IJMMS 2003:46, 2907-2927
PII. S0161171203212394
http://ijmms.hindawi.com
© Hindawi Publishing Corp.

EXISTENCE OF ENTIRE EXPLOSIVE POSITIVE RADIAL
SOLUTIONS OF QUASILINEAR ELLIPTIC SYSTEMS

YANG ZUODONG

Received 27 December 2002

Our main purpose is to establish that entire explosive positive radial solutions
exist for quasilinear elliptic systems. The main results of the present paper are
new and extend previous results.
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1. Introduction. Existence and nonexistence of solutions of the quasilinear
elliptic system

—div(|Vul?=?vu) = f(u,v), xeRV,

—div(|Vv |1 2Vv) = g(u,v), xRN, (b
have received much attention recently. See, for example, [5, 7, 9, 18, 26, 27, 28].
Problem (1.1) arises in the theory of quasiregular and quasiconformal map-
pings or in the study of non-Newtonian fluids. In the latter case, the pair (p,q)
is a characteristic of the medium. Media with (p,q) > (2,2) are called dilatant
fluids and those with (p,q) < (2,2) are called pseudoplastics. If (p,q) = (2,2),
they are Newtonian fluids.

When p = g = 2, system (1.1) becomes

-Au=fu,v), xecRV,
1.2
-Av=g(u,v), xeRN, 1.2

for which the existence and the nonexistence of positive solutions have been
investigated extensively. We list here, for example, [2, 4, 10, 13, 16, 17, 20, 22,
23, 24].

Explosive solutions of the problem

Au(x) = f(u(x)), xe€Q,

Ulaq = o, (1-3)

where Q is a bounded domain in RN (N = 1) have been extensively studied,
see [1, 6, 11, 12, 14, 25].
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In this paper, we study the existence of entire explosive positive solutions
of the system

div(|VulP~?vu) = m(|x|)v®, xeRV,

(1.4)
div(|vv|12ve) = n(lx))uf, xeRN,

where «x > 0, >0, p > 1, and q > 1. As far as the author knows, there are
no results that contain existence criteria of entire explosive positive solutions
to the elliptic system (1.4). Motivated by this fact, we will study mainly this
problem here. When p = g = 2, the related results have been obtained by [13].
Our theorem for existence extends the results [13].

A solution (u,v) of the system

div(|VulP=2vu) = f(x,u,v), div(|Vv|92Vv) = g(x,u,v) (1.5)

is called an explosive solution if u(x) — c and v(x) — o« as x — 0Q if Q is
bounded. If Q is unbounded, then (u,v) is an explosive solution of (1.5) on
Qif u(x) - o and v(x) — o as x — 0Q, and u(x) — o« and v(x) — c as
|x| — co within Q. In particular, when Q = RV, the solution (u,v) is called
an entire explosive solution of (1.5) and satisfies u(x) — c and v(x) — o as
|x| — oo. Such problems arise in the study of the subsonic motion of a gas [21],
the electric potential in some bodies [15], and Riemannian geometry [3].

2. Preliminaries. We first consider quasilinear elliptic inequalities of the
form

div(|VulP2vu) = m(x)f(u), xeRY (N=2), (2.1)

where p > 1, Vu = (Viu,...,Vyu), and m(x) : RN — (0,), f:(0,0) — (0, )
are continuous functions. A positive function u € C'(RV) is defined to be a
positive entire solution of inequality (2.1) if it satisfies inequality (2.1) at every
point of RV,

Throughout the section, we make the following assumptions without further
mention:

(Hy) f:(0,00) — (0,00) is locally Lipschitz continuous and strictly increasing,

(Hp) f is superlinear in the sense that

J‘1°° (J:f(s)ds)_l/pdu < oo, Jol (Luf(s)ds)_l/pdu = co. (2.2)

An important special case of (2.1) satisfying the above hypotheses is the equal-
ity

div(|Vul?2vu) = m(x)u?, xeRV, (2.3)

where y > p —1.
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LEMMA 2.1 (weak comparison principle). Let Q be a bounded domain in
RN (N = 2) with smooth boundary 0Q and 0 : (0,00) — (0,0) continuous and
nondecreasing. Let w;,u> € WHP(Q) satisfy

J | Vu | p_2Vu1VLpdx+J 0(u,)pdx
o o

(2.4)
< J |Vu2|’”_2Vu2dex+J 0(u2)wdx
Q Q
for all nonnegative y € W, (Q). Then the inequality
UL <uUr onoQ (2.5)
implies that
u<up inQ. (2.6)

PROOF. Letn=Vui, n' =Vuy, and ¢ = max{u; —u»,0}. Since u; < u, on
0Q, @ belongs to WO1 P (Q). Inserting this function  into (2.4), we have

Lu " [(In1P2n=1n"1"20"Y(n=n") + (0 (u1) — 0 (uz)) (U1 —uz)]dx < 0.

(2.7)
Since 6 is nondecreasing, we know that
J [(InlP=n—1In"1""*n")(n-n")]dx < 0. (2.8)
{ur>u2}
We suppose that R(J) ;= {x:|n(x)| < (=)In"(x)|}, then
1 r’ ! r’ 7 .
Zln—nlﬁln +tn-n)<1+Inl+In'| inR(I), (2.9)
for all t € [0,1/4](or [3/4,1]). Therefore, write at(n) = |n|?~2n; and
0= (i) -
fug>uz}
18 dai, , , ,
=J J Za -(n"+t(m-n"))(ni—n;)(n;—nj)dtdx
{ur>uz} Jo 557 0Nj (2.10)

J (L+Inl+In' D) 2 In-n'12dx, ifp<2,
{ur>uz}

= Yo
j In—n'IPdx, if p=2,
{tur>uz}

where yy > 0. This is a contradiction, which implies that Lemma 2.1 is true.
O
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LEMMA 2.2. Let f(u) satisfy the following conditions:
(i) f(s) is a single-value real continuous function defined for all real values
of s and there exists a positive nondecreasing continuous function F(s)
such that f(s) = F(s) and

J: U:F(z)dz]_wdx < oo; @.11)

(i) m(x)=pB >0 forx € RN, and u is a solution of
div(|VulP72vu) = m(x) f(u), xecRN¥ (N=2), (2.12)

in a domain D c RN and continuous on its boundary S. Then there exists a
decreasing function g(R) determined by F(u) such that

u(P) < g(R(P)). (2.13)

Here P denotes a point in D and R(P) denotes its distance from S. The function
J(R) has the limits
g(R) — o asR— 0,
(2.14)
g(R) — — asR — oo.

PROOF. Eachpoint P € D can be the centre of a sphere of radius R(P) which
lies in D. Therefore, it suffices to prove the theorem in D as a sphere of radius
R, and suppose that u is defined continuously on S. We define a function v in
D and S as the solution of the problem

div(|Vv|P2Vv) =F(v), x€D,

(2.15)
v=«x ons.

In (2.15), F1(v) = OF (v), where F(v) is the function occurring in condition (i)
and 0 is a constant, 0 < 0 < B. Thus, from conditions (i) and (ii) and (2.15), we
have

div(|VulP=2Vu) —F(u) = div(|Vv|P2Vv) - F; (v). (2.16)
Moreover, « is a positive constant which satisfies
U< ons. (2.17)

The existence and uniqueness of a positive solution v of (2.15) are assured
because F; is a nondecreasing function. In fact, the existence can be obtained
by the standard variational method and the uniqueness can be obtained by an
idea similar to that in the proof of Lemma 2.1 (see [8]). From (2.1), (2.15), and
Lemma 2.1, we have

u<v inD. (2.18)
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We now define a function g(R) by
g(R):g(izglov(P). (2.19)

Then, since v is an increasing function of «, we have v (P) < g(R) for every «.
Combining this inequality with (2.18), we obtain

u(P) < g(R). (2.20)

Inequality (2.20) is the desired inequality (2.13) of Lemma 2.2. It remains to
show that g(R) is finite in order that (2.20) is nontrivial and that g(R) satisfies
(2.14) and is a decreasing function of R.

To this end, we must examine v, the solution of (2.15). First we show that
v must be a function of » only where » denotes the distance from the cen-
tre of the sphere. We can find a positive radial solution v (r) of (2.15) by the
variational method to the equivalent form of (2.15) in 7:

N-1
r

(<I>p(v'))'+ o, (v')=F(v), v'(0)=0, (2.21)

V(R) = «, (2.22)

where &, (s) = |s|P~2s. The uniqueness of the positive solution v of (2.15)
implies that v is just the radial solution v (#) of problem (2.21) and (2.22).

Since v (0) is a monotonic increasing function of «, « is itself uniquely de-
termined by v (0). Let v(0) = vy. As vg increases, @ = v (R) also increases. We
will show that « = v (R) becomes infinite for some finite value of v.

This value of vg is denoted by limy-« Vg, which can be used to define the
function g(R) in this lemma.

It is convenient to rewrite (2.21) in the form

(N e, () =N IR (). (2.23)
Integrating (2.23) from 0 to » yields
-
d,(v') = rl’NJ sNTUE (v (s))ds. (2.24)
0

From (2.24), we see that v’ > 0. Therefore, v is a nondecreasing function, and
we can obtain from (2.24) that

, 1-N YN o7
o,(v') <r [Fl(v(r))]ﬁ = NFl[v(r)]. (2.25)
Inserting (2.25) into (2.21), we have
(®,(v") = hw) (2.26)

N
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Since v’ = 0, (2.21) also yields (®,(v"))" < F;(v). Combining this with (2.26)
leads to

N Fi (v
F(v) = (®,(v)) = % (2.27)
We now multiply (2.27) by v’ and integrate from O to 7 to obtain
r ’ p_l ’ r 1 ’
I Fi(v)v'(s)ds = (—)(v g ZI —F(v(s))v'(s)ds, (2.28)
0 p o N
that is,
H(v,v0) = (V)P = %H(U,Uo), (2.29)
where
p v
H(v,vg) = —J Fi(z)dz. (2.30)
p—1Jy
This implies
HYP (v,v0) = v’ = (1/N)YPHYP (v,vy). (2.31)
Then we consider » as a function of v, and we have
v v
J H’””(z,vo)dzsrsN””J HYP(z,v0)dz. (2.32)
) vo

By condition (i), the integral in (2.32) converges as v becomes infinite when
vo = 0. But then the integral also converges for any value of vy > 0. If we
denote its limit by A(vg), letting v — o0, (2.32) yields

A(vg) <7 < NYPA(vy), (2.33)
where

A(vg) = L HYP(z,v0)dz, 7o = lim r (). (2.34)
0

From (2.34), we see that, for each v, v becomes infinite at a finite value of 7
in the range indicated in (2.33). Therefore, 7 is a function of v and is denoted
by Voo (UO ) .

The function 7 (vo) is continuous and nonincreasing. If it were increasing,
then two solutions corresponding to different values of vy would have to be
equal at some value of 7. This is impossible because a solution of (2.21) with a
prescribed value on the surface of a sphere is unique. Furthermore, the integral
A(vg) tends to + o0 as vy tends to — oo, and to zero as vy tends to +oo. Therefore,
by (2.33), 7~ (Vo) behaves in the same way. We now define g(R) := min{vy |
¥« (Vo) = R}. This function is decreasing and satisfies (2.14), so it is the desired
g (R) of Lemma 2.2. This completes the proof of Lemma 2.2. O
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LEMMA 2.3. If f(u) is nondecreasing and satisfies Lemma 2.2, then in any
bounded domain D there exists a solution of (2.1) which becomes infinite on S.

PROOF. We note that, for any constant « and any domain D, there exists
in D a solution 1, of (2.1) which is equal to « on S provided that f(u) is
nondecreasing (see [8]). Furthermore, at each point of D,u, increases with
o. If f(u) satisfies Lemma 2.2(i), then Lemma 2.2 holds, and at each point P
in D, all of the u, are bounded above. Thus, in every closed subdomain, 14
converges uniformly to a limit u. This limit is also a solution of (2.1). As P
approaches S, u(P) increases infinitely since on S, uy = « becomes infinite.
Thus, u is the desired solution and Lemma 2.3 is proved. |

LEMMA 2.4. Suppose that m € C(RN), m(x) = m(|x|) = C > 0 for x € RN,
and

00 t 1/(p-1)
J (tl’NJ sN’lm(s)ds> dt < co. (2.35)
0 0

Then (2.3) has an entire explosive positive radial solution if y > p —1.

PROOF. From Lemma 2.3, we have that for each k € N, the boundary value
problem

div (| Vo [P 2 V) = m(Ix)v), x| <Kk,

(2.36)
Vr(x) — o as |x| —k
has a positive solution. Furthermore,
VI=Vp> 2V 2 VUgyr1 =--->0 (2.37)
in RN, To prove our result, we only need to prove that
(A) there exists w € C(RN), w > 0, such that v4 = w in RN for all k;
(B) v — o as |x| — oo, where v = limy_. Vg.
To prove (A), condition (2.35) implies
_ 1 v t 1/(p-1)
z(r) =C- (%)L (tl‘NL Nlm(ods) o, (2.38)
where
_ © t 1/(p-1)
c- (%)J (tl‘NJ sN-lm(s)ds) dt (2.39)
- 0 0
is the unique positive solution of the following problem:
_ p-1
div(|Vz[P2Vz) = ,(Lﬂ) m@r), xeRY r=lxl,
p-1 (2.40)

z—0, [x| — o0.



2914 YANG ZUODONG

We claim that v P~ 7/®"1
|x| = k, where v,ip_l_y”(p_l)

< z on |x| < k. Clearly, this inequality holds for

= 0. Letting g = v;7 ' 7"V gives

_ p-1
div (Vg1 2vg) = - (L) )

pot o (2.41)
+<7y;1z;1) yv T V.
Thus
—div(|VglP%vg) < —-div(|Vz|?2Vz) in |x| <k, (2.42)
and from Lemma 2.1, we obtain g = v,(f_]_y)/(p_l) <z if |x] < k. Let w =

(1/z)P-D/y=p+1) and note that v; = w in RN. Consequently, v = w in RN and
(A)is proved. Since w — o as | x| — oo, itis clear that (B) follows easily from (A).
O

LEMMA 2.5. Supposethatp—1<x<B,B>q—-1,andp,q > 1. The problem

div(IVglP2vg) = m(Ix])g*+n(Ix]) g, (2.43)
div(IVh|72Vh) = m(|x|)h*+n(|x|)h? (2.44)

has an entire explosive positive radial solution provided that the C (RN) functions
m(x),n(x) = C > 0 and satisfy

w t 1/(p-1)
J (tl’NJ sN’lm(s)d5> dt < o,
0 0

) t 1/(q-1)
J (tl’NJ sN’ln(s)ds) dt < oo,
0 0

(2.45)

PROOF. From Lemma 2.3, for each natural number k, let vy be a positive
solution of the boundary value problem

div (| Vo [P 2 V) = m(lxl)v,f‘Jrn(lxl)v,f, Ix| <k,

(2.46)
Vg — o0, x| — k.
Again, by the maximum principle, we can show that
VI =Vp=- -2V = Vgy1=--->0 (2.47)

in RN. To complete the proof, it is sufficient to show that there exists a function
w € C(RV) such that w — o as |x| — o and vx = w in RN for all k. To do this,
we first consider the equation

div(|Vul?2vu) = [m(|x]) +n(|x|)]ub. (2.48)
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By Lemma 2.4, (2.48) has a positive solution u on RY such that u(x) — o as
|x| — co. We claim that w = u —1 is a desired lower boundary for vg. Indeed,
since

div(|V (v +1) P2V (v + 1)) = div (| Vg |V *Vog) = mof+nvlf
sm(vk+1)°‘+n(vk+1)ﬁ (2.49)
< (m+n)(vk+1)’S for |x| > k,
and clearly vy +1 > u as |x| — k, Lemma 2.1 implies that vy +1 > u for | x| < k.
Hence, v = limg . Vg = u—1 on RN, Again, by the standard regularity argu-
ment for elliptic problems, it is a straightforward argument to prove that v is

the desired solution of (2.43). By a similar argument, we can show that (2.44)
has an entire explosive positive radial solution. |

LEMMA 2.6. Suppose that gr and hy are positive radial solutions of the prob-
lem

div (| Vgr |p72vQR) = m(?’)gﬁ‘+n(7)g1’§, 0<7 <R,

gr(r) — 00, ¥ — R,
(2.50)
div(|Vhg |T°Vhg) = m@)hE+n(r)hs, 0<r <R,

hr(r) — o, ¥ —R7,

where m and n are nonnegative C([0,0)) functionsandp -1 < x <8, B>
q—-1,p>1,and q > 1. Thenlimg_.o+ gr(0) = oo and limg .o+ hg (0) = co.

PROOF. Since g;(r) = 0 and m, n are bounded on [0, 1], we get

(gr(r)" =tV L SN m(s)gf(s) +n(s)gh(s)|ds

= JO [m(s)g}‘?(S) +n(s)g£(s)]ds (2.51)

<agl(r)+bghr),

then

(1) < (agd(r) +bghry)/ P
a””‘"”gg/(’”‘“(r) + bl/(p—l)glfi/(p—l)‘ for p = 2,
2(21’)/@71)(“1/(%1)&33/(%1)(7) +b1/<v—1)g£/<p—1>>, for1<p<2,

(2.52)

where

1 1
a= J m(s)ds, b= J n(s)ds. (2.53)
0 0
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Thus we have

gr(r)
al/(p= g&l P oy 4 p1/p-1) ghl Pl
gr(r)
2(2-p)/(p-1) (a1/<p—1)gg/(l’*1> r) + bl/(p—mgg/(p*”)

)sl forp = 2,

<1 forl<p<2,

(2.54)

which implies that

d [ ds
ar Jgpry al/p=D s/ (p=1) 4 p1/(p=1) g/ (p=1)

a [ ds
T dr GR(T) 2(27117)/(1171)(al/(nfl)srx/(nfl)+b1/(n71>56/(n71))

<1 forp=2,

<1 forl<p<2.
(2.55)

Now, integrating from O to R and recalling that gg(v) — o as ¥ — R~, we get

(o]
ds <R forp=2
ox(0) AP sal(p=1) 1 p1/(p=1) B/(p—1) = p=s
® ds
Lm(m 2@-p) (1) (@1 (p-D gl (p=1) 1 p1/(p-D sl (p-1) = R forl<p<a.
(2.56)
Letting R — 0% yields
i ® ds

A, LR(O) AU Dsa v D 1 ple Defip D ~ O (2.57)

Hence, we have gr(0) — o as R — 0". By a similar argument, we can show that
hr(0) =0 as R —0". O

LEMMA 2.7. Letg, h be any entire explosive positive radial solutions of (2.43),
(2.44) given in Lemma 2.5 and define the sequences {uy} and {vy} by

r t 1/(p-1)

up(r) = a+J (tl‘NJ SN‘lm(s)v,‘j‘,l(s)ds) dt, r=>=0, (2.58)
0 0
r t 1/(g-1)

v (r) = b+J (tl’NJ SN’ln(s)uf_l(s)ds> dt, r =0, (2.59)
0 0

whereup =a,0 <a <min{g(0),h(0)}, andvo(r) =b,0 < b <min{g(0),h(0)}.
Then

(@ ur(r) <up 1 (); V() < v (r), r eRY, k= 1;

(b) ux(r)<g)andvi(r) <h(r),r e R*, k> 1.

Thus {uy} and {vy} converge and the limit functions are entire positive radial
solutions of system (1.4).
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PROOF. (a) Obviously, vg < v;. This then yields ©; < u, by (2.58). Conse-
quently, v, < vz by (2.59), which yields u, < u3 by (2.58). Continuing this line
of reasoning, we obtain that the sequences {uy} and {vy} are monotonically
increasing.

(b) We note first that, since g is radial, we get

, ; 1/(p-1)
g(r)=g(0) +L (tl’N L SN m(s)g%(s) +n(s)gﬁ(s)]ds> dt.

(2.60)

Now, it is clear (since g’ (v) > 0) that b = vy < g(0) < g(r) for all > 0. Thus
we have

r t 1/(p-1)
u(r) < a+J tl‘NJ SN“m(s)g"‘(s)ds) dt
0 0

, : 1/(p-1)
<g(0) +JO (tl’N Jo sSNHm(s)g%(s) +n(5)g3(s)]d5) dt = g(r).
(2.61)

Thus we have u; < g. Similar arguments will show, in sequence, that v, < h,
U =< G,.... O

3. Main results. By a modification of the method given in [13], we establish
the following results.

THEOREM 3.1. Suppose that m and n are C(RN) functions and m(x) =
m(|x]), n(x) =n(lx|)2>C>0,0<x<p-1,and 0 < x< B <q-1. Then
there exists an entire positive radial solution of (1.4) with any central values

u0)=a=0, v(0)=b=0. 3.1)

If, in addition, the functions m and n satisfy

w ¢ 1/(p-1)
J (tl‘NJ SN‘lm(s)ds> dt ,
0 0

o0
o t 1/(g-1)
J (tl’NJ sN’ln(s)ds) dt = o,
0 0

then all entire positive radial solutions of (1.4) are large solutions. On the other
hand, if m and n satisfy

) t 1/(p-1)
J (tl’NJ sN’lm(s)ds) At < oo,
0 0

o t 1/(q-1)
J (tl’NJ sN’ln(S)ds) At < oo,
0 0

then all entire positive radial solutions of (1.4) are bounded.

(3.2)

(3.3)
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PROOF. Note that radial solutions of (1.4) are solutions of the ordinary dif-
ferential equation system

(®p(u)) + @, (u') =m@)ve,
_ (3.4)
(®,(0")) + = d,(v') =n(r)ub.
Thus solutions of (1.4) are simply solutions of

r t 1/(p-1)

u(r) = a+J (tl‘NJ sN‘lm(s)v"‘(s)ds> dt, r=0,
0 0 (3.5)
r t 1/(g-1)

v(r) = b+J (tl’Nj SN’ln(s)uﬁ(s)ds) dt, r=0.
0 0

Let {ux} and {vi} be as defined in Lemma 2.7, where the central values (a,b)
may be any ordered pair of nonnegative numbers. We will show that the mono-
tonically increasing sequences {u} and {vy} are bounded above whenever
is bounded and hence converge on RV. Indeed, we note that, since v, (r) > 0,

&/ (p-1) r t 1/(p-1)
ug(r) <upn () <a+vg (T)J (tl’NJ SN’lm(s)ds> dt
0 0

(3.6)
—a+v"" V) fr),
where
r t 1/(p-1)
f) =J (tl‘NJ sN‘lm(s)ds> dt. (3.7)
0 0
Similarly, we get vi(r) < b +u£”q7” (r)g(r), where
r t 1/(a-1)
gr) = J (tl’NJ SN’ln(s)ds) dt. (3.8)
0 0
Combining these, we get
_ /(p-1)
uery = a+ for)(b+uf M agm)” (3.9)

Since 0 < & < p — 1, we know that (¢ + d)¥®-D < c®/(p=1) 4 g&/(p-1 for any
nonnegative constants ¢ and d. Therefore, by applying this inequality, we get

up(r) < a+f(1,)(bo</<p—1> +ug3/(l"—1)(q—])go(/(p—1))

“1)(g- (3.10)
%Bup D@Dy oy,

=c(r)+u
If xB < (p—1)(q—1), using the elementary inequality (see [19, page 30])

xlmytim < X Y (3.11)
m n
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where x >0, ¥y >0,and 1/m+1/n =1 with m > 1, we observe that

R B\ ya-asip-D@a-1)
uk(r)sc(r)+(p_l)(q_l)uk+(1 (p—l)(q—l))h ( . |
3.12

Thus

cr)+(1-aB/(p-1)(g—1))h!/0-cB/p-Dia-1)

1-aB/(p—1)(q-1) Vk.  (3.13)

ug(r) <

Similarly, there exists a function ¢ such that vi(r) < @(v) for all k if & <
(p—1)(g—1). On the other hand, if xf=(p—-1)(g—1) so that x =p—1 and
B = q -1, we substitute (3.6) into the equation for vy to get

¥ t a1 . \ M@
v(r) < b+J0 (tl‘N JO sNlg(s)[a+ f(s)vr(s)] ds) dt.  (3.14)

We consider two cases here: (i) g > 2 and (ii) 1 < g < 2.
In case (i), we have that g —1 = 1. Using the inequality (1 + )91 <29-2(1 +
x1-1) for x = 0, we have

t

1/(a-1)
Vi (1) <b+J 2(a-2)/(a- ”(tl NJ sN-a9 ! 4 pa-l fa- 1(s)]q(s)ds) dt

0
t

<b+J 2(a=2)/(a- ”[tl N sN-Tga-1g(s)ds
0

t 1/(q-1)
+th- NJOSN Lya-1(s) fa- 1(s)q(s)ds] dt
<b(r)

+2<q—2>/<q—1)J AN/ (@~ 1)<J
0

t

t 1/(a-1)
sN=lya-l fa- l(s)q(s)ds) dt

<b(r)+2@-2/a-1 J vk(t)(J ( ) f””l(s)q(s)dsyildt.

0

(3.15)
Letting a(r) = [y vk(t)(f(f(s/t)Nflqul(s)q(s)ds)qfldt, then
r N-1 1/(a-1)
a' (r) :Uk(T)<JO (%) f“fl(s)q(s)ds) . (3.16)
Therefore,
_ r N-1 1/(g-1)
a (r) slo(r)(J (%) fq‘l(s)q(s)ds>
0 (3.17)

1/(a-1)

$2@-2/@=1) gy ( Jor (;ﬁ)lv_lf"i*1 (s)q(s)ds)
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Letting
r N-1 1/(g-1)
d (r) = 2((1—2>/(q—1><I <£> fq‘l(s)q(s)ds> ,
0o \7r
r N-1 1/(g-1) (3.18)
-p S a-1(s) (s)ds)
c(r)fbm(jo (2) s ,
then
(e M a(r)) <c(r)e " = a(r) <K(r). (3.19)
Thus
v (r) <c(r). (3.20)

Similarly, there exists a function d(#) such that uy(r) < d(r) for all k if « =
p — 1. Thus the sequences {uy} and {vy} are bounded above on bounded sets
and therefore converge. Let u(7) = limg_o ur(#) and v (r) = limg_o vk (7). By
standard elliptic regularity theory, it can be shown that (u,v) is the desired
solution of (1.4).

In case (ii), we have that 0 < g — 1 < 1 using the inequality (1 + x)7"! <
1+x971 for x > 0. Similarly, as in (i), there exist functions ¢(+) and d(r) such
that ug(v) <c(r) and v (r) <d(r) forallkif x =p—1and f=q—1.

If (3.2) hold and (u,v) is a positive solution of (3.5), then, clearly,

ur) =a+b¥P=Df(y), (3.21)

and, similarly, v(r) = b +af/@V g(r). However, lim, . f (¥) = lim, ... g(¥) =
co. Thus, (u,v) is an entire explosive radial solution.

On the other hand, if the inequalities (3.3) hold, then lim, .., f(7) < c and
lim, .« g(r) < o so that the estimates above providing upper bounds for the
sequences {uy} and {vy} may be chosen independent of » so that the solution
(u,v) is bounded above (and, in fact, any solution of (3.5) will be bounded
when the inequalities (3.3) hold).

We now give our main theorems for the superlinear case, where p —1 < & <
B,B=qg—1,and 2 < g < p. We use the notation R* = [0, «) and define the set
G as

G ={(a,b) e R* xR* |u(0) =a, v(0) =b,
(3.22)

(u,v) is an entire radial solution of (1.4)}. 0

THEOREM 3.2. There are infinitely many entire positive radial solutions of
system (1.4) provided that the C(RN) functions m and n satisfy (3.3). The set G
is a closed bounded convex subset of R x R*. Furthermore, the set G satisfies

TcGCR, (3.23)
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where the triangle T and the rectangle R are given by

T={(u,v)e[R+><lR+\ + sl}, R=1[0,A1%[0,B], (3.24)

W<

u
A
in which A = sup{a € R* | (a,0) € G} and B = sup{b € R* | (0,b) € G}.

PROOF. From Lemma 2.7, it is clear that [0,g(0)] x[0,h(0)] C G so that G
is nonempty. We will show that G is a bounded, closed, and convex set and
then prove relationship (3.23).

As a preliminary, note that, if (a,b) € G, then any pair (ag,bo) for which
0<ag<aandO0 < by < b must be in G since the process used in Lemma 2.7
can be repeated with

v t 1/(p-1)
u(r) = ao+J (tl’NJ sN’lm(s)v,f‘fl(s)ds> dt,
0 0

(3.25)
1/(a-1)

Ve (¥) = by + L: (tl’N L: SN’ln(s)u,’i,l(s)ds> dt,

and vy = b, up = a. Then, as in Lemma 2.7, the sequences {uy} and {vy} are
monotonically increasing. Then, letting (U, V) be the solution of (3.5) with cen-
tral values (a,b), we can easily prove, since by < b, that vy < V. Thus, u; < U
(since, also, ap < a), and consequently v; <V, and so on. Hence, we get uy < U
and vy <V, and therefore, u < U and v <V, where (u,v) = limg_ . (Uk, Vi) iS
a solution of (1.4) (with central values (ag, by)).

To prove that G is bounded, assume that it is not. Therefore, since [0,a] x
[0,b] c G whenever (a,b) € G, we must have either [0,) x {0} C G or {0} x
[0,0) C G. Without loss of generality, we assume that [0,c) X {0} C G. Let
m(v) =min{m(r),n(r)} and let h be a positive radial solution of

div(|VRh|P2Vh) =2 %m(r)h*, O0<r<]1,
(3.26)
h(r) — o, r—1".

(See Lemma 2.3 for the proof of existence.) Let (u,v) be any solution, which
exists by hypothesis, to (3.5) with a > h(0) and b = 0. Without loss of gen-
erality, we will assume that a > 1. We now show that h < u+v forall v > 0
which, if proven, will contradict the fact that u + v exists for all » > 0. Clearly,
h(0) <a <u(0)+v(0). Thus there exists € > 0 such that h(r) < u(r)+v(r)
for all € [0,€). Let

Ro=sup{e>0|h(r) <u@)+vr), Vr € [0,¢)}. (3.27)
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We claim that Ry = 1. Indeed, suppose that Ry < 1. Since h(v) < u(r)+v(r) in
[0,Rp), elementary estimates yield

Ro t 1/(p-1)
h(Ro)=h(O)+J0 (tl’NJOSN*IZ’“W(S)h“(s)ds) dt

Ro t 1/(p-1)
< h(0) +J tl’NJ SN’IZ’“W(S)[u+v]°‘(S)dS) dt
0 0
t 1/(p-1)
J sNlm "‘(s)+v"‘(s))ds> dt
0

t 1/(p-1)
ti- NJ sSNHmv ¥ (s) + nu® (s))ds) dt
0

Ro t 1/(p-1)
sh(0)+J - NJ SN mv"‘(s)+nuﬁ(5))ds> dt
0 0

(3.28)

Ro 1/(p-1)
< a+J (tl‘NJ sN- 1"rmu"‘(s)ds> At
0 0

Ro t 1/(a-1)
+J (tl’NJ sN’lnuﬁ(s)ds) dt
0 0

< u(Ro) +U(Ro).

Thus, since h(Rgy) < u(Ry) + vV (Ry), there exists 6 > 0 such that h(r) < u(r) +
v(r) in [0,Ro + 6). This contradicts the fact that Ry is a supremum. Thus,
Ry =1, establishing the boundedness of the set G.

To prove that G is closed, we let (ag,bo) € 0G and show that (ag, bg) € G.
Let (u,v) be the solution of (3.5) which corresponds to a = ap and b = by.
Without loss of generality, we may assume that max{ag,bo} > K = g(0), where
the function g is given in Lemma 2.7. If max{ao,bo} = ao, then K <ap—1/n
for large n so that u, () = K for all ¥ = 0 and for all n sufficiently large where

1 v t 1/(p-1)
Up =adyg— — +J (tl‘NJ SN‘lm(s)va‘,l(s)ds) dt,
oo 0 / (3.29)

r t 1/(a-1)
Uy = b0+J (tl’NJ SN’ln(s)qu,l(s)ds) dt.
0

0
Thus we note that

mvy =m(r)vy,
_ (3.30)
nub > nub *ul = nkfu* =m@r)us,

where 72(7) = min{1,K*~ ¢} min{m(r),n(r)}. Thus

div (| Vg P °Vuy,) = mr)ve
L (3.31)
div (| Vv, |7 " V,) =2 m@r)ul.
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Let hy(v) and h, () be positive solutions of

div(|Vhy |P°Vhy) =m(r)he, 0=<r <Ro,

hi(r) — o, r—Rg,
2 (3.32)
div(|Vh [T °Vhy) =m(@)hS, 0<r <Ry,

ho(r) — o, v — Ry,

where Ry is an arbitrary positive real number. It is now easy to show by Lemma
2.1 that u, < hy and v, < hp; thus u, + v, < hy +hy in [0,Ry]. Hence, u +v =
limy, o (Uy, + V) < h1 + hy on [0,Rg]. Since Ry is arbitrary, the functions u
and v exist on RN and are hence entire so that (ag,by) € G. On the other
hand, if max{ag,bo} = by, then K < by — 1/n for large n so that v, > K
for all » > 0 and for all sufficiently large n. Then u, (v) = K*f(v), where
fr) = [j N fésN*Im(s)ds)l/””*“dt, and the proof continues as before
with K replaced by K% f(r).

To prove that G is convex, suppose that (a,b) € G and (@,b) € G. Let A
(0,1), let (u,v) be the solution of (3.5), and let (U,V) be the solution of (3.5)
when (a,b) is replaced by (@, b). We need to prove that A(a,b) +(1—-A) (@, D) €
G. To do this, we let {uy}, {vn}, {Un}, and {V,} be the increasing sequences
of functions, as developed in Lemma 2.7, such that u,, ~ u, v, ~ v, U, ~ U,
and V,, ~ V. Likewise, let {w,} and {z,} be the sequences developed again as
in Lemma 2.7 corresponding to central values Aa+ (1 —A)a and Ab+ (1 —A)b,
respectively. We also let zg = Ab + (1 — A)b. We will show that the increasing
sequences {wy} and {z,} satisfy

Wy < AUy + (1 =AUy,

3.33
Zn < AU+ (1 =A)Vy, ( )

which, in turn, implies that {w;} and {z,} converge, and hence, their limits
are entire, giving A(a,b) + (1-24)(a,b) € G. Clearly, zg < Avg+ (1 —A)Vy. Then

v t 1/(p-1
wy (r) =Aa+ (1 —A)E+J (tl’NJ SN’lm(s)zg‘(s)ds> dt
0

0
r t 1/(p-1)
<Aa+(1-Na+ Jo (tl’N Jo sNhm(s) [Ave + (1 - A)VO]'X(S)> dt.

(3.34)

Since @ > p —1 = 1, however, we know that (Ac+ (1 -A)d)* < Ac*+ (1-A)d”
for any nonnegative numbers ¢ and d. Applying this inequality, we get

w(r) <Aa+(1-A)a

r t 1/(p-1)
+J (tl‘NJ sN—lm(s)[Avg+(1—A)v0“](s)ds) at  (3.35)
0 0

=Au+(1-A)U.
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Using this result, we can prove similarly that z; < Av; + (1 — A)V; which, in
turn, can be used to get wy < Auy + (1 — A)U,. Continuing this process will
produce (3.33).

To prove (3.23), it is clear that, since (A,0) and (0,B) are in G and G is
convex, the line x/A+ y/B = 1 isin G. And, as noted earlier, if (a,b) € G, then
(x0,Y0) € G whenever 0 < xo < a and 0 < Yy < b. Hence, T C G. Similarly,
G C R forif (ag,bg) € G, then (ao,0) € G and (0,by) € G. Thus 0 < ag < A and
0 < bg < B so that (ag,bp) € R. This completes the proof. O

THEOREM 3.3. Let E(G) be the closure of the set {(a,b) € 0G |a > 0, b > 0}.
Any entire positive radial solution (u,v) of (1.4) with central value (1(0),v (0))
€ E(G) is an explosive solution.

PROOF. Let u, and v, be defined as positive solutions of

1 t 1/(p-1)
Uy =u(0)+— +J (tl‘NI m(s)vf{(s)ds) dt,
n Jo 0

1/(a-1) (3.36)

vnzv(0)+%+ﬂ (tl’NJOtn(s)uﬁ(s)ds) dt,

where (1(0),v(0)) € E(G). We note that u;,(¥) = 0 and v, () = 0. Also, since
(u(0)+1/n,v(0)+1/n) ¢ G, for each n =1,2,3,..., there exists R,, < o such
that

lim uy(r) =co,  lim v, (r) = o,
=Ry r=Rn (3.37)
Ry <Ry <R3<---.

From (3.36) and the fact that v,, > 0, we get

1 B/(q—1) “ 1-N ! N-1 Ha=t
Vu(r) <v(0) + " + Uy () t sN"In(s)ds dat, (3.38)
0 0

which implies that
V() < Cupn (r) + Kub/ Y (1), (3.39)

where C is any upper bound on (v(0)+1/n)/(1(0)+1/n) and

K = J: <t1‘N Jot SN‘ln(s)ds>l/(q_1)dt <o, (3.40)
Since u, satisfies
div(|Vul?2vu) = mvg, (3.41)
we use (3.39) to get

div(|VulP2vu) < mf(un), (3.42)
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where f(s) = (Cs+KsP/la-D)« Define
® dt
F(s) = L Fn (3.43)

which is well defined for s > 0 since « > p — 1. Note also that

1 S (s)

F,(S):_fl/(n—n(s)’ F'(s) = (p—1)(fUP-D)p

> 0. (3.44)

Thus

div (| VF(un) [P 2VF(up)) = = |F (up) |” 7 div (| Vg |72 V)
+(p=1D)|F (un) " °F" (un) | Vun|”  (3.45)

> —|F (un)|" ' mf (un) = —m.
Hence,
div (| VF (un) |" >VF (un)) = —m(r) (3.46)
or
(PN F (un) |"7F (un) = =N (). (3.47)
Integrate this over [0,7] where 0 < ¥ < R, to get

d r 1/(p-1)
—F(up) = — (rl‘NJ SN‘lm(s)ds) : (3.48)
dar 0

Now integrate this over [¥,R,]. Noting that u,(r) — c as v — R;, (and hence,

F(un(r)) — 0asr — R;), we get

Rn s 1/(p-1)
—F(un(r)) = ,J (SI*NJ tN’lm(t)dt) ds. (3.49)
r 0
Thus we have
Rn s 1/(p-1)
Flun) sj (SI*NJ tN’lm(t)dt) ds. (3.50)
r 0
Since F'(s) < 0 for s > 0, we have
Rn s 1/(p-1)
Up(r) = F! (J (SI’NJ tN’lm(t)dt) ds). (3.51)
r 0

Now, let n — o so that R, — R < o and u, — u to produce

R s 1/(p-1)
Un(¥) 2F‘1<J (SI_NJ tN‘lm(t)dt> ds), 0<7 <R. (3.52)
r 0
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Letting ¥ — R~ and since from Lemma 2.6,

lim F1(s) = oo, (3.53)

s—0*

we have
R s 1/(p-1)
lim u(r) = imF~! (J (sl’Nj tN’lm(t)dt> ds) = c0. (3.54)
r—R~ r—R r 0

Since u is entire, we conclude that R = oo and lim, .. u(7) = . This completes
the proof. O
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