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ABSTRACT. It is shown that if every bounded linear map from a C*-algebra a
to a von Neumann algebra £ 1is completely bounded, then either & 1is finite-
dimensional or B S C® Mn’ where ¢ 1is a commutative von Neumann algebra

and Mn is the algebra of nXn complex matrices.

Let d, B be C*-algebras, and let @: &+ 8 be a bounded linear map.
For every positive integer n, we define the map ¢, to be P, =@ ® idn,
the entry-wise map from & ® M to B® Mn’ vwhere Mn denotes the C*-algebra

of nXn complex matrices. We say that ¢ 1is completely bounded if

sup Il(pn“ < ® [1]. It is not a priori evident that there are bounded maps which
n
fail to be completely bounded. It follows from the results of this paper that

there are almost always such maps.
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Let us denote by Blla, B] the set of all bounded maps from & to B,
and by B_[d, B8] the set of all completely bounded maps from d to B. We
shall describe some of the structure of B[d&, 5] below. Further, in a
previous paper [3], we made the following Conjectures:

(1) 1f Bl[d, B] = B[d, B] for all &, then BSCQ M for some
commutative C*-algebra C and integer n;

(2) 1f BI[G, B8] = B[d, B], then either & is finite-dimensional or
BSC® M. '

We shall give an affirmative answer to both these conjectures under the
hypothesis that £ 1is a von Neumann algebra R. We should remark that the
converses to (1) and (2) hold; i.e., if & 1is finite-dimensional or
BSC® M, then Blld, B] = B[4, B] (see below).

Although our proof depends heavily on the hypothesis that the range is
a von Neumann algebra, we feel that this is merely a shortcoming of our proof,
and not a true reflection of the facts.

We begin with what is, to the best of our knowledge, the only example in
the literature of a bounded map\tﬁat is not completely bounded.

THEOREM 1: Let X be an infinite compact Hausdorff space. Then there
is a bounded map ¢: C(X) * &, Mzn such that ¢ is not completely bounded.
Further, if C(X) €S d, where & 1is a C*-algebra, then ¢ has an extension
$ to d such that lﬁn" = lh)n" for all n.

PROOF: The proof of the first assertion can be found in [4, Lemma 2.1
and Theorem 2.2], and the second assertion follows from the construction used
to produce . We will sketch the highlights of the construction, both for
the convenience of the reader and for later reference.

Let C = C(X). For every integer n, there exist elements Al,...,AnGMZn

such that: (1) A, =A.%; (2) A.A 4AA1=26

i i i™y 3 ijlzn; and (3) Tr(Ai) = 0.
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Let pfn),...,pt(ln) be positive linear functionals on C with disjoint closed

n
supports and let ™ (f) = Z, ooy mhen p ™ 22V 23[];»?"“2

2 ¥4 for aml 4 , e (n)“ £/2 0" Y%, Ve now remark that

that 1£ o (M =
by Krein's Theorem [5, p. 227], the p(n) have norm-preserving positive
extensions to & 2C, and the extension assertion rests on our demonstrating
that the ||p (n)" are the keys to computing sup ”cp(n)“.

It is true that for a positive linear functional 'l', sup ]]'rkll = |I*|l
(1, Prop. 1.2.10]. Thus, sup o™ < Z lo{™|| = at%. But in fact,
le B = lle )| = oY/

Let § = gcp( n) where all the functionals pin) are chosen to have dis-

i=1

joint closed supports, which is possible since X is infinite. Then
vl = sup 0@l < /2 swp 0™ /% = /2. pue syp lyll = sup o™ = aup llo Rl =

sup n:"/4 +% , and thus §y fails to be completely bounded.

n
COROLLARY 2:; If ¥ is an infinite dimensional Hilbert space, and X
is an infinite compact Hausdorff space, there is a bounded map @¢: C(X) = LX),
the algebra of all bounded operators on ¥, such that ¢ 1is not completely
bounded.
If 9: d+ B is a linear map of C*-algebras, we define the adjoint of
9, @*, by o*A) = @ (A*)*. Then ¢* is a linear map from & to &, and
llo*|| =llpll. we say that ¢ 1is self-adjoint if ¢ =¢@*. Every map ¢ can
be written uniquely as ¢ = P, + 1cp2, where ?;» @, are self-adjoint.
PROPOSITION 3: B_[&, 8] 1is a self-adjoint linear subspace of Bl[d, 51,
but B, need not be norm-closed.
PROOF; It is elementary that for all Kk, "(Pk" = ”q)i" , and that the
sum or scalar multiples of completely bounded maps are completely bounded.
For the second assertion, let us re-examine the proof of Theorem 1. Let

1/4

-0 as N+ »,

v - ® ¢™; then |ly-v™| =;;g]|l¢(“)ll /2 (N+1)”

n=1
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so ¢(N) -+ ¢. However, slt:p “*éN)“ = (N)l/4, so each *(n) is completely
bounded,

We remark that if one defines l“tpl” = s;:p "cpk“, then B_[d, B8] 1is closed
in ”Il" . We suspect that B_[d, 8] is always dense in Bl[d, B], at least in
the weak (i.e., pointwise) topology.

We also should remark that if © is a *-isomorphism of C*-algebras, then
lesell = loegll = lloll and more generatty, l@e), |l = @)l = el for at1
integers k. Thus the classes Bl[d, Bl and B[4, B] are essentially
unchanged under isomorphism; e.g., if 4= d'l and B = Bl, then B_[d, B] =
Ba[dl, @1].

We will denote by M, the algebra L), where ¥ is a separable
infinite-dimensional Hilbert space. By Corollary 2, M, = Qi_l Mzn.

We will now do an analysis of von Neumann algebras, based on their type,
that will identify the characteristics we need. We follow the type classifi-
cation of [6, pp. 24-25].

LEMMA 4: Let R be a von Neumann algebra of type I, II, or III.

Then R 2 (an isomorphic copy of) M, .

PROOF: By [6, Cor. 14], R 1is spatially isomorphic to R ® M, , but
ROM, 21O®M =M, .

LEMMA 5: Let R be a von Neumann algebra of type IIl. Then

R 2 (an isomorphic copy of) @ M .
n 2

®
PROOF: Let {Pn}n=1 be family of non-zero, orthogonal projections in

zn
- (n) (n) (n)
R [6, p. 45]. For each n, write P :I.Sl E;, where E;T 4 Ej for
i#3j, and E(n) is equivalent to E(n) in the usual sense of equivalence
i |

for projections. Let {Vi?)} be partial isometries (in Pnf?Pn [p. 46, Remark])

such that Vgl)*vi;) = E}n), vfg‘)vg‘)* = Ej(_n), so that we can take Vﬁ_‘) = Vj(:;)

*
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(n)
ij
R :2 Pn/?Pn ag Mzn.

Then {y }u {Ej(.n)} generate an isomorphic copy of Mzn. Thus

LEMMA 6: Let R = gﬁa , where Pa is a homogeneous von Neumann algebra
of degree I, l<n <%, If supn, =%, then R 2 (an isomorphic copy
Oy o a @

Of) ? Mzno

PROOF : Each R_ 1is (isomorphically) of the form C_ ® M, , where C
[+ o -~ [+ 1
is a commutative von Neumann algebra [6, p. 98], and thus Pa 21Q® M, = Mna.
o
If sup n, = ® , there is a subsequence n such that n, 2 2”7, and thus

o -] di i
R, 2M 2Mgji. Then R20R, 20 M 4.
¥ e, 2 9 i 2

We are now ready to prove the main result of this paper.

THEOREM 7. Let R be a von Neumann algebra, and suppose that for some
infinite compact Hausdorff space X, BI[C(X), R] = By[C(X), R]. Then there is
a commutative C*-algebra C and integer n such that R SC® M,:l .

PROOF: We can write R as a (unique) direct sum R = ﬁl 622 QR3 ®€4
GES where Pl is of type I, Rz of type 1II_, 93 of type III, €4 of
type II,, and 65 of type In [6, p. 25]. By using Theorem 1, Corollary 2,
Lemma 4, and Lemma 5, we see that the hypothesis forces Rl =,?2 =/\’3 =A?4 = 0.
Thus R =E5 is of type I, so R =O®R_, where R_ is homogeneous of
degree n, [6, p. 42]. By applying Theorem 1, Lemma 6, and the hypothesis,

= = C
we see that sgp n,=N<®. But then R s (c(x,) ® Mna) 2 (C(X) ®M) <
ce® MN’ for an appropriate commutative C*-algebra C.

We can now give our answer to the first conjecture.

COROLLARY 8: If R 1is a von Neumann.algebra, and for all C*-algebras
a, B,(d, R] = B,Id, R], then RSC®M_.

For the sake of completeness, we state a converse to Theorem 7. The proof

may be found in [3, Lemma 7].
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PROPOSITION 9: If SSC®M, then for all c*-algebras 4,
Blfd, B] = B[4, B].

In order to present our answer to the second conjecture, we need the
foliowing result.

PROPOSITION 10: Let d be an infinite-dimensional C*-algebra. Then
d 2 C(X) for some infinite compact Hausdorff space X.

PROOF: This fact is established in the proof of [3, Thm. E], and is
a variation upon [2].

THEOREM 11: 1f R is a von Neumann algebra, and for some C*-algebra
a, Bl[d, R] = B[4, R], then either ¢ 1is finite-dimensional or R 2 C ® Mn.

PROOF: The proof of Theorem 7 shows that either R € C ® Mn or
R = % Mzn. Suppose the latter; then if & 1is infinite-dimensional, we see
from Proposition 10 that & = C(X) for some infinite compact Hausdorff space
X. But then by Theorem 1, there is a map ¢, @: d 2 ER Mzn S R, which is
bounded but not completely bounded. This contradicts the hypothesis, and
completes the proof.

For the sake of completeness, we state a result, which along with
Proposition 9, yields a converse to Theorem l1l. The proof may be found in
[3, Lemma 5].

PROPOSITION 12: If d is finite-dimensional, then for all C*-algebras
B, Bl[d, B8] = B la, 5].

We remark that, by Theorem 11, there are almost always bounded maps
between C*-algebras that fail to be completely bounded.

We should mention that there is another interesting consequence of the
methods of this paper.

THEOREM 13. Let & be an infinite-dimensional C*-algebra. Then there
is a bounded self-adjoint map ¢: & =+ % Mzn such that ¢ cannot be written

Q = (p+-cp- where cp+, ¢~ are bounded positive linear maps from « -+ £L®X).
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PROOF : The actual asgertion of (4, Lemma 2.1 and Theorem 2.2] is that
the map ¢: C(X) *‘ﬁ Mzn described in the proof of Theorem 1 does not admit
such a decomposition. The extension statement in Theorem 1 and Proposition 10
allow us to pass to an arbitrary infinite-dimensional & .

Arguments similar to those of Lemmas &4, 5, 6 and Theorem 7 in this paper
were used in the dissertation of Sze-Kai Jack Tsui, University of Pennsylvania,

1975. He also obtained results relating to Theorem 13 of this paper.
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