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A SERIES-TYPE MULTISTAGE PRODUCTION SYSTEM
WITH RANDOM DEMAND
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We propose a mathematical model which considers the series-type product struc-
ture with n — 1 predecessors. Our objective is to obtain the optimal production
functions, in the planning horizon [0, T], based on the assumptions (1) that the
cost of production unit is a linear function of production quantity in a time unit,
(2) that sales of finished goods occur at the end of planning horizon, and (3) that
product demand is a random variable. Then the phenomenon of optimal solution
is discussed.

2000 Mathematics Subject Classification: 49N90, 90B05, 90B30.

1. Introduction. Billington et al. [1] have described that there are four types
of product structures in the multistage production systems: (1) series; (2) par-
allel; (3) assembly; (4) general. The simplest is the series-type product structure
which illustrates a single product, produced in a series of steps. Zangwill [7]
and Love [6] use a concave cost structure and present relatively efficient solu-
tion techniques. Whatever type of the multistage production systems, the as-
sumption of the demand schedule for the end products has been established,
and then one determines the lot sizes in each stage to minimize the total costs.
On the contrary, the probabilistic demand is discussed in the inventory system.
The typical one is the classical newsboy problem. It is a single-period, single-
product inventory problem which considers the inventory size to be ordered
for the sake of meeting random demand so as to maximize expected profit
while balancing holding and shortage costs. There are many papers to discuss
this problem in recent years. For example, Eppen [4] presented a multilocation
newsboy problem with normal distribution of a location’s demand, identical
linear holding, and penalty cost functions. Chen and Lin [3] extend Eppen’s
model by considering the concave cost function with unspecified distribution
of demand, then show that the Eppen’s results are still true.

M. S. Chen and Y. C. Chen [2] have constructed a mathematical model for
the newsboy problem with production and holding costs. The problem is, in
the planning horizon [0, T], how should the decision makers control the pro-
duction rates to meet the random demand at the end of the period such that
the expected profit is optimal? However, they assumed that the product struc-
ture is single-stage. Thus, we extend it by assuming that the product structure
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is series-type with n — 1 predecessors. Then how should the decision makers
control the production rates at each stage to meet the random demand at the
end of planning period such that the expected profit is optimal?

2. Notation and assumptions. For the sake of convenience, the following
notation and assumptions are used in this paper:
(i) [0, T]: the available time interval for production and T is the selling time;

(ii) v: the price unit of produced goods;

(iii) h;: the holding unit cost of ith semifinished goods in a time unit, i =
1,...,n—1, let hy = 0, and h,, is the holding unit cost of finished goods
in a time unit;

(iv) b: the loss or treatment cost per unit of surplus goods. It occurs when
the quantity of inventory on hand at time T is larger than the quantity of
goods in demand;

(V) p: the penalty cost per unit of lacking goods. It occurs when the quantity
of inventory on hand is less than the quantity of goods in demand;

(vi) S:the quantity of goods in demand at time T. Here, S is a random variable,
its probability density function is f(s), and its cumulative distribution
function is

F(s) = Jof(tmt; 2.1)

(vii) [t;, T]: the time interval during which the decision maker is actually en-
gaged in the production of ith semifinished goods, and t; is the time to be-
gin production of ith semifinished goods, wheret; >0andi=1,...,n—1.
Let [t,, T] be the time interval during which the decision maker is actu-
ally engaged in the production of finished goods and let t;, be the time
to begin the production of finished goods, where t,, > 0;

(viii) x;(t): the cumulative production of ith semifinished goods at time ft,
that is, the total production of semifinished goods in the time interval
[t;,t], where x;(t;) =0andi=1,...,n—1. Furthermore, x,, (t) is the total
production of finished goods in the time interval [t,,t], where x,, (t,;) =0
and x,(T) is the total inventory on hand at time T. When the decision
makers make extra production plans in addition to the routine work, the
cost will burden them because of the capital and the human resources. So,
the production unit cost will increase as the production increases. Hence,
in this paper, we assume that the production unit cost is an increasing
function of production in the time unit. If the decision makers do not
have production, they do not have to pay for the cost. Therefore, we
have

(ix) ¢;x;(t): the production unit cost of the ith semifinished goods at time t,
where ¢; is a constant and i = 1,2,...,n — 1. Furthermore, c,x;, (t) is the
production unit cost of finished goods at time t, where ¢, is a constant.
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3. Model. Using the notation of the previous section, we have that

(i) total production and holding costs of finished goods equals ft],; [cnx)? ()
+hypxn (t)]dt;

(ii) total production and holding costs of the ith semifinished goods in the
time interval [t;,t;.1] equals ffii“ [cix[?(t) +hixi(t)]dt foralli=1,2,...,
n-—1;

(iii) total production and holding costs of the ith semifinished goods in the
time interval [t;,1,T] equals fti] [cixlfz(t) +hi(x;(t)—x;41(t))]dt for all
i=1,2,....,.n—1;

(iv) total production and holding costs of the ith semifinished goods in the
time interval [t;, T] equals fg[cixlfz(t) +hixi(t)]dt — ftil hixi (t)dt.

So, total production and holding costs of all semifinished goods equals

n-1 .1 n-1 .1
s L leox? O+ hixi)dt= Y | hixiaode
-1Vt i=1 Vtis1

n-1 .t n T
- ZJ [cixgz(t)mixi(t)]dt—zj hi—1xi(t)dt
i=1 7t i=27ti
(3.1)
n-1 .t n T
= ZI [cixgz(t)+hixi(t)]dt—ZJ hi_1xi(t)dt (]’L():O)
i=1 7t =17t

n-1 .71 T
= Z Jt [Cixl{z(t)"'(hi_hi—l)xi(t)]dt_Jt I’Ln_]xn(t)dt.
i=1 7t n
Thus, total production and holding costs equals

T T
J [cnx;?(t)+hnxn(t)]dt—J Mn-1xn(t)dt
tn tn
n-1 .1
+ z L [Cix{z(t)+ (hifhi_l)xi(t)]dt (3.2)
o1 Yt

no.r
= zj [cix?(t) + (hi —hi_1)xi(t)]dt.
i

L

Since the for-sale quantity of goods min{x, (T),S} is a random variable, we
have that
(i) the expected revenue equals f(f"m vsf(s)ds+ f;;m vxn(T) f(s)ds;
(ii) the expected cost of surplus goods equals f(f”m b(xn(T)=s)f(s)ds;
(iii) the expected cost of shortage goods equals f;;(T) p(s—xn(T))f(s)ds.
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If our objective is the profit optimization, then the mathematical model is
as follows:

xn(T)
MaXJ0 [Vs—b(xu(T)-s)]f(s)ds

+an [V (T)—p(s—xn(T))]f(s)ds (3.3)
no.T
_ZJ [eix?(t) + (hi—hi1)x:(t)]dt

subject to x;(t;) = 0 for all i, x;(T) = x,(T) forall i =1,...,n—1, x,(t) >
x2(t) = x3(t) = --- =2 xy,(t) foral t € [t,,T], h; > h;_; for all i=1,2,...,n,
ho=0,tp 2ty 12---2t; 20,x;(t)=0forallt € [t;,T], foralli=1,2,...,n,
where x;(T), t; are free for all i.

Now, let (x{(t),x)(t),...,x;(t)) be the optimal solution of (3.3) and con-
sider two feasible solutions

(X )y, X (), x4 (0, xF 4 (0, xF L (D), .., x5 (1),

* * * * * * (3-4)
(XF (), X (0, xF (), xF (1), xF o (1),..., x5 (1)).

Therefore, using the fact that the objective value of (x; (), x5 (t),...,x;(t))
is greater than the objective of (x{ (t),...,x;; (£),x/ (), x/ (1), xl+2(t),...,
x5 (t)), we have

xn (T)
JO [vs—b(x;(T) —5)]f(s)ds+J . (VX (T)—p(s—x;;(T))]f(s)ds

‘Vl

—ZJ X7 2(0) + (hi—hiy)x] (1) ]dt

X (T)
zj [us=Db(x;(T)-s)]f(s)ds

0
[ i - ps XTI (s)ds
x5 (T)

i-1 .T
- J [cxx} 2 (8) + (hi — iy x5 (t) ]dt

k=17t

T
- | lexio s - nenx, lae

N . ’ i+
S J [erx 2 () + (i — ) X ()] dt

k=i+17 bk

(3.5)

which implies

h hll

i ti

T
L*( xFE() —x; P ()dt = (x (t)—xf,(t))dt.  (3.6)

i
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Similarly, the objective value of (xi(t),x}(t),...,x}(t)) is greater than the
objective of (x{ (£),...,x; (£),x] (t),x; (1), tz(t) , X5 (t)), then we have

xn (T) 0
JO [vs—b(x}(T) —S)]f(S)dS-FI . [vx(T)—p(s—x:(T))]f(s)ds
n T ,
—Zj [eox 2 () + (hi— hio )X (D] dt
it

xn (T)
Zjo [vs=Db(xi(T)-s)]f(s)ds

+I* (VX (T)—p(s—x;;(T))]f(s)ds
xn (T)
ZJ [k 2 () + (hi — har ) xf (D) ]dt

T
—J [Ci+1x£k’2(t)+(hi+l_hi)xfk(t)]dt
t*

i

noo.T
- > J*[Ckxfckrz(t)+(hk*hk—1)x;(t)]dt
k=i+27
(3.7)
which implies that
h h r
Pt (e -ty )= [ (o - e 69
Combining (3.6) and (3.8), we have
hi—h;_ T hioi—h; (F
B [ G = (0)de = PR 0 - () e
! ! (3.9)
N o —h. T
(hl Riy _ Rin hl)J (x¥(t)—x5,()dt <0 Vi=1,2,...,n—1.
Ci Cit+1 tf

Therefore, if (h; —hi-1)/ci > (hiz1—hi)/ci1, then x[(t) = x5, (t) for all i =
1,2,....n—1.

Define sequence Q = {Q;}]",, where Q; = (h; —h;_1)/c;. Then, Q must be
one of the following three cases.

CASE I. The sequence Q is an increasing sequence.
In this case, the optimal solution is shown in the next section.

CASE II. The sequence Q is a strictly decreasing sequence.
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Then by (3.9), we know that x;i_, (t) = x (t). So, in this case, we let x,, (t) =
Xp-1(t) in (3.3), then the coefficients of x,_; (t) and x,,_, (t) are h,, — hy,—; and
Cn +Cp-1, respectively.

Hence, sequence Q becomes

{hl ~hy  hno—has hn—hH} (3.10)
c yeany Cn2 ) Cn+C’n71 : :
It is easy to see that if
hn=hn1 _ hn_ﬁhn-z’ (3.11)
Cn Cn-1
then
hn=hn1 hn=hno hna=hno (3.12)

Cn CntCn-1 Cn-1

Thus, (hy—2 —hy-3)/cn-2 > (hy — hy-2)/(cn + cn-1), by (3.9), we then have
X o () = x5 (1).

Continuing the process, we finally find that x{ (t) = x5 (t) = -+ = x}(t) =
x*(t), and the coefficients of x*(t) and x* (t) are h, —hg and >, ¢i, respec-
tively. Then, problem (3.3) reduces to

xn(T)
Maxf [vs —Db(xn(T)-s)]f(s)ds
0

+J - [V (T)—p(s—xn(T))]f(s)ds (3.13)

J" [[ch} S0+ (h ho)Xn(t)}dt

subject to x, (t,) =0,ho =0, t, =0, x,,(t) =0, forall t € [t,,T], where x,(T),
t, are free.

In this case, problem (3.3) reduces to the single-stage problem which is dis-
cussed in [2].

CASE III. The sequence Q is neither increasing nor strictly decreasing.

Define Q (i) = (h; —hi_1)/ci = hi/¢;, then by (3.9), we use Algorithm 3.1 to
check whether x;(t) = x;,1(t),foralli=1,...,n—1.
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Step 0. Form the sequence Q (i). (When Q (i) > Q(i+1), then x;(t) =x;.1(t).
In this situation, we recompute Q (i) and let Q(i+1) = “*” in step 4.)
Stepl.i=1,j=2.
Step 2. If Q (i) =“*" then i = i+ 1; if i = n, then go to step 7;
else redo step 2;
else if Q(j) ="“*,” then j=j+1;if j =n+1, then go to step 7;
else redo step 2;
g0 to step 3.
Step 3. If Q (i) > Q(j), then go to step 4 else go to step 6.
Step 4. I:Ll' = fli+flj, ¢i=¢;+Cj,and Q(j) ="x"; print x; = x;;
if i =1, then j=j+1;if j =n+1, then go to step 7;
else go to step 2;
else j =i and go to step 5.
Step 5.1 =1i—1;if Q(i) = “*,” then redo step 5 else go to step 2.
Step6.i=j;j=j+1;ifi=nor j=n+1, then go to step 7
else go to step 2.
Step 7. Stop.

ALGORITHM 3.1

4. Optimal solution. To derive the optimal solution of Case I, note that (3.3)
is not the standard form of calculus of variation, we first neglect the constraints
x;(t) = 0for all i, and x;(t) = x;(t) for 1 <i < j < n, and consider the follow-
ing problem:

9]

xn(T)
MaXJO [vs—Db(xn(T)—5)]f(s)ds +I - [V (T) = p (s —xn(T))] f(s)ds

n

T
—ZL [cixgz(t)+(hi—hi,l)xi(t)]dt
i=1""%

(4.1)

subject to x;(t;) = 0 for all i, x;(T) = x,(T) foralli=1,....,n—1, h; > h;,
foralli=1,2,....n, hy =0, t, = ty_1 = ---=1t; =0, where x;(T), t; are free
for all i.

Let (%1 (t),Xx2(t),...,X,(t)) be the optimal solution of (4.1).

CASE 1. Supposethat (h;—h;_1)/c; < (hijy1—h;)/ci+q foralli=1,2,...,n—1.
CASE 1.1. If {; = O for all i, then the optimal solution x;(t), for all i, must
satisfy the following necessary conditions [5, pages 67-68]:

hi—hi_y =2cix] (1), (4.2)

= > 2¢;x{(T)+p+v—(p+v+Db)F(%,(T)) = 0. (4.3)
i=1
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Using the boundary conditions and x;(T) = x,,(T), (4.2) yields

xi(t) =

hi—h; 2 [Xn(T) _hi—hi,

T vVi=1,2,...,n. 4.4
4¢; T 4c¢; ]t L= hoent (4.4)

From (4.3), we have

n v PRp— .
~hnT-D 2ci[x"1(_T) _h J“l T] +p+v—(p+v+b)F(x,(T)) =0.
i=1 t

(4.5)

Thus, X, (T) is determined by (4.5).

It is easy to see that x;(t) —x;(t) = 0 for 1 <i < j < n. For each i, since
x;(t) >0, x;(t) = 0 if and only if x;(0) = 0. It is easy to see that x;(0) > 0, for
all i if and only if x;,(0) = 0, and by (4.4) if and only if

n— hnfl

xn(T)zh 1 T?. (4.6)
n

Let G be the function of x,,(T):

Xn(T) hi—hin
T 4c;

G(Xn(T)) = ~hnT-> 2ci[

T] +p+v—(p+v+b)F(x,(T)).
i=1

4.7)

It is easy to see that G' (X, (T)) < 0, so (4.6) holds if and only if G(((h, —
Np_1)/4cn)T?) = 0, that is,

n
p+v zhnT+Z2ci[h"_h"_1

i=1

r_hizhi,
4cy, 4c;

hn_hn—l 2)
]+(p+v+b)F(74CTl T ).

(4.8)
RESULT 1. If inequality (4.8) holds, then X;(t) in (4.4) is also the optimal
solution of (3.3).
CASE 1.2. If0 <, <fp <--- <ty then the optimal solution x;(t), for all 1,
must satisfy the following necessary conditions (see [5, pages 67-68]):
ixi (t), (4.9)
))=0, i=1,2,....,n, (4.10)
n
= > 26x%{(T)+p+v—(p+v+Db)F(x,(T)) = 0. (4.11)
i=1
From (4.10), we know that x;(f;) = 0. Hence, (4.9) yields

hi—h;

- 2 -
ac; (t—ti) , te [ti,T]. (4.12)

xi(t) =
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Note that x;(T) = x,,(T), so

hi —ho

fi=T- (T-F) Vi=23,...n. (4.13)

hi—h;

From (4.11), we have

n
hl—ho -
Z —hi_ [ i ,’Ll 1(T—t1):|

i=1 (4.14)
hy—hg

+p+v—(p+v+b)F< c (T—fl)2> = 0.

1
Thus, t; is determined by (4.14) and f; is determined by (4.13) for all i =
2,3,...,n

Let G be the function of #;:

n hi—h -
G(f z (hi—h;_ 1)[ L OW(T—tl)
i=1 ot (4.15)
+p+v—(p+v+b)F( i ho( fl)z).
C1
Clearly, G’ (1) > 0, so {; exists if and only if G(0) < 0, that is,
" hl ho hO
i—hi_ F TZ).
p+v<i:21(hl hi 1)[ o hl 1 ]+(p+v+b) ( ic,
(4.16)

RESULT 2. If inequality (4.16) holds, then X;(t) in (4.12) is also the optimal
solution of (3.3).

CASE 13. If {; =fh = -+ =, =0, 0 < fgq) < lgsr < -+ < ty, and k =
1,2,...,mn—1, then the optimal solution X;, for all i, must satisfy the following
necessary conditions (see [5, pages 105-106]):

hi—hi :ZCi)_C;,(t), Vi=1,2,...,n, 4.17)
=x2(8;) = (hi—hi1)xi(E) — %) (6) (- 2%/ (E:)) =0, Vi=k+1,....,n
(4.18)
n
= > 20x{(T)+p+v+(p+v+Db)F(%,(T)) = 0. (4.19)
i=1

From (4.18), we find that J'clf(fi) =0,foralli=k+1,...,n, then (4.17) yields

=TT LG F) Vi=k+1,k+2,...,1. (4.20)
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On the other hand, (4.17) yields

%i(t) = hi_h“th[

Xn(T) _hi—hii
4Ci

T 4c;

]t Vi=1,2,...,k. (4.21)

From (4.20) and using the boundary conditions xx.1(T) = X;(T), for all i =
k+2,...,n, we have

g1 —hi o2 _hi-hiy o o2
Acii, (T—tgs1)" = e, (T-t;)° Vi=k+2,...,n. (4.22)
Hence,
o e e o .
fi=T \/ o (T=f) Visk+2.n (4.23)

Thus, from (4.19), we have

k
(lhea—he, . = 2 hi—hi ]
T Ech[chkﬂ (T —trs1) i T

< e —he ¢
-2 <mhi_1>\/ o (T=f) @32
Pt Cke1 hi—hiy

hk+l - hk

I 2
T8 -
ACii1 ( k+1)

+p+v—(p+v+lo)F(
Hence, the value of ;. is determined by (4.24) and the value of {; is then given
by (4.23).
For 1 <i < j<k,itis easy to see that x;(t) —x;(t) = 0. Next, we show that
Xi(t) —Xp41(t) = 0. From (4.20) and (4.21), we have

- i e —h 1 e —he o i —hy
u(0) = (1) = B | AT b - T o
+
hy1 —hy -2
4Ck+1 (t tk+l) .
(4.25)

The right-hand side of the above equation is a polynomial of degree 2 and
Xk (T)—xk+1(T) = 0. So, there exists y € R such that

hi—hi-1 hier —hy
4ci 4cpia

£t =5 (0) = )ie-ye-1. (4.26)
Since Xy (fr+1) — Xk+1(fx+1) > 0, this implies that y < fx.1 < T. Hence, X (£) —
Xps1(t) = 0 for all t € [xy1,T]. For k+1 <1i < j < n, it can be shown that
X;(t) —x;(t) = 0 by the same way. Hence, x;(t) —-x;(f) =0for1 <i< j<n.
Fori=k+1,...,n, we have x;(t) = 0. For i = 1,2,...,k since x;'(t) = (h; -
hi—1)/2¢; > 0, we have x;(t) > 0, for all t € [{;,T], if and only if x;(0) > 0.



A SERIES-TYPE MULTISTAGE PRODUCTION SYSTEM ... 2577
Since x;(t) = ((hi—hi-1)/2¢ci)t + [Xn(T)/T = ((hi —hi-1) /4ci) T],

Xn(T) _hi=hii
T 4c;

)'clf(O)= Vi=1,2,...,k. 4.27)
The fact that Q is an increasing sequence implies that x;(0) > x;(0) for all
i=1,2,...,k. Therefore, x;(0) = 0, for all i = 1,2,...,k, if and only if X, (0) > 0
and by the expression of x, (0) if and only if

%o (T) > %};’HT? (4.28)
This implies that
hii1 —hy (T—F)? = hi—hiy T2,
4Cp41 4cy (4.29)

- hy—hix-1 k1
< <T- T.
0 < b \/ ek hga—hy

Let G be the function of fi.1:

1 hgeq—hy - 2 hi—hi ]
——F—(T-t -—F———T
T 4cpa ( k+1)

k
G(fk+1) =—hkT—ZZCi|: 4c;
i

i=1

& his1—h ci
- > (hi_hil)\/ iad B —— (T —fx+1) (4.30)
P Ck+1 hi—hig

hyi1—hy

- 2
T-t .
(T ) )

+p+v—(p+v+b)F(
It is easy to see that G'(fr+1) > 0. Thus, by (4.29), we know that f;,; exists
if and only if G(0) < 0 and G(T —/((hx —hx-1)/cx) (ck+1/ (his1 — i) T) = 0,
that is,

k
[hx—hk-1.. hi—hi ]
hkT+i:zl2c,[ i " 7ag T

n
+ Z (hi—hil)\/hk_hklhv_cilv 1T
1 1—

i=k+1 Ck
+(p+v +b)F(MT2)

dcr (4.31)

K
<p+v <hkT+22ci[

My —hi . hi—hiy T]
i1

4k 4c¢i

n
+ > (hi—hil)\/hkﬂ_hk h,_cll,l, 1T
1 1—

i=k+1 Ck+1
+(p+v +b)F(MT2).
4cri
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RESULT 3. If inequality (4.31) holds, then X;(t) in (4.20) and (4.21) is also
the optimal solution of (3.3).

Hence, by Results 1, 2, and 3, the optimal solution (x{(t), x5 (t),..., x5 (t))
of (3.3) is as follows.

CASE 1. Supposethat (h;—h;_1)/ci<(hiz1—hi)/cis1 foralli=1,2,...,n—1.

CASE 1.1. If
n
p+v = hnT+22ci[h”7h""le hl*hl"l’[]
“ 4c, 4c;
i=1 4.32)
hn_hn—l 2)
+(p+v +b)F(74Cn T<),

then

x[(t) =

hi—h;_ 12 +[X7*1(T)_/’Li—hi—1

T Vi=1,2,...,n, 4.33
4¢; T 4¢; ]t’ = hoent ( )

where the value of x;}(T) is determined by the following equation:

—hnT—ZZCi[X;(T)—hi_hi ! ]+p+v—(p+v+b)F(x (T)) = 0.

i1 T 4Ci
(4.34)
CASE 1.2. If
n
(h1 —ho) Ci }
+vU < hi—h;_ T
p l:Z:l( i i 1)|:J 1 (hi_hi—])
(4.35)
(h1—ho)
F| ——=T
+(p+v+Db) ( 4c, ,
then
X (t) = i 4?1 Lit—t¥)?, teltsT],i=1,2,...,n, (4.36)
1
where the value of t; is determined by the following equation:
u hi—h i
- > (hi—hi [ gﬁ(T—ﬁk)
i1 e AT fic (4.37)

1—ho
4c

+p+v—(p+v+b)F<h (T—t{‘)z):o,

and the value of t* is given by

hl—ho Ci .
=T- ——(T-tf) Vi=2,3,...,n. (4.38
N hi_hi—l( ) )
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CASE 1.3. If

k
[he=hk-1.. hi—hi ]
hk:r+izzl2cl[ i T ic, T

n
+ Z (hi—hil)\/hk_hkl Gi T

i=k+1 ¢k hi—hia
+(p+v+b)F<%T2>
) k (4.39)
[hks1—he. hi—hi, ]
sp+v<hkT+i2212cl[ Ao T i, T
n
hga—he ¢
+ hi—hif T
i:%l( 1)\/ Ck+1 hi—hia
+(p+v+b)F<MTZ),
4cri
then
xi*(t):w(t—tf)z, Vi=k+1,k+2,...,n,
4ci (4.40)
h'—hpl [X*(T) hi—l’ll;l ] . )
wpy - T -1 0 n _ _
x[(t) = ic, tc+ T ac, TI|t, Vi=1,2,...,k,
where the value of t}/,, is determined by the following equation:
k
(lhea—he, . = 2 hi—hi ]
T gzcl[T74ck+l (T —trs1) i T
n
hgoi—he ¢ (4.41)
- hi—hi Tt} :
i:%l( ' 1)\/ Ck+1 hi_hi—l( o)
+p+v—(p+v+b)F(7hk+l_hk(T—tlj‘H)Z) =0,
4Ck+1
then the value of t/ is given by
hgoi—he ¢ .
k _ o —t* =
tF=T \/ o o (Tt Yiske2.on (4.42)

CASE 2. Suppose that (h; —h;-1)/ci > (hj:1 —h;)/cjsq foralli=1,2,...,n—-1.
CASE2.1. If p+v = (hp—ho)T+ (p+v+b)F(((h,—ho) /4> c;)T?), then

x*(t) = hn_h0t2+|ix;1k(T) 7hn_h0

45c T iSc, T]t, O0<t=<T, (4.43)
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where the value of x;}(T) is determined by the following equation:

Xﬁ(T) _ hn—ho
T 4ZCi

(hn—ho)T+2§:Ci|:

T] =p+v—(p+v+b)F(x;:(T)).
i=1

(4.44)
CASE2.2. If p+v < (hp—ho)T+ (p+v+b)F(((hy,—ho) /4> c;)T?), then

hn—hyo
4ZCi

where the value of t is determined by the following equation:

xE(t) = (t—t)* Vi, Vte[tFT], (4.45)

hn—hyo
4ZC1'

p+v:(hn—ho)(T—t;)+(p+v+b)F( (T—t;t)z). (4.46)
5. Conclusion. To analyze the characteristics of the optimal solution, the
Q sequence should be considered first:

R T (5.1)
Then there are some features of the optimal solution that are described as
follows:

(1) if Q is an increasing sequence, then the optimal solution is of Case 1.
In this situation, for Case 1.1, the optimal inventory size x;i (T) will be
greater than ((hy, —h,_1)/4c,)T2. For Case 1.2, the optimal inventory
size x;¥(T) will be less than ((h; —hg)/4c)T?. Otherwise, the optimal
inventory size will be between them;

(2) if Q is a strictly decreasing sequence, then the optimal solution is of
Case 2. Furthermore, if (h; —hi_1)/ci = (hit1 —h;)/ci+1 is established,
then the optimal solutions of Case 1 will reduce to that of Case 2, that
is, the multistage problem will reduce to the single-stage problem like
[2]. Precisely speaking, the optimal production functions of all stages
are the same;

(3) there are two types of the optimal production plan for Cases I, II, and
III: immediate production and postponed production.

Briefly speaking, (h; — h;_1)/c;, the ratio of the incremental holding cost
to production cost per unit of ith semifinished goods, is an important factor
which determines whether the optimal production functions are the same or
not.
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