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ABSTRACT. The object of the present paper is to derive some properties of neighborhoods of analytic
functions with negative coefficients in the open unit disk
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1. INTRODUCTION
Let A(n) be the class of functions of the form

fe)=2-) az* (& >20,neN={1,2,3,.}) (11
k=n+1
that are analytic in the open unit disk U = {z : |z| < 1} Forany f(z) € A(n) and 6 > 0, we define

00

N,s(f) = {g € A(n) 1 g(z) =2z — i biz*, Z klap — be| < 6}, 12)

k=n+1 k=n+1

which was called (n, 6)-neighborhood of f(z) So, for e(z) = z, we see that

N,s(e) = {g €AMn):g(z)=2-Y bz Y klbil < 5}‘
k=n+1 k=n+1
The concept of neighborhoods was first introduced by A W Goodman [Proc Amer Math Soc 8
(1957), 598-601] and then generalized by Ruscheweyh [1]
In the present paper, we consider (n, §)-neighborhoods for functions with negative coefficients in U

2. NEIGHBORHOODS FOR CLASSES S7(a) AND C,(a)
Let S (a) denote the subclass of A(n) consisting of functions which satisfy

SV
Re{ ) }> (zeU) 2n

for some a(0 < a < 1) A function f(2) in S;;(a) is said to be starlike of order a in U A function
f(2) € A(n) is said to be convex of order « if it satisfies

2f"(2)
f'(2)

for some a(0 < a < 1) We denote by C,,(«) the subclass of A(n) consisting of all such functions

Re{1+ }>a (z€eU) 22)
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For classes S; () and C,, (), we need the following lemmas by Chatterjea [2] (also, see Srivastava,
Owa and Chatterjea [3])
LEMMA 2.1. A function f(2) € A(n) is in the class S}, () if and only if

O

Z(k—a)akgl—a. 23)

k-n+1

LEMMA 2.2. A function f(z) € A(n) is in the class C,, () if and only if

Z k(k-a)ar <1-c. (24)

k=n+1
Applying the above lemmas, we prove
THEOREM 2.1. S (a)C N,s(e), where § = (n +1)(1 — a)/(n + 1 — a), and S;(0) = N, (e)
PROOF. It follows from (2 3) that if f(z) € S (a), then

Zk <("+1)(1— 9 _s @5)

k=ntl tl-a

Further, if a = 0, then f(z) € S;(0) if and only if

> ka <1 (26)
. k=n+1
This gives that f(z) € N, ;(e).
Letting n = 1 in Theorem 2 1, we have
COROLLARY 2.1. S{(a) C N;g(e), where § = 2(1 — a)/(2 — «), and Sj(0) = Ny (e)
THEOREM 2.2. C,(a) C N,s(e), where6 = (1 —a)/(n+1 - @)
PROOF. Noting that f(2) € C,, () satisfies

3 kap < 2 @7

then C,,(a) C N, s(e)

Making n = 1 in Theorem 2 2, we have

COROLLARY 2.2. Cy(a) C Nys(e), where 6 = (1 — a)/(2 — a).
3. NEIGHBORHOODS FOR CLASSES R, (a) AND P,(a)

A function f(z) € A(n) is said to be in the class R, () if it satisfies

Ref'(z) >a (z€U) 31
for some a(0 < a <1). A function f(z) in R,(e) is said to be close-fo-convex of order a in U

(Duren [4], or Sarangi and Uralegaddi [S]).
Further, a function f(z) € A(n) is said to be a member of the class P, (c) if it satisfies

{f()}>a (zeU) (32

forsomea(0 < a<1)

It is easy to see that
LEMMA 3.1. A function f(z) € A(n) is in the class R, () if and only if

(o]
> ka<1-o (33)

k=n+1

LEMMA 3.2. A function f(z) € A(n) is in the class P, («) if and only if
g <1l-a. B9
k=n+1
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From the above lemmas, we see that R,(a) C P, («)
Now, we derive
THEOREM 3.1. P,(a) = N,s(e), where6 =1 — a
The proof of Theorem 3 1 is clear from Lemma 3 1
THEOREM 3.2. N, s(e) C P,(a), wherea = (n+1-6)/(n+1)
PROOF. If f(z) € N,s(e), we have

> ka <6, (35)
k=n+1
which gives that
> ) 1-6
a < —1-12F (3 6)
o n+1 n+1
Thus we see that f(z) € P,(a)
Making n = 1 in Theorem 3 2, we have
COROLLARY 3.1. Nj4s(e) C Pi(a), wherea = (2 — 6)/2
4. NEIGHBORHOODS FOR CLASSES K, (a, 8) AND S, (a, B)
Let f(2) and g(z) be given by (1 1) and
9(z) =2-Y biz* (b >0). @1
k=n+1
If a function f(z) € A(n) satisfies
f'(z) }
Req —=¢>a (2€U 42
{FG)>e cev @2

for some a(0 < a < 1) and g(z) € S;(B) (0 < B < 1), then we say that f(2) € K,(c,8) If we take
g(2) = z, then K,(c, 3) becomes R,(a) Further, a function f(z) € A(n) is said to be in the class
Sn(a, B) if it satisfies

f@) _
9(2)

1‘<1—a (z€U) 43)

for some a(0 < a < 1) and g(2) € S5(B) (0 < B < 1) If we put g(z) = 2, then S,(a, 5) becomes
P, (a)

For classes K, (o, §) and S, (e, B), we prove

THEOREM 4.1. K, (a, 8) C N, (e), where

§={n(l—a)+(1-B)}/(n+1-B).
PROOF. If f(z) € K,,(a, B), then we have

1-Y kapzt! 1-3 kay
Re{ —=2t >kl s (4 4)
1-3 kbyzkt 1-3 kb

k=n+1 k=n+1

It follows from (4 4) that
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\Zx‘ kak§1—0+ai kbk
1 !

k ni A no
1-p
Sl-a+am
n(l-a)+(1-5)
Ty 45)

This gives f(z) € N, 4(e)

Putting n = 1 in Theorem 4 1, we have

COROLLARY 4.1. K (a,8) C Nys(e), where6 = 2 —a - )/(2 - 5)
Finally we derive

THEOREM 4.2. N, (g) C S,(e, B), where g(z) € S2(6) and

_ (n+1-p6)6
a_l_—n(n—i-l) . (46)
PROOF. Let f(z) bein N, s(g) for g(2) € Sx(B)

Then we know that

> klax - b <6 47
k=n-1
and
00 l—ﬁ
by < —————. (48)
k;{—l n+l-p
Thus we have
> |
a, — b
_f_(_z)__l‘<k—n+1|k k< 6 n+1-8
5(2) 8, ol on
k=n+1
_(n+1-pB)5
" T D) =1-a. 49

This implies that f(z) € S, (e, B).

Letting n = 1 in Theorem 4 2, we have
COROLLARY 4.2. N;4(g) C Si(e, 8), where g(z) € S;(B)and a =1 — (2 — §)6/2
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