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ON CIRCLE MAP COUPLED MAP LATTICE
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The circle map in one and two dimensions is studied. Both its stability and syn-
chronization, using a bounded control and persistence, are discussed. This work
is expected to be applicable in ecology where spatial effects are known to be im-
portant. Also, it will be relevant to systems where delay effects are not negligible.
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1. Introduction. The circle map is one of the subjects which is both math-
ematically interesting and useful in applications (see [7, 10, 11, 12]). It relates,
in a beautiful way, some pure mathematical problems and applications.

As an example, in [7], it is shown that the simplest circle map f(0) = 0 +
Tomod 1, where Ty is a constant, is related to a human heart disease (parasys-
tole) where there are two types of heart pulses. This is represented by a sym-
bolic sequence of two symbols (say 0, 1). Such a sequence defines another one,
called the reduced sequence where one starts with 1 and counts the number
of iterates till the next 1 appears and so forth. This reduced sequence has re-
markable properties with some relevance to number theory: (i) the reduced
sequence contains, at most, three integers, say p, m, and n; (ii) p = m + n; (iii)
m or n is odd; and (iv) only one of p, m, and n can succeed in the reduced
sequence. These results agree with clinical observations.

A relation with the number theory can be obtained [11] by counting the
number of periodic points for the simple circle map f(6) = a@mod2m with
a > 1.Itis direct to see that the periodic points with a period n are 2j1r/(a™ —
1),j=0,1,...,a"—2.1f ais aninteger and n is a prime number, and subtracting
the number of fixed points, then the number of genuine periodic points with
period n is a™ — a. Thus, (a™ —a)/n € N. This proves the following theorem
of Fermat.

THEOREM 1.1. (i) If n is a prime number for all integer a, then (a"—a)/neN.

(ii) If n and a are relatively prime, then (a” ' —1)/n € N.

Following the same line of reasoning, let n = nyn,, where bothn, and n, are
prime, then the number of genuine periodic points of the previous circle map
with period n is equal to a™ — 1 — (the number of fixed points) — (the number
of genuine periodic points with period n,) — (the number of genuine periodic
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points with period n»). This number is divisible by n, hence

[(a"-1)-(a-1)-(a™ —a)—(a" -a)]

eN
n
ny _ _ ny __
_ @ -a)-(@m=-a)] (1.1)
n
= (a™ ~a) - (a™ -a)
is divisible by both n, and n,, thus
ny _ ny _
4 "qcn, 2 %cn (1.2)
ni np
The more familiar circle map (called sine circle map) has the form
kN .
9t+1 :a9t+Qf<—> Sll’l(ZTr@t). (1.3)
2T

Without loss of generality, set Q € (0,1) and, for most of this note, a = 1. The
equilibrium point equation is

(Q+n)2m

X , (1.4)

sin(210) =

where 1 is a chosen integer such that [2m(Q+n)/k| < 1.
The stability analysis implies that the equilibrium point (1.4) is stable if

2m(1-Q) <k <241+1m2(1-Q)2. (1.5)

This agrees with the numerical results (Vandermeer et al. [12]).

Here, different versions of coupled map lattices (CMLSs) (see [9]) correspond-
ing to the circle map will be discussed. This is expected to have some appli-
cations, for example, in turbulence [4]. The linear stability analysis in [5] will
be reviewed and then extended to two dimensions. The synchronization of a
circle map using a bounded control is studied. The persistence of CML will
be studied and applied to the circle map case. It is an important concept in
biology since it determines whether the population will survive or will extinct.

2. Linear stability analysis and synchronization. We consider the CML
k\ .
0" =(1-D) [95 +Q- <§) sin (2179})]
D k.
+(§)[[9§+1+Q—(§>sm<2rf€§+l>] (2.1)
+ (g) [95,1 +Q- (%) sin (27795.,1)]] mod 1,

where j=1,2,3,...,nand t = 1,2, 3,....
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Another CML motivated by the work of Zanette [13] is

95*1 = 9§+Q+D{Sil’l [21‘((9t 95)] +sin [217(9571 —9?)]}mod1. (2.2)

A J

If we include the fact that the interactions have finite velocities, then the
CML should be delayed (cf. [13]). In this case, (2.1) is replaced by

k
1 _ .
0;* —(1—D)[0§+Q—(E)sm<2n€§>]
D _ k . B
+(E>[[9§+%+Q—(§>sm(2rt€§d>] (2.3)
D)ot - () sin(2mot-1) [ mod1
+ > it = sin (270575 ) | [mod 1.
In the weak coupling regime (D is much smaller than 1), the relation between

the CML dynamics and that of the local systems is given by the following propo-
sition.

PROPOSITION 2.1 (Afraimovich and Fernandez [1]). In the weak coupling
limit, the symbolic dynamics of the CML is equivalent to the direct product of
the symbolic dynamics of the local subsystems.

Therefore, the stability analysis given in Section 1 will be relevant to the CML
case provided that the diffusion constant is small.

Now, an exactly solvable CML model (see [8]) will be given and generalized
to the case of delay. The CML

01! = a(1-D)0}+ (5 )[04, +0}., Jmod (2.4)

is exactly solvable provided that both a(1 —D) and D/2 are integers since, in
this case, (2.4) can be written in the form 9;“ =D kajk Q,t( mod 1, where a j; are
integers. Hence,

0t = > (A") x0pmod1, A= (aj). (2.5)
k

The special case a = 1 in (2.4) corresponds to the case Q = k = 0 in (2.1).
Generalizing this result to the case of delayed CML, (2.4) becomes (a = 1)

D\[ i1 . ot
01! = (1-D)0 + (E) [0} + 6/~ ] mod. (2.6)

Using matrix notation, (2.6) can be written in the form

0,.,=(I-D)IO,+BO, ymod1, (2.7)
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where [ is the n xn identity matrix, B = (bjx), and bjx = (D/2)0jx+1. If D/2 is
an integer, then

0, =[1-D) '+ (t-2)1-D)' 3B+ (t-4)(1-D)" B’ +---]6,

- 2.8
+[(1-D)' 2B+ (t-3)(1-D)" *B*+---]0,mod 1, (2:8)

where only positive terms are included in the coefficients of (2.8).

The linear stability analysis of the 1-dimensional circular CML (2.1) has been
discussed in [5] around the synchronized solution 95 = const for all j,t. Here,
it is briefly reviewed then generalized. Define a’; and b’ by

at=0t,,-0,, bi=0,+0, (2.9)

J+1

then the synchronized solution corresponds to a§. =0 and bj. = s, where s is
given by (k/mr)sin(1rs) = 2Q. Close to the synchronized solution, the system
(2.1) can be approximated by

D
a’™ = (1-D)(1-kcos2ms)a’ + (E) (1-kcos2ms)(al,, +a) ;) mod1.

(2.10)
The CML (2.10) or, more generally, any CML of the form
at™' = aal+y(al,, +a’ ) (2.11)
is related to circulant matrices [3]. They have the form
c1 C» Cn
Cn C1 2 R & |

C=|. . . . . (2.12)

C2 C3 C1

it can be written in the form circ(cy,co,...,c,n). Define the shift matrix > =
circ(0,1,0,0,...,0), then it can be shown that C = Z;‘:l ¢j(2)7~! and that the
eigenvalues of C are given by

& 2mi(j—1)r
Ay=zcjexp[f], r=0,1,2,....n—1. (2.13)
i
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For the CML (2.11), we have ¢; = @ and ¢; = ¢,,—1 = y. Thus, the eigenvalues
of (2.11) are x+ 2ycos2mr/n, v = 0,1,2,...,n — 1. Thus, it is clear that the
eigenvalues of system (2.10) are

M], r=01,.. n-1. (2.14)

(l—kc0521rs)[(l -D)+

Hence, Q € (—k/(21),k/(217)) is the stability zone for the synchronized

solution of (2.1).
Generalizing to the 2-dimensional case (which is expected to be more rele-

vant to applications), we get

“ 2t
(31040120 ()i (2t
’ (% 0051+~ (%) sin (2m0f ;) | (2.15)
(30t +0- (5 )sm(eme,)
+(§)lety+0- (5 sin ot ) Jmoar

Generalizing the results of circulant matrices to this case, we get that the
eigenvalues are « =2y cos21r/n, where the synchronized solution of (2.15)
(9{,- = const for all i, j,t) corresponds to

x=(1-D)(1-kcos2Ts), y:<%>(1—kc052rrs),
(2.16)

(E) sin(7rs) = 2Q.
T
Thus, the synchronized solution of (2.15) is stable for all Q € (—k/(21),

k/(2Tr)).
The delayed case is given by the equation

0'5 = (1-D)[0L, +Q- (%) sin (2! )|

. (%) (6451, +0 (%) sin (2m0;1,) |

() lett o= (g sim(amarst )] e
Bt o (£ mera)

()l - () snerer e
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Linearizing around the synchronized solution, we get that, in the weak cou-
pling regime, the maximum eigenvalue is (1 — D)(1 — kcos27rs), hence it is
stable for all Q € (—=k/(21T),k/(217)).

A CML, motivated by the work of Zanette [13], is (2.2). The synchronized
solution 9§ = const independent of j and t requires that Q = 0, and using
the previous analysis, we get that the eigenvalues are 1 — D + D cos(21rj/n),
j=0,1,...,n—-1.

Now, we discuss Poincaré coupled map lattice (PCML) (see [7]) given by

oy - a-ig(0)+ (D)oo} ) a0 )] s

where

(a+cos2tO)
1+2acos2m0+a?’

g(0) = a> 0. (2.19)

It is known that the function (2.19) has applications in cardiac arrhythmias.
Here, the corresponding CML will be studied. The homogeneous equilibrium
point is given by

0=g(0) (2.20)

and the stability conditions for this equilibrium point are

(PR o) <1, v =01,m (2.21)

Now, having found the stability regions, we comment on the synchroniza-
tion within the chaotic regions (cf. [2]). In the standard approach, two iden-
tical systems (master and slave) are given by x;,1 = f(x¢) and y;41 = f (),
respectively. In general, x; = y; due to the sensitive dependence on initial
conditions. Then a control u is added to achieve synchronization, hence

Xee1 = f(xt), Yesr = f(ve) +ue, ue=p(f(xe)-f(n)), 1=p=0.
(2.22)

Define z; = x; — yy; it is easy to see that if z; is sufficiently small, then the
synchronization will occur if

p=pc=1-exp(-A), (2.23)

where A is the Lyapunov exponent of the map f.

This approach has two drawbacks: the first is that (2.23) is valid only if
z; is small and the second is that the control u; can be unrealistically large.
Therefore, we augment this approach with the condition that only a bounded
control is allowed, that is, there exists u* such that if u; > u*, then u; = u*,
if uy <u*, then u; = —u*.
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We have applied the above procedure to the circle map (f given by (1.3) with
a=1, k=3.5 and Q = 0.23) and obtained the synchronization for p > 0.54
and u* = 0.001. This agrees with the fact that the corresponding Lyapunov
exponent is A = 0.539.

3. On the persistence of circle map CML

DEFINITION 3.1. A dynamical system is persistent if, for all x;(0) > 0,
}iminfxi(t)>0 Vi=1,2,...,n. 3.1)

A CML is persistent if all its components are persistent.

An open question is: what is the effect of diffusion on persistence? We con-
sider the following CML:

0 = (1-D)0t+ ()01, 01, ]+ £(0)) (3.2)
or
ot - a-puf (&)« (3) A0+ £ (05)] e

DEFINITION 3.2. The set A is an invariant set of the system (3.2) or (3.3) if
0)eAVj=12,...n=0€AVj=12,...,n, Vt=123,.. (34

The following proposition is a generalization of a result in [6].

PROPOSITION 3.3. (i) If I = [a,b] is in the domain of the function f in (3.2)
such that

fla)=a, fh)=b, (1-D+f'(x))=0Vxel, (3.5)

then I is an invariant set for system (3.2).
(ii) Similarly for system (3.3) provided that

f(x)=0 Vxel. (3.6)

PROOF. We begin by showing that if
01 < (1-D)0}+ ()0}, + 01, ]+ £(0))
i = i\ JLYim Y i)

R IEoS C | C VC%) M

(p?ZQ?, vj=1,21---an7

then @} > 65 for all j,t if (1-D+ f'(x)) =0 forall x €.
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For t = 1, the following is proved:

-0} = (9 -0) + (3 ) [(01-001) + (95,1 -08) ~2(0) - 03)

+(ef-09)r (¢7),

(3.8)

where the mean value theorem has been used in the last term. Since Q-) S
[99,()99] c I, then qajl- > 9}. The proof for a larger t follows similarly. Now,
choose

Oj=a, @j=b, Vtj, (3.9)

then if

w”l (1-D)w! +(12))[w5-+1+w5-71]+f<w§.):90<w <(p1'

(3.10)
0% < w' < cpj.,
then I is an invariant set for (3.2) provided that
(1-D+f'(x))=0 VxeL (3.11)
The proof of part (ii) is similar. O
PROPOSITION 3.4. (i) If there exists € > 0 such that, for all 0 € [0,€],
f(0)=0, (1-D+f'(0)) =0, (3.12)
then the CML (3.2) is persistent.
(ii) If £(0) = 0 for all 0 = 0 and there exists € > 0 such that
0e[0,e]= f'(0)=n>0, n(1-D)=1, (3.13)

then the CML (3.3) is persistent.

PROOF. (i) For all 9? € (0,€], using the mean value theorem, there exists
§t e [o, 9t such that

D
1 ’
05! = =)0y (3 ) [0 ]+ (<))o (3.14
t D t t '
= (1-D)0;+ (E) [QJ.H +9j,1].
Applying the procedure of Proposition 3.3, then

01 = ¢ = (1-D)0) + (2 ) [0, +0), . (3.15)
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The right-hand side is a circulant matrix whose eigenvalues are known and
its maximum eigenvalue is a unity, thus ¢! = ¢% = 09 = 61" = 09 > 0.

(i) For the CML (3.3), the conditions of Proposition 3.3 imply that 0°"' >
(1 —D)f(@j.). If 95 € (0,€], then, using the mean value theorem, we get (so
long as 9; € (0,€] for all s < t, otherwise 0; > € which implies persistence)

01! = (1-D)n6' = [(1-D)n]'69 > 09 > 0. (3.16)

The proof of CML (2.9) is identical. O

Applying the above results for the circle map (Q = 0)

foag-— Kk (3.17)

 2msin(2m0)’

we get that the circle map CML is persistent if
a—-k>1. (3.18)

4. Conclusion. The circle maps have many applications in cardiac arrhyth-
mias, ecology, number theory, and so forth. Here, spatial effects are included,
so a CML is formed where the local interactions are given by circle maps. Both
stability and synchronization, using bounded control and persistence, were
studied.
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