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GROUP METHOD ANALYSIS OF TWO-DIMENSIONAL
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The group transformation theoretic approach is applied to present an analytic
study of the temperature distribution in a triangular plate, Q, placed in the field
of heat flux, along one boundary, in a form of polynomial functions of any degree
“n.” The Laplace’s equation has been reduced to second-order linear ordinary dif-
ferential equation with an appropriate boundary conditions. Exact solution has
been obtained for general shape of Q and different boundary conditions.
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1. Introduction. The Laplace’s equation arises in many branches of physics,
from which it attracts a wide band of researchers. Electrostatic potential, tem-
perature in the case of steady state heat conduction, velocity potential in the
case of steady irrotational flow of an ideal fluid, concentration of a substance
that is diffusing through a solid, and the displacements of a two-dimensional
membrane in equilibrium state are counter examples in which the Laplace’s
equation is satisfied.

The mathematical technique used in the present analysis is the parameter-
group transformation. The group methods, as a class of methods lead to the
reduction of the number of independent variables, were first introduced by
Birkhoff [6] in 1948, where he made use of one-parameter transformation
groups. In 1952, Morgan [9] presented a theory which has led to improvements
over earlier similarity methods. The method has been applied intensively by
Abd-el-Malek et al. [1, 2, 3, 4, 5, 7].

In this paper, we present a general procedure for applying one-parameter
group transformation to the Laplace’s equation in a triangular domain. Un-
der the transformation, the partial differential equation with boundary condi-
tions in polynomial form, of any degree, is reduced to an ordinary differential
equation with the appropriate corresponding conditions. The equation is then
solved analytically for the general form of the triangular domain and boundary
conditions.

2. Mathematical formulation. The governing equation for the distribution
of temperature T (x,y) is given by

9°T  0°T
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FIGURE 2.1. Geometrical configuration of the problem.

with the following boundary conditions:

T(x,y)=0q(x), (x,y)€lL,
T . . 2.2)
== Ly.
3y Bx", (x,y)€L>
It is required to find the distribution of the temperature T(x,7y) inside the
domain Q, defined in Figure 2.1, and the heat flux across L3, where
Ly:y =xtan®,,
Ly:y =—xtan®,, (2.3)
Ly:y=xtan®3+b, b#0,ne{0,1,2,3,...}, x and B are constants.

Write
T(x,y)=w(x,y)q(x), q(x)#0inQ, (2.4)

by which differential equation (2.1) takes the form

’w  d%w ow dq d?q
q(X)(iaxz +7ay2)+2aa+wW—o, (2.5)

and the boundary conditions (2.2) take the form

wx,y) =« (x,y)€L,

ow  Bx" (2.6)
oy alx)’ o) ele

3. Solution of the problem. The method of solution depends on the ap-
plication of a one-parameter group transformation to the partial differential
equation (2.1). Under this transformation, the two independent variables will
be reduced by one and the differential equation (2.1) transforms into an or-
dinary differential equation in only one independent variable, which is the
similarity variable.
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3.1. The group systematic formulation. The procedure is initiated with the
group G, a class of transformation of one-parameter “a” of the form

G:S=C5a)S+K5(a), (3.1)
where S stands for x, v, w, and q and the C’s and K’s are real valued and at
least differentiable in the real argument “a.”

3.2. The invariance analysis. To transform the differential equation, trans-
formations of the derivatives of w and g are obtained from G via chain-rule
operations

- (CS . cs , .
SLT: <F)Sl! SE= (W)SU! L=X,Y;J]=X,Y, (32)

where S stands for w and q.
Equation (2.5) is said to be invariantly transformed, for some function H; (a),
whenever

G(Wix +Wyy) +2Wxds + Wdgz = H1 (@) [ (Wxx + Wyy) + 2Wxdx + Wy -

3.3)
Substitution from (3.1) into (3.3) yields
of | fee oo | e )
() 17 Len? 17
cacw cacw (3.4)
Z[W}wqu+[(C’>c)2]wqxx+€l(a)
:Hl(a)[Q(wxx"”wyy)+ZWXQX+WQXX];
where
Kwca
Ci(a) = (K‘T’”)( Wax | Wyy >+[ ]qxx. (3.5)
1 (€)? () L)

The invariance of (3.4) implies that C; (a) = 0. This is satisfied by putting

caicv cicv
K1=KY =0, [(CX)Z} = [(Cy)z} =H(a), (3.6)
which yields
c*=C. (3.7)

Moreover, the boundary conditions (2.6) are also invariant in form, implying
that

KX=Ki=K% =0, CiC¥=(C*)""", cv=1. (3.8)
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Finally, we get the one-parameter group G which transforms invariantly the
differential equation (2.5) and the boundary conditions (2.6). The group G is
of the form

x=C*x,
y =C¥y +K”,

G127~ (3.9)
w=w,

3.3. The complete set of absolute invariants. Our aim is to make use of
group methods to represent the problem in the form of an ordinary differential
equation. Then, we have to proceed in our analysis to obtain a complete set of
absolute invariants.

If n = n(x,y) is the absolute invariant of the independent variables, then

gi(x,y;w,q) =Fi[n(x,»)]; j=1,2 (3.10)

are the two absolute invariants corresponding to w and q. The application of
a basic theorem in group theory, see [8], states that a function g(x,y;w,q)
is an absolute invariant of a one-parameter group if it satisfies the following
first-order linear differential equation:

4
Z «iSi+Bi) 5o =0, (3.11)

l

where S; stands for x, v, w, and q, respectively, and

0KSi
Jda

aCs:

o= (@%), i=1,2,3,4 (3.12)

(ao)! ﬁi:

and a® denotes the value of “a” which yields the identity element of the group.
From (3.6), (3.7), (3.8), and (3.12), we get

X1 = &2, x3 =0, B1=PB3=PB4=0. (3.13)
We take B2, =0
Owing to (3.11), n(x,y) is an absolute invariant if it satisfies
an on
ax +yay 0, (3.14)

which has a solution in the form

X
nx,y)="1 (3.15)
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To obtain the absolute invariant of the dependent variables w and g, apply
(3.11), we get

q(x)=R(x)0(n). (3.16)

Since g(x) and R(x) are independent of y, while n is a function of x and
7y, then 0(n) must be a constant, say 6(n) = 1, hence

a(x) =R(x), (3.17)
and the second absolute invariant is

w(x,y)=F(n). (3.18)

4. The reduction to an ordinary differential equation. As the general anal-
ysis proceeds, the established forms of the dependent and the independent ab-
solute invariant are used to obtain an ordinary differential equation. Generally,
the absolute invariant n(x,y) has the form given in (3.15).

Substituting from (3.15) and (3.18) into (2.5) yields

2
(2 +1) 95 - on| X4R 4]

dF [xz d?R
dn? R dx

—+| ——-— |F=0. 4.1
dan R dx? ] @1
For (4.1) to be reduced to an expression in the single independent invariant n,
the coefficients should be constants or functions of n alone. Thus,

Rdx — G, 4.2)
CER_ 43

It follows then that, from (4.2),
R(x) = C3x°1. (4.4)

Also, from (4.2) and (4.3), we can show that
Co=C(C1-1). 4.5)
Take C3 =1 and C; =n+1, we get C, =n(n+ 1), hence we have

2 -~ - =
(n +1) In? 2nm ] +n(n+1)F=0. (4.6)
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Under the similarity variable n, the boundary conditions are

ar

F(tang;) = «, d—n(ftanqu):B,

such that the boundary L, or L, does not coincide with the vertical axis.

5. Analytical solution. The solution corresponds to n > 0 is

[(n+1)/2]
n+1y\ .
F(n)=by > (—1>’<< )nZk

= 2k
[n/2]
b, ) Sk (LY o
+<n+1 go( 1) 2k+1 n

hence we get

T(x,y)=by >
k=0

[n/2]
b, ) ok (LY oker ne2k
+(n+1 2 (D gy )Y

The heat flux across Lj is

[(n+1)/2]
(—1)k <"+ 1) 22kl

oT

oT . oT
%(X,y)hg = ———sings3 + =—cos¢s3,

ox oy

hence we get

oT .
%(X,y)m = bo[ —sinp3My,1 +cos Pp3Mo,» ]

b,y ) .
+<n+1 [—sin¢g3M; 1 +cospsMio].

Applying the boundary conditions (4.7), we get

b,
=b + < ) ,
(&8 020,1 n+l Z1,1

} b )
B*b020,2+<n+1 Z1,2,

(4.7)

(5.1)

(5.2)

(5.3)

(5.4)

(5.5)
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where

[n/2]
_ vk n+1\ op ook
Moy = > (-Dkn 2k+1)( ok >y X2k

k=0
[(n-1)/2]
_ vk n+1Y\ opir n-ok-1
M, = kgo (-1)*(n 2k+l)(2k+1>y X ,
[(n+1)/2]
n+1 .
M0,2 _ Z (—l)k(Zk)( ok )ka—lxn—Zk-H’
k=1
[n/2]
- 1)k n+1\ o ok
Mip= > (-1) (2k+1)<2k+1)y xn2k,
k=0 _
[(n+1)/2] n+l :
Zo1= (—1)k< ok )tan2k¢1,
k=0
[(n+1)/2]
fntl x
zZin= > (=D (2k+1>tan2 Ly,
k=0
[(n+1)/2]
n+1
Z00= . (—1)"(2k)< ok )tanz"l(pz,
k=0
[n/2]
n+1
zip= > (-D*Q2k+1) <2k+1) tan®* ;.
k=0

Solving (5.5) for a given value of “n,” we get by and b, .

THEOREM 5.1. The system of (5.5) possesses a solution, if the difference be-
tween “®1/n” and the vertex angle between L, and L; is not an odd integral
multiple of “1t/(2n).”

PROOF. Let z = ¢i®1. Hence,

214 z= D) = (cosepy +ising) T + (cos ey —isingyy)" !
n+l1 n+1 (5'7)
:cos"”([1+itan¢1] +[1—-itand¢ | )
Applying the binomial theorem, we obtain
zM 4 z70 D = 21 cos™ 1 by ]z 1. (5.8)
On the other hand,
zM 4z D — 2l cos(n+1) 1 ]. (5.9)

Equating the right-hand side of (5.8) and (5.9) and solving for z 1, we get

_ cos(n+1)¢p,

1
cosn+l1 ¢)1 (5 0)
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FIGURE 6.1. Geometrical configuration of the problem of Case 6.1.

Similarly, we get

_ sin(n+1)¢p,

Z1,1
' cosn+l ¢1 ’

_ (n+1)sinng,

sty (5.11)

Z0,2

(n+1)cosnag;

z =
1.2 cos" ¢

The system of (5.5) has a unique solution if the determinant

Z0,1 20,2
Z1,1 212

D= #0. (5.12)

That is,

cos[n(p1+¢2) + 1]

o5 T grcosn g, D #0 (5.13)

D=2z01z12-202211 =

which is satisfied if the difference between “®,/n” and the vertex angle be-
tween L; and L, is not an odd multiple of “rt/(2n).” O

6. Special cases

CASE 6.1. Boundary conditions are combinations of two different degrees
of polynomials.

The governing equation for the distribution of temperature T (x,y) is given
by

02T 02T

W_FW:O, (X,y)EQ (6.1)
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with the following boundary conditions:

T(x,y)=q(x), (x,y)€lL,

oT
3y - Bix+B2x®, (x,¥) € Lo,

¢ =45°, ¢ =45°, ¢$3=0°.
From the principle of superposition, write

T(x,y)=Ti(x,y)+T2(x,y),
where the boundary conditions for T (x,y) are

Th(x,y) = x1q:1(x), (x,¥) €L,
om

3y =pix, (x,¥)€ Ly,

and the boundary conditions for T»(x,y) are

To(x,y) = q2q2(x), (x,¥) €L,
0T»

FI B2x°, (x,y) €Ly,

where

a(x) = o191 (x) + x2q2(x).

Setting n = 1 in the general solution (5.2) and (5.4), we get

Brocu o y2y 4oy,

T(x,y) = >

oT
a—nl(x,y) |y = b (0 —B1) + o x.

Setting n = 5 in the general solution (5.2) and (5.4), we get

T>(x,y) = MZZ—;BZ(XG— 15y°x*—15y*x? - %)
- % (6yx°—20y3x3+6y°x),
%(x,ym - —MZT_[;Zb(Sx4—1Ob2x2+b4)
3

(x> —10b%x> +5b*x).

1377

(6.2)

(6.3)

(6.4)

(6.5)

(6.6)

(6.7)

(6.8)
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FIGURE 6.2. Geometrical configuration of the problem of Case 6.2.

Hence, the analytic solutions have the form
_Bimaa o oy 3—pe
Tx,y) = =5 (x*=»%) + =,
o
8
Z—z;(x,y)lL3 = b(oq—Bl)+cx1x—3(x2T_sz(5x4—10b2x2+b4)

(x®—15y2x* - 15y%x? — %)
(6yx°—20y3x3+6y°x),

3,
4

(x> =10b%x3 + 5b%x).
(6.9)

CASE 6.2. One of the boundaries is vertical.
The governing equation for the distribution of temperature T (x,y) is given
by

02T 02T

ﬁ‘ﬁ‘ﬁzoy (X!y)EQ (610)

with the following boundary conditions:

T(x,y)=0a0q(y), (x,y)€li,

oT (6.11)

x By", (x,¥)eL,  ¢2=90"

Write
T(x,y)=w(x,»)q(y), a(¥)#0inQ, (6.12)
by which differential equation (6.10) takes the form

2 2 :
0w aw)+ awd_q+ dq:o, (6.13)

qm(axz Tovz) ey dy TV aye
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and the boundary conditions (6.11) take the form

wx,y)=« (x,y)€Ll,

ow B
Ix (x,y) = a0’ (x,y) € L.

Applying the invariant analysis, we get

x =C*x,
v = %y,
TR R (6.15)
w=w,
a=[()""]a,
and the absolute invariant n(x,y) is
X
nix,y)=—. (6.16)
Y y

The complete set of absolute invariants corresponding to “w” and “q” are
a(y)=R(y), wix,y)=F(n). (6.17)

Substituting (6.16) and (6.17) in (6.13), with R(y) = y"*1, we get

2
(n2+1)z—'ﬁ—2nnz—5+n(n+l)l~"=0. (6.18)

Under the similarity variable n, the boundary conditions take the form

F(tan¢) = «, %(0) = B. (6.19)

Solution of (6.18) with the boundary conditions (6.19) is

[(n+1)/2] 2k
T(X,_’y):b() Z (_1)k (’l’l+1) (ﬁ) yn+1

~ 2k ) \y
. [n/2] 2k+1 (6.20)
bl > _1\k n+l (£> n+1
+(n+1 go( Dok )\5) 27
where
[(n+1)/2]
n+1
a=by > (—1)"( ok )cotZk“(bl
k=0
[n/2] 6.21)
b, ) k[l 2k+1 (
+(n+1 k%)( D 2k+1 cot b1,

B=h.
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FIGURE 6.3. Geometrical configuration of the problem of Case 6.3.

Solving (6.21) for the given value of “n,” we get both by and b, .
The heat flux across L3 is

oT .
3, 0Y) |23 = bo[ —sin¢p3No,1 + cos 3 No,2 ]

b (6.22)
+ (;1) [ —sin 3Ny 1 +cos 3N 2],
where
[(n+1)/2]
1 .
N01= Z (—].)k(Zk) n+ ka—lyn—Zk’
’ = 2k
[n/2]
_ 1k n+l\ op ook
Ny = go( 1) (2k+1)(2k+1)x % ,
(/2] (6.23)
k n+1\ op ok
Nop= > (-D¥(n-2k+1) xPkynek,
= 2k

[(n-1)/2]

_ k(g N+1\ oki1 . n-2k+1
Nip = go (-Dkn 2k)<2k+1)x y )

CASE 6.3. The two boundary conditions are identical.
The governing equation for the distribution of temperature T (x,y) is given
by

02T 02T

W-‘-W =0, (X,y) e (624)

with the following boundary conditions:

T(x,y)=0aq(x), (x,»)€L,
T _ _3ux
oy 4

¢1 =60°, P2 =45°, ¢3=0°.

(x,y) €Ly, (6.25)
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Write

T(x,y)=w(x,¥)q(x), q(x)#0inQ,

by which differential equation (6.24) takes the form

2w d%w ow dq d?q
at) (s Tﬁ”aa“"m =0,
and the boundary conditions (6.11) take the form
w(x,y)=«, (x,y)€L,
ow 3oxc?
—(x, =—-——:" (x, € Lo.
8y( ¥) 1q(x) (x,¥) €L

Applying the invariant analysis, we get

x =C*x,

G: 5_}: e
w=w,
i=[(c)’]a,

and the absolute invariant n(x,y) is

_Y
nix,y) = E

The complete set of absolute invariants corresponding to “w” and

q(x) =R(x), w(x,y)=F(n).

Substituting (6.30) and (6.31) in (6.27), with R(x) = x3, we get

2
d—F—4 £+6F:O.

2
(n +1)an "

1381

(6.26)

(6.27)

(6.28)

(6.29)

(6.30)

“qn are

(6.31)

(6.32)

Under the similarity variable n, the boundary conditions take the form

dafr 3
F(\3) = «, d—n(fl)—fz(x. (6.33)
It can be easily shown that the two conditions (6.33) are identical.
Hence, to find the second condition, assume that
(6.34)

8_T _3 2_ 12
3y (X, )13 = 40<bX+y(x b?),

where “y” is a constant.
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The solution of (6.32) with the aid of the boundary conditions (6.33) and
(6.34) is

T(x,y) = —%(x3—3xy2)+x(3x2y—y3). (6.35)

w
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