 2zeCl {y}. Since (X,t) 1is p-reqular,
yeClg{z} and since (x,y)eC implies that yeC[x], then zeC[Xx]. Thus,
(z,2)eC-{ Cl¢{y} x (X-C[x]) }=D’.
Case 2] Suppose (z,z)eA with z¢Clg{y}. Then (z,2z)eD’and hence, AcD’.
Clearly, B[x]et, VBef and Betxt which implies that the topology
on X generated by B is contained in t. Conversely, let xeWet. Choose
a cover of X by t-open neighborhoods {V, | yeX} such that V,swW and
xeX-V, for y¢Cly{x} and V,=V, if yeCl¢{x} (or equivalently, xeCl¢{y}).
Let S=Uyexvﬁdg. Clearly, AsS and S 1is open in XxX. Also,
S[x]=Ux€VyVy=Vx. Hence, xeS[x]=V,SW. Therefore, W is open in the
topology on X generated by B. Thus, T is contained in the topology on
X generated by B.m

Although we used neighborhoods of A in the product topology in
the proof above, we could have used neighborhoods of A in (Tt x
discrete) N (discrete x T) which would give us a finer point
semiuniformity inducing the same topology..

Theorem 4 proves that t-semiuniformizable and point
semiuniformizable are equivalent notions for a topological space;
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however, this is their only similarity. From the examples we note
that vicinities in a t-semiuniform base are constructed simply by
forming "crosses" along the diagonal; whereas, in a point semiuniform
base vicinities are more carefully constructed possessing "crosses" at
each point.

PROPOSITION 5. Let {Uyglqep be a collection of point
semiuniformities for X. Let B be the collection of all finite
intersections of elements of UgpUy- B is a base for a point

semiuniformity which is the join of the family {Uy}qgep-

Let {Vy}qep be a family of point semiuniformities for the set X.
Let C be the family of all point semiuniformities coarser than each
Vor a€A. C is a nonempty collection since {%XxX} is a point
semiuniformity coarser than each Vy, acA. Then the meet of the family
(Vataer is VyecU-

Thus, if we let X be a fixed set and we consider the collection
of point semiuniformities for X, then this collection forms a complete
lattice when ordered by set inclusion.

THEOREM 6. If B is a finite base for a point semiuniformity then
8 is a base for a uniformity.

PROOF. Let BeB. Since B is a base for a point semiuniformity,
then there exists Cef such that for each (x,y)eC there exists D(x,y)€B
with D . °(x,y)SB. Now, since B is a finite base, then the set S =
{ D,y | (X,¥)€C and D ,°(%,yY)SB } is finite. Thus, there exists
EeB with E<(nS)nC. Let (s,t)e€E-E. Then there exists w such that
(s,w)eE and (w,t)eE. Since E<(nS)nC, which implies that (s,w)eC, then
(w,t)eD(&",. Therefore, (s,t)=(w,t)o(s,w)eD“'wo(s,w)QB.-

COROLLARY 7. Oon a finite set, point semiuniformities and
uniformities coincide.

3. Semicontinuous Groups

It is well known that group topologies on a group G are
characterized by fundamental systems and fundamental systems give rise
to left and right uniformities which give the same topology. A
semifundamental system S$ for a group G is a collection of subsets of G
each containing the identity and satisfying the following properties:

1) If U,VeS then 3WeS such that WsUnV

2) If UeS and aeU then 3VeS such that VvacU
3) If UeS then 3VeS such that Vv-icU
4) If UeS and xeG then 3VeS such that xVx-1cU.

E. Clay (3] showed that every semicontinuous group has a
semifundamental system. Let U be an element of a semifundamental
system for a semicontinuous group. Since inversion is continuous, we
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can always find a symmetric V such that V<U by letting V=UnU-!.
Consequently, we can always assume that our semifundamental system is
a symmetric semifundamental system. The next theorem shows that every
semicontihuous group is point semiuniformizable.

THEOREM 8. Let S be a symmetric semifundamental system for a
semicontinuous group (G,T). Define Ly={(x,y) | xeyU } [Ry={(x,y) |
xeUy }] Then L={L; | UeS } [R={Ry | UeS 1}] is a base for a point
semiuniformity which induces the original topology <. The point

semiuniformity generated by L [R] is called the left [right] point
semiuniformity of (G,T) and is the unique point semiuniformity for G
that generates t and has a base of left [right] invariant sets.

PROOF. Clearly, L is a filter base that satisfies the first two
properties of a base for a point semiuniformity.

Let LyeL and (x,Yy)ely. Then y-!xeU. By definition of
semifundamental system, we can find WeS such that Wy !x<U. Let
(x,z)€elye (X,Y) . Then (y,z)elL, which implies that z-lyeW. Therefore,
z”yy*ery*st. Thus, 2z-!'xeU or equivalently, (x,z)eL,.

Let Lyl and (x,y)el,. Then y-lxeU. By definition of
semifundamental system, we can find We$S such that Wy-!x<U. Also,
there exists VeS such that y-1xV(y-lx)-lcW. So then y !xVeWy-1x<cU.
Let (z,y)e(x,Y)°Ly. Then (z,x)eLy which implies that x-1zeV.

Therefore, y-!xx-!zey-!xV<U. Thus, y-!zeU, or equivalently, (z,y)e€L,.

To show that this 1left point semiuniformity generates the
topology T, let UeS and xeG. Then Ly[x] = {yl(x,y)ely} = {ylxeyU}
{ylyexU} = xU.=

o

THEOREM 9. Suppose that $ is a semifundamental system for

]

group (G,-,T). If the 1left or right point semiuniformity is
uniformity, then $ is a fundamental systen.

PROOF. Assuming that S generates a base for the left uniformity
L, then picking UeS implies that LyeL and so, by definition of L, 3VeS
such that LyeLySL;. If xeV:-V then x=a'b where aeV and beV. Clearly,
x€a-V and aee'V=V, Therefore, (x,a)ely and (a,e)ely. Combining the
above yields (x,e)e€LycLySLy. Thus, xece-U=U.m
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