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FLUID IN TERMS OF GENERALIZED STREAM FUNCTION

YURI A. RYLOV

Received 5 August 2003

Hydrodynamic equations for ideal incompressible fluid are written in terms of generalized
stream function. Two-dimensional version of these equations is transformed to the form
of one dynamic equation for the stream function. This equation contains arbitrary function
which is determined by inflow conditions given on the boundary. To determine unique so-
lution, velocity and vorticity (but not only velocity itself) must be given on the boundary.
This unexpected circumstance may be interpreted in the sense that the fluid has more de-
grees of freedom than it was believed. Besides, the vorticity is a less observable quantity as
compared with the velocity. It is shown that the Clebsch potentials are used essentially at
the description of vortical flow.
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1. Introduction. In this paper, we write hydrodynamic equations for the ideal fluid
in terms of Clebsch potentials [4, 5]. This representation admits one to integrate hy-
drodynamic equations and to obtain effective description of rotational stream flow. We
have discovered an unexpected fact that the effective description of the rotational flow
cannot be carried out without introduction of the Clebsch potentials. In general, the
problem of irrotational stream flow and that of rotational stream flow are stated differ-
ently. We show this in an example of stationary two-dimensional flow of incompressible
fluid. In this case, one of Clebsch potentials may coincide with the stream function .
The irrotational flow is described by the equation for stream function :

Wxx+Wyy =0, (1-1)

where indices mean corresponding partial derivatives. For the rotational stationary two-
dimensional flow, (1.1) transforms to the form

(ljxx""(ljyy :Q(W), (1.2)

where Q(y) is some function of argument @ describing the character and intensity of
vorticity. The obtained equation is distinguished from (1.1) in an additional term. Both
(1.1) and (1.2) are the elliptic type equations. To obtain a unique solution of (1.1), it
is sufficient to give value of the stream function ¢ on the boundary X of the volume
V, where the flow is considered. The same is valid for (1.2), provided that the form of
the function Q(y) is known. But the value of ¢ on X does not admit one to determine
the form of the function Q(y). For determination of Q(y), one needs some additional
information given on the boundary X.
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To state the problem of the rotational stream flow, it is necessary to determine what
kind of information on the boundary is sufficient for the derivation of the unique solu-
tion of (1.2). Theory of rotational flows cannot exist without statement of this problem.
Unfortunately, we have not seen in literature a statement of the problem of the rota-
tional stream flow; we know only single exact solutions [14]. It means that the theory
of rotational flows does not exist.

Equation (1.1) is a special case of (1.2) when Q(y) = 0. Equation (1.2) is obtained
from the conventional hydrodynamic equations for two-dimensional stationary flow of
incompressible fluid, which have the form

Ux +Vy =0, Oy (Ulx + VU, ) = 0x (UVx +VV,), (1.3)

where u and v are velocity components along x-axis and y-axis, respectively. Intro-
ducing the stream function ,

u:_(ljyv V=, (14)

we satisfy the first equation in (1.3) identically. The second equation in (1.3) takes the
form

d(w,y)

3(x,v) =0, w= Yxx+Pyy- (1.5)

Relation (1.2) is the general solution w = Q(y) of (1.5), where Q is an arbitrary function
of Y.

The goal of the present paper is the statement of the problem of the rotational stream
flow. The problem is solved effectively in terms of the generalized stream function (GSF)
which has several components. GSF is a generalization of the usual stream function g
for two-dimensional flow onto a more complicated n-dimensional case. Unfortunately,
in other more complicated cases, the statement of the problem of the rotational flow
needs a special well-developed technique.

This technique is based on application of Jacobian technique to the descriptions of
hydrodynamic equations written in terms of Clebsch potentials. We will refer to this
technique as the GSF technique. Use of Jacobian technique in application to Clebsch
potentials goes back to papers by Clebsch [4, 5], who obtained his potentials dealing
with Jacobians. In contemporary hydrodynamics, the Clebsch potentials are considered
formally without connection with the Jacobian technique [12]. Clebsch potentials have
also other names (Lagrangian coordinates, Lagrangian variables [20], and labels of fluid
particles). There are several versions of representation of Clebsch potentials. Elements
of Jacobian technique were used by many authors (see [1, 8, 11, 18, 20] and many
others). But in solution of the problem of streamline flow, the Jacobian technique is not
used practically, and so are Clebsch potentials. We are interested only in that version,
which is connected with a use of Jacobian technique (GSF technique). We use space-
time symmetric version of the Jacobian technique which appears to be simple and
effective. It seems that the progress in the investigation of vortical flows is connected
mainly with the developed Jacobian technique used together with Clebsch potentials
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(GSF technique). Presentation of the GSF technique can be found in [15], as well as in
[16], where it is used for description of the fluid flow in terms of the wave functions.

Why are Clebsch potentials important in the statement of the problem on vortical
stream flow? The term Q () in the right-hand side of (1.2) describes vorticity. According
to Kelvin’s theorem on circulation, the vorticity is “frozen in the fluid,” and vorticity
travels together with the fluid. Clebsch potentials (labels of the fluid particles), as well as
the GSF are also frozen in the fluid. They also travel together with the fluid and vorticity.
As aresult, the Clebsch potentials (labels) and the GSF appear to be an effective tool in
the vorticity description.

A rotational fluid flow has some properties which are absent in irrotational flows.

(1) Consideration of the fluid displacement and a use of Clebsch potentials describing
this displacement is essential in rotational flows because this displacement transfers
vorticity, which influences the velocity field, whereas such a transport is of no impor-
tance in irrotational flows, where the vorticity vanishes.

(2) The boundary conditions for a rotational flow contain more information than the
boundary conditions for irrotational flow. This additional information is information
on vorticity, which conserves in any ideal fluid. Although the field of vorticity

w=VXxXv (1.6)

is determined by the velocity field v, it is valid only inside some 3-volume V, where
vorticity can be determined as a result of differentiation of the velocity field. On the
boundary X of 3-volume V, one can calculate only the component of w along the normal
to X. Components of vorticity w tangent to = must be given additionally. It means that
additional (as compared with the irrotational flow) degrees of freedom appear in the
rotational flow, and additional information in boundary conditions is necessary for
their description.

The first property is analyzed in [15]. We present it here also. It is a common practice
to think that the problem of streamline flow can be solved by consideration of only
Euler system of equations

op B
3t +V(pv) =0, (1.7)
ov _ 1 L 0E
3t +(VV)v = va, p=p 3’ (1.8)
oS
S VYIS =0, (1.9)

where p is the pressure and E = E(p,S) is the internal energy of a unit mass considered
to be a function of the mass density p and the entropy S. The internal energy E = E(p, S)
is a unique characteristic of the ideal fluid. Displacement of the fluid particles (i.e., their
trajectories and the law of motion along them) in the given velocity field v is described
by the equations

dx
i =v(t,x), x=x(t,§), (1.10)
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where v(t,x) is a solution of the system (1.7), (1.8), and (1.9). Equations (1.7), (1.8), (1.9),
and (1.10) form the complete system of hydrodynamic equations, but the form of this
system is not quite consistent because dynamic variables p, v, and S in (1.7), (1.8), and
(1.9) are functions of t, x, whereas x in (1.10) is a function of t and of the label & of the
fluid particle.

Let & = &(t,x) = {&x(t,X)}, x=1,2,3, be three independent integrals of (1.10). Values
& of three integrals can label fluid particles (Lagrangian coordinates). Then labels &
satisfy three equations

0§ B
§+(VV)§—0, (1.11)

which are equivalent to three equations (1.10). The system of equations (1.7), (1.8), (1.9),
and (1.10) is hardly perceived as a whole dynamic system because the system (1.7), (1.8),
and (1.9) is closed and its dynamic variables p, v, and S are functions of ¢, x, whereas the
dynamic variables of (1.10) are functions of variables ¢, §. But equivalent system (1.7),
(1.8), (1.9), and (1.11) of equations for variables p, v, S, and &, which depend on t, x, is
the whole system of dynamic equations. This system is obtained from the variational
principle, whereas the Euler system (1.7), (1.8), and (1.9) of hydrodynamic equations
can be obtained from the variational principle only for the case of irrotational flow.
The system (1.7), (1.8), and (1.9) is a closed subsystem of the whole system of dynamic
equations (1.7), (1.8), (1.9), and (1.11). On the foundation of closure, the Euler system
(1.7), (1.8), and (1.9) is considered conventionally as the complete (full) system of hy-
drodynamic equations, whereas in reality, the Euler system (1.7), (1.8), and (1.9) is only
a curtailed system, that is, only a part of the complete (full) system of hydrodynamic
equations formed by (1.7), (1.8), (1.9), and (1.11). If we work with the Euler system only,
we cannot integrate it, in general. If, nevertheless, we integrate it in some special cases,
the arbitrary functions of Clebsch potentials § appear in integrated dynamic equations.
If we use the complete system (1.7), (1.8), (1.9), and (1.11), we can always integrate it and
reduce the number of dynamic equations. This integration is accompanied by appear-
ance of three arbitrary functions g(§) = {g*(§)}, « =1,2,3, of Clebsch potentials & in
dynamic equations. These functions contain full information on initial and boundary
conditions for the fluid flow.

The integrated dynamic equations have different form for the irrotational and ro-
tational flows. In particular, if V x g = 0, what corresponds to irrotational flow of
barotropic fluid (1.11), known as Lin constraints [13], are not dynamic equations in
the integrated system of dynamic equations, and the variables & have no relation to
the calculation of the fluid flow. In the general case of rotational flow, when V xg + 0
identically, equations (1.11) are dynamic equations for the fluid. We show this as soon
as the corresponding mathematical technique is developed.

In Section 2, Jacobian technique is considered. Section 3 is devoted to derivation of
hydrodynamic equations of the ideal fluid from the variational principle. The varia-
tional principle for incompressible fluid is considered in Section 4. In Section 5, two-
dimensional flow of incompressible fluid is described in terms of GSF. In Section 6, the
inflow conditions for the stationary two-dimensional flow of incompressible fluid are
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introduced. Section 7 is devoted to stationary flow around an obstacle. Some examples
of two-dimensional stationary flow of incompressible fluid are considered in Section 8.

2. Jacobian technique. We consider such a space-time symmetric mathematical ob-
ject as the Jacobian:

a ) ) ’
= S = sl Eu=aiEi-

%, i,k=0,1,2,3. (2.1)
Here & = {&y,&} = {&0,&1,&2,&3} are four scalar considered to be functions of x =
{x9,x}, € = E(x). The functions {&j,&;,&»,&3} are supposed to be independent in the
sense that J # 0. It is useful to consider the Jacobian J as 4-linear function of variables
Eix = 0k&i, i,k =0,1,2,3. Then one can introduce derivatives of J with respect to &; k.
The derivative 0] /0&; x appears as a result of a replacement of &; by x in the relation
(2.1):

a] _ a(EO!""giflsxkagiJrly-"!gS)

0&ix 0(x0,x1,x2,x3)

, 1,k=0,1,2,3. (2.2)

For instance,

o _ 0(x',&,8,8)

0&o.i - 0(x0,x1,x2,x3)’

i=0,1,2,3. (2.3)

This rule is valid for higher derivatives of J also:

°J]  _9(&0s--n8i1, X8 Eivry o1, X Esv -0 E3)
08ik0&s1 0 (x0,x1,x2,x3)
_o(xkx!) 9(80,81,82,83) _](3Xk ox!  oxk ox!
7=

T 381 E) A(x0,xT X% x3 ¥§_¥E> plobs=01.2.3

(2.4)
It follows from (2.1) and (2.2) that
axk = a(EOl'-'1§i—lixk!§i+1;-"1§3)
agi a(§0!§1!§21§3)
— a(EO:---aEi—laxkagi-Ha---s§3) a(XO,xl’XZ’X:%) (25)
a a(XO’XI’XZ’X3) 3(50151152153)
1 dJ .
=— =0,1,2
Jog BRTOLES

and (2.4) may be written in the form

2] 1(6] o] o] dJ
0&ik0&s1 J

= — — , 1,kl,s=0,1,2,3. 2.6
3%k 05, 0E ags,k> (2.6)
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The derivative 0] /0&; k is a cofactor to the element &; i of the determinant (2.1). Then
one has the following identities:

aJ _ <5 aJ — 5 —
gl'kfs,k =6}/, Ek,l_agk’S =9)J, l,s=0,1,2,3, (2.7)
2
oJ o°J 0x0& =0, i=0,1,2,3. (2.8)

d =
KoEix  0EixdEsy

Here and in what follows, a summation over two repeated indices is produced (0 — 3)
for Latin indices. The identity (2.8) can be considered as a corollary of the identity (2.6)
and a symmetry of 0;0;&; with respect to permutation of indices k, [. Convolution of
(2.6) with 0y or 0; vanishes also:

%] %]

0 =
“OEi k081 0Eix0Es10Emn

okoném =0, 1i,l,5s=0,1,2,3. (2.9)

Relations (2.1), (2.2), (2.3), (2.4), (2.5), and (2.6) are written for four independent vari-
ables x, but they are valid in an evident way for arbitrary number of n + 1 variables
x ={x%x',...,x"} and & = {&, &}, & = {&1,&,....En}.

Application of the Jacobian J to hydrodynamics is founded on the property, which
can be formulated as the property of the GSF & = {&1, &>,...,&, } in the (n+1)-dimensional
space of coordinates x = {x% x!, ..., x"}.

On the basis of the GSF &, one can construct n-vector j':

ji:mi, jt=1{p,pv}, m = const (2.10)
13

in such a way that j! satisfies the continuity equation
0ij'=0 (2.11)

identically for any choice of variables &. Besides, the variables & are constant along any
line & tangent to n-vector ji, and can label this line because the set of quantities € is
different for different lines .

In the case of dynamical system (1.7), (1.8), (1.9), and (1.11), we have ji = {p,pv}.
It means that (1.7), (1.11) are satisfied at any choice of the GSF (Clebsch potentials) &.
Substituting the flux vector ji = {p,pv}, expressed via &, in the remaining hydrody-
namic equations, we obtain dynamic equations for determination of the GSF &. This
procedure is insignificant in the case of irrotational flow, when Lin constraints (1.11)
are of no importance. But it is a very effective procedure in the case of rotational flow
because it reduces the number of dynamic equations to be solved.

The continuity equation (2.11) is used without approximation in all hydrodynamic
models, and the change of variables {p, pv} — & described by (2.10) appears sometimes
to be useful. In particular, in the case of two-dimensional established flow of incom-
pressible fluid, the GSF & reduces to one variable & = y, known as the stream function.
In this case, there are only two essential independent variables x° = x and x' = y, and
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the relations (2.10) and (2.11) reduce to relations

1. oY 1. oy ou  ov
1 = = —— 1 = = — o _— =
P Jx=u= , Py =V Ix’ 3 +8y 0. (2.12)

Defining the stream line as a line tangent to the flux j:

dx _dy (2.13)
Jx Jy
we deduce that the stream function is constant along the stream line because according
to two first equations of (2.12), ¢ = ¢(x,y) is an integral of (2.13).
In the general case, when the space dimension is n, x = {x% x!,...,x"}, and & =
{&0,&}, & = {&1,8&2,...,En}, the quantities § = {&4}, x = 1,2,...,n, are constant along
the line ¥ : x = x(7) tangent to the flux vector j = {ji},i=0,1,...,n:

Jaxt .
N T =j'(x), i=0,1,...,n, (2.14)

where T is a parameter along the line ¥. This statement is formulated mathematically
in the form

A&«
art

aJ

_iine _
=j'0i« mafo,i

0i&x =0, x=1,2,...n. (2.15)
The last equality follows from the first identity (2.7) taken for s =0,and [ = 1,2,...,n.

Interpretation of the line (2.14) tangent to the flux is different for different cases.
If x = {x%x!,...,x™} contains only spatial coordinates, the line (2.14) is a line in the
usual space. It is regarded as a stream line, and § can be interpreted as quantities
which are constant along the stream line (i.e., as a GSF). If x° is the time coordinate,
(2.14) describes a line in the space-time. This line (known as a world line of a fluid
particle) determines a motion of the fluid particle. Variables § = {&;,&>,...,&,} which are
constant along the world line are different, generally, for different particles. If £y, & =
1,2,...,n, are independent, they may be used for the fluid particle labeling. When one
of coordinates x is time-like, the set of variables & is not perceived as a generalization
of the stream function . Nevertheless, we will use the term GSF in all cases because
from mathematical viewpoint, it is of no importance whether coordinate x° is time-like
or space-like.

Thus, although interpretation of the relation (2.10) considered as a change of depen-
dent variables j by & may be different, from the mathematical viewpoint, this transfor-
mation means a replacement of the continuity equation by some equations for the GSF
&. Difference of the interpretation is of no importance in this context.

Note that the expressions

o)
0&o,i

(Xi!51552s§3)

0 )
=moo(8) 5 o wr ay 10 L23 (2.16)

Jt=mpo(¥)
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can be also considered as four-flux satisfying the continuity equation (2.11). Here m is
a constant and p( (&) is an arbitrary function of &. It follows from the identity

(x1,&1,8,83) d(x',1,5,5)

=m
x0,x1,x2,x3) 0(x0,x1,x2 x3

0 . &1
mpo(8§) 3 ) &= J po(81,82,83)dE.  (2.17)
0

The Jacobian technique is very useful for manipulation with hydrodynamic equations
(1.7),(1.8),(1.9), and (1.11). For instance, one can integrate the complete system of 5+ 3
dynamic equations (1.7), (1.8), (1.9), and (1.11), reducing it to the system of five dynamic
equations written in the form [15]

S(t,x) = S0(8), (2.18)

_ 0(81,82,83) _ (&)
p(t,x) _pO(E)a(xl,xz,)ﬁ) =po(§)a(x), (2.19)
v(t,x) =u(®,&n,S) =V +g*(E)VEx—nVS, (2.20)

where Sy (&), po(E), and g(&) = {g*(§)}, x =1,2,3, are arbitrary integration functions
of argument &. The quantities @, n are new dependent variables satisfying dynamic
equations

9

1 2 0(pE)
at +u((py§:’7,5)v(p_E[u((pygyn,s)] + ap _01 (221)
on _ OE
§+u(cp,§,n,5)vn— I (2.22)

If five dependent variables @, &, and n satisfy the system of equations (1.11), (2.21),
and (2.22), five dynamic variables S, p, v in (2.18), (2.19), and (2.20) satisfy dynamic
equations (1.7), (1.8), and (1.9). Indefinite functions Sy (&), po(E), and g*(&) can be
determined from initial and boundary conditions in a way such that the initial and
boundary conditions for variables @, &, and n were universal in the sense that they do
not depend on the fluid flow [15]. Further dynamic equations (1.11), (2.21), and (2.22)
will be derived directly from the variational principle.

3. Variational principle. The ideal (nondissipative) fluid is a continuous dynamical
system whose dynamic equations can be derived from the variational principle with the
action functional

m (dx\’
ol [x] =H7(d—) —V}po(g)dtd& (3.1)
t
where the fluid particle coordinates x = {x%(t,&)}, « = 1,2,3, are dependent vari-

ables considered to be functions of time t and of labels (Lagrangian coordinates) & =
{&1,82,83}, dx/dt is a derivative of x with respect to t taken at fixed &:

dx* _0(x%81,8,&) _ 0(x%§) -
dt — 0(t,81,8,8)  0(t,8) "’ «x=1,2,3, (3.2)




HYDRODYNAMIC EQUATIONS FOR INCOMPRESSIBLE INVISCID FLUID ... 549

po(&) is some nonnegative weight function, and V is a potential of a self-consistent
force field which depends on &, x, and derivatives of x with respect to §&. A mass of
the fluid particle m = const. The value of mass is unessential, and without loss of
generality, one may set m = 1. For the ideal fluid, the potential V' is such a function of
& and 0x/0& which can be represented in the form

v( gig) =mE(p,S), p= po@(

d(xt,x?,x3)

-1
0(%1,8,8&3) ) » $=50(8), (3.3)

where the entropy per unit mass S = Sy (&) is a given function of & determined by the
initial conditions, p is the fluid density, and E(p,S) is the internal energy of the fluid
per unit mass of the fluid. The quantity E(p,S) is considered to be a given function of
its arguments.

The variational principle (3.1) generates the sixth-order system of dynamic equations
for six dependent variables x, dx/dt, considered to be functions of independent vari-
ables t, €. Such a way of description is known as the Lagrangian description of the
fluid. If the variables t, x are considered to be independent variables, and six variables
&, 0&/0t, are considered to be dependent variables, the sixth-order system of dynamic
equations for &, 0&/0t, arises. It is known as the Eulerian description of the fluid.

The partial choice of labeling the fluid particles by variables & is unessential from a
physical point of view. This circumstance is displayed in an existence of the relabeling
group

Ex — Ex = Ex(E), D =det +0, o,f=1,2,3. (3.4)

%

The action (3.1) appears to be invariant with respect to the relabeling group, provided
that V has the form (3.3), where S is a scalar and p (&) is a scalar density, that is, under
the transformations (3.4), po (&) transforms as follows:

po(E) — po(§), p(&) — p(&) =p(E)D. (3.5)

The relabeling group is used in hydrodynamics comparatively recently [2, 3, 7, 8, 10,
17, 20].

The relabeling group is a symmetry group of the dynamical system. It may be used
to simplify a description of the fluid. There are at least two different ways of usage of
the relabeling group. The first (conventional) way of such a simplification is a use of
five relabeling-invariant variables v = dx/dt, p, and S, considered to be functions of
independent variables t, x. This way of description will be referred to as the relabeling
invariant description (RID). The variables &, describing labeling, are eliminated. At this
elimination of &, the dynamic equation (1.11) is eliminated also on the foundation that
the remaining Eulerian system of dynamic equations (1.7), (1.8), and (1.9) for five depen-
dent dynamic variables v, p, and S is closed. Conventionally, most researchers use RID,
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and hence the Eulerian system of dynamic equations. Another way of simplification is a
use of the relabeling group for integration of the complete system of dynamic equations
(1.7), (1.8), (1.9), and (1.11) and application of the system (1.11), (2.21), and (2.22).

In general, equivalency of the system (1.11), (2.21), and (2.22) and the system (1.7),
(1.8), (1.9), and (1.11) can be verified by a direct substitution of variables p, S, and v,
defined by the relations (2.18), (2.19), and (2.20), into equations (1.7), (1.8), and (1.9).
Using (1.11), (2.21), and (2.22), one obtains identities after subsequent calculations.
But such computations do not display a connection between the integration and the
invariance with respect to the relabeling group (3.4). Besides, a meaning of new variables
@, n is not clear.

We will use for our investigations the variational principle (3.1). Note that for a long
time, a derivation of a variational principle for hydrodynamic equations (1.7), (1.8), and
(1.9) existed as anindependent problem [2, 6, 8,11, 13, 18, 19]. Existence of this problem
was connected with a lack of understanding that the system of hydrodynamic equations
(1.7),(1.8), and (1.9) is a curtailed system, and the full system of dynamic equations (1.7),
(1.8), (1.9), and (1.11) includes (1.11) that describes a motion of the fluid particles in the
given velocity field. The variational principle can generate only the complete system of
dynamic variables (but not its closed subsystem). Without understanding, this one tried
to form the Lagrangian for the system (1.7), (1.8), and (1.9) as a sum of some quantities
taken with Lagrange multipliers. The left-hand side of dynamic equations (1.7), (1.8),
and (1.9) and some other constraints were taken as such quantities.

Now this problem has been solved (see review by Salmon [18]) on the basis of the
Eulerian version of the variational principle (3.1), where (1.11) appear automatically
and cannot be ignored. In our version of the variational principle, we follow Salmon
[18] with some modifications which underline a curtailed character of hydrodynamic
equations (1.7), (1.8), and (1.9) because the understanding of the curtailed character of
the system (1.7), (1.8), and (1.9) removes the problem of derivation of the variational
principle for the hydrodynamic equations (1.7), (1.8), and (1.9).

The starting point is the action (3.1). We prefer to work with Eulerian description
when Lagrangian coordinates (particle labeling) & = {&),&}, & = {&1,&2,&3}, are con-
sidered to be dependent variables and Eulerian coordinates x = {x°,x} = {t,x}, x =
{x!,x2,x3}, are considered to be independent variables. Here &, is a temporal La-
grangian coordinate which evolves along the particle trajectory in an arbitrary way.
Now & is a fictitious variable, but after integration of equations, the variable &, ceases
to be fictitious and turns into the variable @ appearing in the integrated system (1.11),
(2.21), and (2.22).

Further, mainly space-time symmetric designations will be used that simplifies con-
siderably all computations. In the Eulerian description, the action functional (3.1) is to
be represented as an integral over independent variables x = {x?,x} = {f,x}. We use
the Jacobian technique for such a transformation of the action (3.1).

We note that according to (2.5), the derivative (3.2) can be written in the form

-1
« dx*_ 3] (93] ~
ve = O ‘ago,a(ago,o) , «=1,2,3. (3.6)
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Then components of the four-flux j = {j°,j} = {p, pv} can be written in the form (2.16),
provided that the designation (2.19):

0(x°,&1,82,83)

( 0 Xl,XZ,X3) (37)

i=p= mpo(E) g =mpo (E)
is used.

At such a form of the mass density p, the four-flux j = {ji}, i = 0,1,2,3, satisfies
identically the continuity equation (2.11) which takes place in virtue of identities (2.7),
(2.8). Besides, in virtue of identities (2.7), (2.8), the Lin constraints (1.11) are fulfilled
identically:

J0iEx =mpo(E) ==—0iEx =0, «=1,2,3. (3.8)

351

Components j' are invariant with respect to the relabeling group (3.4), provided that
the function po (&) transforms according to (3.5).
One has

po(E)dt dE = po(E)g—dtdx— Pt ax,

m (dx* 2_& oJ 2 o] \

2 dt T2 aEO,rx ago,o ’
and the variational problem with the action functional (3.1) is written as a variational
problem with the action functional

1( a7 \°( a7 \°
E[§]—H2(a§0‘a) (ago‘o) —E}pdtdx, (3.10)

where p is a fixed function of § = {&p,&} and of &4 = 0ix, x =1,2,3,1=0,1,2,3,
defined by (3.7), and E is the internal energy of the fluid which is supposed to be a fixed
function of p and Sy (&):

where p is defined by (3.7) and Sy (&) is some fixed function of &, describing initial
distribution of the entropy over the fluid.

The action (3.10) is invariant with respect to subgroup ¥s, of the relabeling group
(3.4). The subgroup %s, is determined in such a way that any surface So(&§) = const
is invariant with respect to %s,. In general, the subgroup %s, is determined by two
arbitrary functions of &.

The action (3.10) generates the sixth-order system of dynamic equations, consist-
ing of three second-order equations for three dependent variables &. Invariance of the
action (3.10) with respect to the subgroup %s, allows one to integrate the system of
dynamic equations. The order of the system becomes reduced, and two arbitrary in-
tegration functions appear. The order of the system reduces to five (but not to four)
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because the fictitious dependent variable &, ceases to be fictitious as a result of the
integration.

Unfortunately, the subgroup %s, depends on the form of the function Sy(§) and
cannot be obtained in a general form. In the special case when Sy (&) does not depend
on &, the subgroup %s, coincides with the whole relabeling group %, and the order of
the integrated system reduces to four.

In the general case, it is convenient to introduce a new dependent variable

S =50(8). (3.12)

Addition of the new variable increases the number of dynamic variables, but at the
same time, this addition makes the action to be invariant with respect to the whole
relabeling group %. It allows one to integrate the dynamic system and to reduce the
number of dynamic variables. According to (3.8), the variable S satisfies the dynamic
equation (1.9):

ji9;S = 0. (3.13)

In virtue of designations (2.16) and identities (2.7), (2.8), equations (3.8) and (3.13) are
fulfilled identically. Hence, they can be added to the action functional (3.10) as side
constraints without a change of the variational problem. Adding (3.13) to the Lagrangian
of the action (3.10) by means of a Lagrange multiplier n, one obtains

sAg[E,n,S] = Hg(agay(%)d —pE+r]aZ—ikakS}dtdx, (3.14)

where E = E(p,S). The action (3.14) is invariant with respect to the relabeling group %
which is determined by three arbitrary functions of &.

To obtain the dynamic equations, it is convenient to introduce new dependent vari-
ables ji, defined by (2.16). We introduce the new variables j! by means of designations
(2.16) taken with the Lagrange multipliers p;, i = 0,1,2,3. Consideration of (2.16) as
side constraints does not change the variational problem because conditions (2.16) are
always compatible with dynamic equations generated by the action (3.14). Then the
action (3.14) takes the form

-2 a
Aelp,j, & p,n,S1 = Hé]_p —pE-px (J’k—mpo(z)fjk) +njkak5’7s>dtdx. (3.15)

For obtaining dynamic equations, the variables p, j, &, p, n, and S are to be varied.
We eliminate the variables p; from the action (3.15). Dynamic equations arising as a
result of a variation with respect to &, have the form

=0, «x=1,2,3,

0%J 0po(&) oJ
)“" € &0k’ ¢

= Fup = —mdy (p°(§)7a§o,ia§,x,k pi

(3.16)
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where 5130( are linear operators acting on variables p = {p;},1=0,1,2,3. These equations
can be integrated in the form

pi=9"(&)0:i& +9*(8)0i&, i=0,1,2,3, (3.17)

where & is some new variable (temporal Lagrangian coordinate), g*(§), « = 1,2,3,
are arbitrary functions of the label &, and g°(&)) is an arbitrary function of &,. The
relations (3.17) satisfy (3.16) identically. Indeed, substituting (3.17) into (3.16) and using
identities (2.6) and (2.7), we obtain

—mak{po(g)[%go(go) -

oJ
&0,k

0po(8)

2%, Jg%(&) =0, «=1,2,3.

(3.18)

g“(ﬁ)]}er

Differentiating braces and using identities (2.7), (2.8), one concludes that (3.18) is an
identity.
Setting for simplicity

@ =9°(&) k&, k=0,1,2,3, (3.19)

we obtain
pk:ak(p—"—ga(g)akgﬂ(’ k:O,112|3 (3-20)

Note that integration of (3.16) by means of the Jacobian technique and appearance
of arbitrary functions g*(&) is a result of invariance of the action with respect to the
relabeling group (3.4).

Substituting (3.20) in (3.15), one can eliminate variables p;, i = 0,1,2,3, from the
functional (3.15). The term g*(&)oxEx0J/0&o x vanishes, the term dx@dJ/0Epx makes
no contribution to the dynamic equations. The action functional takes the form

=2
slglp.J E.n,S] = j{;*p —pE—j"(akcp+g“<§>ak§a—naks>}dtdx, (3.21)

where g*(&) are considered to be fixed functions of & which are determined from initial
conditions. Varying the action (3.21) with respect to @, &, n, S, j, and p, we obtain
dynamic equations

S :oj*=0, (3.22)
0Eu: Q%0 =0, «=1,2,3, (3.23)



554 YURI A. RYLOV

where Q%f is defined by the relations

b _ 29°(®) _ 29" (®)

o wB=123, 3.24
08 o0&, @ P 3-24)
on:j* S =0, (3.25)

OF

. sk _ Y=
0S:jokn = paS, (3.26)
Sj:v= % — V@ +g*(E)VEL-nVS, (3.27)

. J*  0(pE)

50-—Z—F)Z—W—aow—y“(«f)ao&maog?=0. (3.28)

Deriving relations (3.23) and (3.26), the continuity equation (3.22) is used. It is easy to
see that (3.32) is equivalent to the Lin constraints (1.11), provided that

det||Q*8|| = 0. (3.29)

If condition (3.29) is obtained and (1.11) are satisfied, (3.22) and (3.25) can be in-
tegrated in the form of (2.18) and (2.19), respectively. Equations (3.26) and (3.27) are
equivalent to (2.20) and (2.22). Finally, eliminating 0y &, and 0yS from (3.28) by means of
(1.11) and (3.25), we obtain (2.21) and, hence, the system of dynamic equations (1.11),
(2.21), and (2.22), where designations (2.18), (2.19), and (2.20) are used.

The curtailed system (1.7), (1.8), and (1.9) can be obtained from (3.22), (3.23), (3.24),
(3.25), (3.26), (3.27), and (3.28) as follows. Equations (3.22), (3.25) coincide with (1.7),
(1.9). For deriving (1.8), we note that the vorticity w = V Xv and v X w are obtained
from (3.27) in the form

Ww=VXV-= %mﬁvgﬁ XVEx—VNxVS,
VX w=Q¥VEH(VV)EL+VS(VVIN-VN(VV)S.

(3.30)

We form a difference between the time derivative of (3.27) and the gradient of (3.28).
Eliminating Q“ﬁaoga, 0oS, and 0pn by means of (3.23), (3.25), and (3.26), one obtains
v?  0%(pE) 0%(pE) oE
SV VSt 5z VPt Gpas VS Pas VS (3.31)
—QVEL(VV)Ex+VN(VV)S —VS(VV)n = 0.

Using (3.30), the expression (3.31) reduces to

2
aov+v1+lv(pza—E)—vx(va)=0. (3.32)
2 p op
In virtue of the identity
v2
VX(VXV)EV?—(VV)V, (3.33)

the last equation is equivalent to (1.8). Note that at derivation of the curtailed system
(1.7), (1.8), and (1.9), condition (3.29) is not used, and the system (1.7), (1.8), and (1.9)
is valid in any case.
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In the general case (3.29), differentiating equations (3.27), (3.28) and eliminating the
variables @, &, and n, we obtain the curtailed system (1.7), (1.8), and (1.9), whereas the
system (1.11), (2.21), and (2.22) follows from the system (3.22), (3.23), (3.24), (3.25),
(3.26), (3.27), and (3.28) directly (i.e., without differentiating). It means that the system
(1.11), (2.21), and (2.22) is an integrated system, whereas the curtailed system (1.7),
(1.8), and (1.9) is not, although formally they have the same order.

The action of the form (3.21), or close to this form, was obtained by some authors
[18, 19], but the quantities g%, & = 1,2, 3, are always considered as additional depen-
dent variables (but not as indefinite functions of & which can be expressed via initial
conditions). The action was not considered as a functional of fixed indefinite functions
g% ().

Thus, five equations (1.11), (2.21), (2.22) with S, p, and v, defined, respectively, by
(2.18), (2.19), and (2.20), constitute the fifth-order system for five dependent variables
& =1{&y,&}, n.Equations (1.7),(1.9),(1.11), (2.21), and (2.22) constitute the seventh-order
system for seven variables p, &, @, n, and S.

If Q%8 =0, it follows from (3.24) that

agy - 9
g~ (&) = a§a<l>(§). (3.34)

Then it follows from (3.27) and (3.34) that

v:%:v((p+¢(§))—nVS. (3.35)
In the case of isentropic flow (VS = 0), the quantities Q*# coincide with vorticity, and
the fluid flow is irrotational, as it follows from (3.25). In this case, as well as at the
fulfillment of (3.35), the dynamic equations (3.23) are satisfied due to relations Q*f = 0,
and Lin constraints (1.11) do not follow from dynamic equations (3.23). In this partial
case, an addition of the Lin constraints (1.11) to the curtailed system (1.7), (1.9) is not
necessary.

The system of equations (3.22), (3.23), (3.24), (3.25), (3.26), (3.27), and (3.28) as well
as the system (1.11), (2.18), (2.19), (2.20), (2.21), and (2.22) contain full information on
the fluid flow in the infinite space V. The system of equations (1.11), (2.21), and (2.22)
is a system of five partial differential equations for five dynamic variables ¢, n, and &,
and one needs to give initial data for them. But the initial values for variables @, n, and
& can be given in the universal form, which is the same for all fluid flows. For instance,
one can set

E0,x)=&,® =%, @0,x)=0, n(0,x)=0. (3.36)

Then according to (2.18), (2.19), and (2.20), the initial values of variables p, S, and v
have the form
v(0,x) = vin(x) = g(§) = g(x),
p(0,X) = pin(&) = pin(x), (3.37)
5(0,x) = Sin(8) = Sin (%),
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where pi, (X), Sin(X), and vy, (X) are given initial values which determine the fluid flow.
Variables & label the fluid particles, and a choice of the form of labeling is unessential.

Let now the form of @ (0,x) and n(0,x) be changed, and we have @ (0,x) = @i, (x) and
n(0,x) = nin(Xx), where @i, (x) and ny, (x) are some given functions. This replacement
can be compensated by the change of g(x):

g(X) — Vin(X) = V@in(X) + Nin (X) VSin (X) (3.38)

in a way such that the initial values of p, S, and v remain the same. All this means that
dynamic equations (1.11), (2.18), (2.19), (2.20), (2.21), and (2.22) contain complete (full)
information on the fluid flow because the choice of initial values for variables g, n, and
& is unimportant for calculation of the fluid flow in the infinite space V.

This is valid also for the fluid flow in the space region x3 > 0, as it is shown in [15].
In this case, the boundary conditions for v at the boundary x3 = 0 are expressed via
the arbitrary functions g(§), & = x € {x | x> < 0}, whereas the initial conditions are
expressed via the arbitrary functions g(€), € = x € {x | x3 = 0}. Apparently, functions
g(x) determine the initial and boundary conditions for the velocity v also in the case
of the fluid flow in any finite volume V, although it is not yet proved.

Thus, the information, which is essential for the fluid flow determination, is described
by functions pi, (x), Sin (&), and g. This information is introduced in dynamic equations
in the form of arbitrary functions. Unessential information concerning the methods of
the fluid description is given by initial and boundary conditions for variables @, n, and
&. The variables &, @, and n are auxiliary variables which represent a method of the
fluid flow description. The Clebsch potentials & label the fluid particles. At the same
time, the variables & describe displacement of the fluid along their trajectories, and this
description does not depend on the method of labeling. Variables @, n describe sepa-
ration of the velocity field v into parts. The form of this separation is inessential. The
auxiliary variables &, @, and n are described by partial differential equations, whereas
the fluid flow in itself is described by finite relations containing arbitrary functions
Pin(&), Sin(&), and g(&) (at fixed variables @, n, and &, given as functions of t,x).

The situation is rather unexpected and unusual. One can obtain a result of calculation
of the fluid flow, but it refers to the method of description (variables &, @, and n), and
this method of description is determined by partial differential equations. It is not clear
how to resolve and to use this situation effectively.

4. Variational principle for incompressible fluid. Inviscid incompressible fluid of
constant density is a special case of the ideal fluid when one may set p = py = const.
In this case, the continuity equation (3.22), containing time derivative of density p and
determining time evolution of p, becomes

Vv=0. 4.1)
Equation (4.1) does not contain time derivatives at all. It is rather a constraint imposed

on initial values of velocity v than a dynamic equation describing evolution of one
of dynamic variables. Formally it means that the system of hydrodynamic equations
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ceases to be hyperbolic and becomes elliptic. This circumstance changes the statement
of the fluid flow problem.
We set p = pg = const in the action (3.21) and introduce new variables:
V= i, po = const. 4.2)
Po

It is easy to verify that n = n(§) and S = Sy(&), and the last term of (3.21) can be
incorporated with the term j*g* (&) &,. Thus, the action for the incompressible fluid
looks as follows:

2

Ae[v, & @1 =po J {V? vV @ —-g*(&)0o&n —g“(?j)vVEu}dtdx, (4.3)

where g*(&) are arbitrary fixed functions of &.
Variation with respect to v, &, and @ gives

ov:v=Vp+g* (&) VE,, (4.4)

51‘ME = Q% (00Es +VVER) =0, o=1,2,3, (4.5)
08«

pot (%E =Vv=0. (4.6)

In the general case, condition (3.29) is satisfied, and the multiplier Q*# in (4.5) may
be omitted.
Substituting (4.4) into (4.5) and (4.6), one obtains

QB (308 + (Vo +9Y (E)VE))VEs) =0, a=1,2,3, (4.7)
V2 +g*F(E)VERVEL+g*(E)V?EL=0, g%F= %- (4.8)

The dynamic equation for @ does not contain temporal derivative. If Q*f = 0, the fluid
flow is irrotational and dynamic equations (4.7) are fulfilled independently of the Lin
constraints which have the form

008+ (Vo +g9Y(§)VE,)VEF=0, «=1,2,3. (4.9)

Lin constraints (4.9) are not dynamic equations in this case.
Conventional hydrodynamic equations for the incompressible fluid

Vv =0, v+ (VV)v = —% (4.10)
0

are obtained from relations (4.4), (4.5), and (4.6). Differentiating (4.4) with respect to t,
we obtain

3oV = V[0 + g% (§)0Ex] — Q%P0 Es VEq, (4.11)
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where Q%f is defined by (3.24). It follows from (4.4) that
VX (VxV) = Q% (E)VE(VV)En. 4.12)

In virtue of (4.5), the last term in the right-hand side of (4.11) coincides with the right-
hand side of (4.12). Then using identity (3.33), one obtains

Qv+ (VV)V = V(Boqa +g"‘(§)80§a+%v2). 4.13)

Equation (4.13) coincides with the second equation (4.10), provided that we use desig-
nation

P _po_1

o po sz—aoqo—g“(g)aoﬁa, po = const. (4.14)

Here the pressure p is determined after the solution of the system of hydrodynamic
equations (4.4), (4.5), and (4.6), or (4.10).

We stress that the conventional form (4.10) of hydrodynamic equations is obtained
from the hydrodynamic equations (4.4), (4.5), and (4.6) by means of differentiation. It
means that the form of hydrodynamic equations (4.4), (4.5), and (4.6) is a result of
integration of hydrodynamic equations (4.10) together with the Lin constraints (1.11).
It is interesting also that the system of equations (4.4), (4.5), and (4.6) contains time
derivatives only in dynamic equations (4.5).

5. Two-dimensional flow of incompressible fluid. We have mentioned in the intro-
duction that the statement of the problem of stream flow is different for the irrotational
and rotational cases. This difference appears only after integration. The statement of
the problem is different not only for two-dimensional flow of incompressible fluid, but
also for any inviscid fluid, and the source of this difference lies in the dynamic equa-
tions (3.23) (or (4.5)) which exclude the degrees of freedom connected with rotation in
the case Q% = 0. The method used for derivation of (1.2) cannot be used in general
case. So in the following, we present the method in a form which can be expanded to any
ideal fluid. The method is based on a use of the GSF (mutual application of the Jacobian
technique and description in terms of potentials). To avoid technical complexities, we
apply this method to the case of two-dimensional flow of incompressible fluid when
the GSF has only one component.

Equations (1.1) and (1.2) are different. The first equation is linear, whereas the second
one is quasilinear. The first one can be solved rather easily, whereas the second one
can be solved only by means of an iteration procedure. Difference in complexity of (1.1)
and (1.2) is technical, whereas the difference in statement of the problem is conceptual.
The idea of our investigation is simple. Introducing the GSF &,, we solve (4.5), (4.6) for
any &,. Then from (4.4), we obtain a dynamic equation for the determination of &, and
necessary boundary conditions for this equation.

Although it is possible to deal with (4.4), (4.5), and (4.6) for incompressible fluid, we
prefer to consider dynamic equations for slightly compressible fluid, whose internal
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energy has the form

p 1/¢
E(p) = E0<p—) , Eo,po =const, € < 1. (5.1)
0

The incompressible fluid appears in the limit ¢ — 0. We consider dynamic equations
obtained from the action (3.21) with the entropy S = const and n = 0. These equations
have the form

ajk=0, jo=p, (5.2)
Qjkeg =0, a=1,2, (5.3)

where Q%f is defined by the relation (3.24):

i
J; =0y +g*(E) &y, H=1,2, (5.4)
Eop =0u8ay, M, x=1,2, (5.5)
3(pE) _ o
op - 2p0 o + 9 (&) Exo- (5.6)

Here and in what follows, a summation is produced over repeating Greek indices (1,2)
and over repeating Latin indices (0 — 2). We use designations (x%,x!,x2) = (t,x,y).
The comma before index k denotes differentiation with respect to x*, for instance,
E(x,k = Ok&a-

We set

_0(E0ELE) o o _oxNELE)
CA(x0,x1,x2)’ = 3%0r  dlx0xlx2) KTOLZ (5.7)

J

where &, & are some functions of (t,x,y). Equations (5.2), (5.3) are satisfied by (5.7)
for any functions &, &> because of the identities

oJ oJ
oh=—=0, — =0, «=1,2. 5.8
T o8
Substituting (5.1) in (5.6), we obtain
€ 1N/ p j2 ¢
(Eo) <1+E> (%> = (-2—102—3099 +y‘x(§)§a,o> . (5.9
In the limit € — 0, (5.9) becomes
ﬁ _ i a(glvgz) _

= 5.10
po  po d(xt,x?) .10

In the case of stationary flow, we can assume that &, does not depend on the time ¢t

§1=§l(tsxyy); EZZEZ(X;J’); (5-]-]-)
&0=0. (5.12)
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Equation (5.10) takes the form

£2281,1—821812—po =0. (5.13)

We consider (5.13) as an equation for dependent variable &, with a given function &, =
&>(x,y). The first-order partial differential equation is equivalent to the system of
ordinary equations

dx dy dx d&
g . =L 5.14
&2 &1 &2 Po ©-14)
It is easy to see that
C=8&(x,y) (5.15)

is an integral of the first equation of (5.14). Resolving (5.15) with respect to y, one
obtains

y=F(x,C), &(x,F(x,C))=Co. (5.16)

Substituting (5.16) in the second equation (5.14), one can integrate it in the form

&1 =PO[C1(LC2)+J dx (5.17)

-L EZZ(X;FZ()C:CZ)):| CZ:§2(X,3/)’

where C; is an arbitrary function of arguments (t,C>). Here x = —L is the inflow surface
%in, where the inflow conditions are given. The inflow surface is placed in the fluid, and
all dynamic equations must be satisfied on %i;.

Differentiating the second equation (5.16) with respect to C», we obtain

&2 (x,F2(x,C2))Fap(x,C2) = 1. (5.18)

Here and in what follows, the symbol “;” denotes differentiation with respect to one of
arguments of the function. Index after symbol “;” denotes the ordinal number of the
argument. By means of (5.18), the integral in (5.17) may be written in the form

J’X dx 0

. —Ez,z(X,Fz(X,CZ)) = a—jSLFz(X,Cz)dX. (5.19)

The relation (5.17) takes the form
a X
& =p0|iC1(t,C2)+fJ- Fz(X,Cz)dX] . (5.20)
2J-L C2=82(x,y)

Differentiating (5.17) with respect to t, we obtain

0C1(t,C2)

&1,0 =Po[ 3t = poCi;(t,&2). (5.21)

]Cz—‘éz(x,y)
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According to (5.11) and (5.7), we have

) 0(&1,&) o 0(&81,8)
jt= “3(x0.x2) " —&10822, J°= 30 x1) &1.082,1, (5.22)
and (5.4) take the form
u=v'= __51,252,2 =01 +9%(&)&a,
£ E 0 (5.23)
v=v2=200981 5 04 g E)Enn.
Po
The compatibility condition of (5.23) has the form
a [
o, 50082 5 B10Bal _ (pub gy ghe(g))EaiEpa g%F= 2L (524)
Po Po 0&p
Substituting (5.21) and using designation (3.24), we obtain
Y1+ Yo = —poQ'?(€1,8), (5.25)
where the stream function  is defined by the relation
v=Go(t8) = [ Cl(t&)dE. (5.26)

Relation (5.26) is chosen in such a way that (5.23) coincide with (1.4). We resolve relation
(5.26) with respect to & in the form &, = Q (t, ), where Q (t, ) is the functional inverse
of Co(t,8&2)

Co(t,Q(t,y)) =y. (5.27)

Substituting &, in (5.17), we obtain Clebsch potentials & and &, expressed via ¢ by
means of relations

& =Q(t,y), §1=§1(t,X,W)=P0[C1(t,C2)+aiJ FZ(X,Cz)dX} .
2J-L C=Q(ty)

(5.28)
According to (5.22), (5.21), and (5.26), we obtain
Jt=—pow2 = poyr. (5.29)

Dynamic equation (5.25) for the stream function  is the second-order partial differen-
tial equation of elliptic type. It contains indefinite functions Q'?(&1,&>), Co(t,&>) which
are determined from the inflow conditions. The time t appears in dynamic equation only
as a parameter describing evolution of the Clebsch potential &;. The dynamic equation
(5.25) is applicable for arbitrary two-dimensional flow of ideal incompressible fluid.
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REMARK 5.1. Equation (5.25) can be obtained by direct integration of Euler equations
for two-dimensional flow of incompressible fluid. Indeed, eliminating pressure from
(4.10) for two-dimensional flow, we obtain

U +vr =0, 02 (o +uuy +vuy) = 01 (Vo +uvy +VV2), (5.30)

where © and v are velocity components along x-axis and y-axis, respectively. Intro-
ducing the stream function y,

u=_(p21 v :wla (5-31)

we satisfy the first equation of (5.30) identically. The second equation of (5.30) takes
the form

o(w,y)
o(x,y)

In the stationary case, the result of integration is considered in the introduction.
In the case of arbitrary flow, (5.32) is reduced to the form
dw

ar =0pw +Udw+vdrw = 0. (5.33)

dotw — =0, W=y +Poo. (5.32)

Solution of (5.33) can be presented in the form

w =Y +Pn=0(&,8), (5.34)

where &; and &; are two independent solutions of (5.33), that is, & and & are Clebsch
potentials satisfying (1.11). Thus, the problem of the Euler system integration appears
to be connected with consideration of the Lin constraints. The statement that we can
investigate the fluid motion, considering only the Euler system of dynamic equations
and ignoring completely Lin constraints, is valid only in the case Q = 0. In the general
case, it is only an illusion. In reality, the Lin constraints are hidden inside the Euler
system and appear after integration.

In the simplest case, when all fluid particles cross boundary, and there are no closed
stream lines, the function Q(&;,&,) is determined from the inflow conditions on the
boundary of the considered flow. If the flow contains fluid particles which move all the
time inside the considered volume and do not cross its boundary, the function Q(&;,&>)
is to be given for these particles also, although such an assignment is impossible via
boundary conditions. Here we will consider only the simplest case of rotational flow
when there are no closed stream lines. The case with closed stream lines of rotational
flow inside the irrotational flow is considered in [9]. In this paper, the function Q(&,) =
f () is given on the closed stream lines without a reference to boundary conditions.

In the considered case, the dynamic equation (5.34) appears to contain information
on boundary conditions. It means that, studying rotational nonstationary flows, a sepa-
rate investigation of dynamic equations and boundary conditions becomes impossible.
Appearance of several indefinite functions of  in dynamic equations of type (1.2) for
stationary rotational flow is well known (see, for instance, survey [14]). Unfortunately,
an investigation of the origin of these functions is sometimes absent.
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Obtaining the basic equation (5.25), we used properties of Clebsch potentials de-
scribed by (5.4). These relations contain arbitrary functions g®(&), which describe in-
fluence of boundary conditions on the form of dynamic equations. Indefinite functions
g% (&) describe general properties of the ideal fluid, which could be applied not only
for the investigation of incompressible fluid. Information contained in three functions
g (&) of three arguments &, &, and &; is much more than information contained in
one function Q(&;,&,) of two arguments. Maybe, not all this information is essential,
but some part of this information is essential for sure. It is the reason why we investi-
gate dynamic equations (4.4), (4.5), and (4.6), but not Euler system (5.30), which contain
this information only in implicit form.

The last shorter derivation of (5.25) in Remark 5.1 ignores general relations (5.3),
(5.4), but nevertheless, finally it leads to (5.34), that is, to a description in terms of
Clebsch potentials.

6. Inflow conditions for stationary flow. We suppose that the stationary inflow con-
ditions are given at the plane ¥j, : x = —L = const. (We consider the case when there
are no closed stream lines inside the considered volume.) The inflow surface %, lies
in the fluid completely, and all dynamic equations are satisfied on ¥,. In the station-
ary case, the stream function ¢ does not depend on time t. One may set in (5.26)
Co(t, &) = Co(&2). On the inflow surface, we choose the function & in the form

& (-L,y)=y. (6.1)
According to (5.21) and (5.22), the inflow conditions have the form
u(=L,y)=-Ci.1(=L,y) =Vx(y), (6.2)

Z—”(—L,w = o (Ero (6,3 B (6, 9)) oy = W), 63)
X Po

where u and v are velocity components along x-axis and y-axis, respectively, and V()
and W (y) are supposed to be known functions determining inflow conditions of the
fluid. We obtain from (6.2) and (5.26)

t
Ci(t,y) = —L Ve)dt =S, Coly) = —vamdy. 6.4)

The left-hand side of (5.24) at x = —L is equal to

d v d
gu(—L,y)—a(—L,y) ZEVX(y)—W(y), (6.5)

whereas the right-hand side of (5.24) at x = —L is equal to poQ!? (&, (t,—L,y),»). Then
using representation (5.17), we obtain from (5.24) and (5.28) at x = —L

poQ 2 (poCi(t,¥),y) = %Vx(y) -W() =U(®), (6.6)

where U () is a known function of variables . As far as the right-hand side of (6.6) does
not depend on t, the left-hand side of (6.6) does not depend on C;, and Q!? depends
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only on &;:

02 (61,8) ~020.8) = LU - (@) -wE). 6
Po po \0&

Thus, inflow conditions (6.2), (6.3) admit one to determine indefinite functions Q1?2
and C;.Itis interesting that inflow conditions are given at the inflow surface %j, : x = —L
by the velocity component u and by derivative 0v /dx (normal to ¥i,) of the component
v (but not by the component v itself). Information given by the velocity component v
on the inflow surface ¥j, is insufficient for the determination of indefinite functions Q2
and C;. The derivative 0v/0x together with du /07y determine vorticity. The derivative
ou /0y can be calculated if the velocity u is given on the inflow surface, whereas ov /dx
cannot. To determine vorticity, we need to give 0v /0x on the inflow surface, whereas the
tangent component v itself appears to be unnecessary for the vorticity determination.

7. Problem of stationary flow over obstacle. We consider a flow of incompressible
fluid inside the spaceregion V bounded by twowalls ¥; : v = —R = constand ¥» : v =R,
by inflow surface i, : x = —L = const, outflow surface Sy : X = L, and by the surface
Yob of some obstacle, placed in vicinity of the coordinate origin. The shape of the
obstacle is determined by the relation

Fob : Zob(x,¥) =0. (7.1)
The boundary conditions are formulated as follows:

S1:@(x,—R) = @ = const, Yo (x,R) = o = const,

(7.2)
Fob 1 Y (X,))|x,yesy = Wob = CONSL.
Constants /; and > are connected by the relation
R
Yo—yn = —J . Vi(y)dy. (7.3)

Conditions (7.2) mean that the normal velocity component vanishes on all walls. The
value of g, describes a circulation around the obstacle because o, — (1 describes the
mean value of the flux between ¥, and ¥,;,. For instance, if yq, = @1, the circulation
around the obstacle is such that the fluid flows only between ¥, and ¥,p,.

Boundary condition on the inflow surface ¥;, has the form

y
i w(-LY) =1~ | Vi, (7.4

where the velocity component V, (y) along the x-axis is presumed to be given. The
boundary condition on the outflow surface %o, has the form

Fou WYL, Y) = Your (), Your(—R) = Y1, Your(R) = Y2, (7.5)

where Yout(y) is some given function. It describes the velocity distribution on the
outflow surface. To understand why such a distribution should be given and why it
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is not determined by the inflow condition, we imagine that outside the volume V in
vicinity of Yoy, there are some obstacles. Distribution of velocity on ¥4, depends on
size, shape, and position of these obstacles. Description of these obstacles is carried

out by Your ().
We consider a flow over the obstacle and rewrite dynamic equation (5.25) in the form

Sy =Qy), (7.6)
P =V =1+ Yoo, (7.7)
Q) = —peQ? (&) = -U(&) = -U(Q(y)), (7.8)

where the function U is defined as a function of argument by means of the relation
(6.6):

0
Uy) = @Vx(y)—w(y). (7.9)

Function & = Q(y) is defined as a function of argument ¢ by means of the relation
(7.4):

Qy)
v=w-[  Vidy. (7.10

In particular, if V() = Vp = const, & = Q(y) = (¢ — ) [ Vo.

Dynamic equation (7.6) is a nonlinear equation in general. Its solution is difficult.
The goal of this paper is to provide a statement of the stream flow problem because
even this problem is not solved for irrotational flows. So far as the solution of (7.6)
is concerned, it is a special mathematical problem which can be solved by different
methods.

If vorticity Q is small, dynamic equation (7.6) can be solved by means of an iteration
procedure. To obtain the zeroth-order approximation (), we consider linear equation

LWy = VW) =0 (7.11)

with boundary conditions (7.2), (7.3), (7.4), and (7.5), which is written for brevity in the
form

[Wols =ws(t,x), XT3, (7.12)

where X is the boundary of the volume filled by fluid.
Let G(x|x’) be the Green function for (7.11). It is defined by the relations

V2G(x|X') = —-4ms(x-X'), G(X|X)xes =0. (7.13)

Solution of (7.11) is given by the formula

Wio) (%) = 1 0G(x|x")

i ) T wsxnas’, (7.14)
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where 0/0n’ means a derivative with respect to x’ in the direction normal to . Solution
(7.14) is an irrotational approximation to the solution of (7.6) for the rotational flow.
The first approximation is determined by the relation

1 , , ’
W (%) = W) (X) ‘ELG(X'X Qo) (X)) AV, (7.15)

where integration is produced over the volume V filled with the fluid:
1 7 ’ ’
Y (X) =P (x) — yp JVG(XIX YQU(Ym-nX))AV', n=23,.... (7.16)

If the iteration process converges, we obtain a solution of the problem of rotational
stationary flow around an obstacle. One can hope that the iteration process appears to
be effective at least for small vorticity Q.

8. Examples of two-dimensional stationary flow. We consider a stationary flow
bounded by two parallel plane walls ¥, : ¥ = 0 and %> : ¥ = b, with inflow and out-
flow surfaces %, : x = 0 and Fou : X = a. To obtain linear equation (7.6) which has a
simple exact solution, we choose the following boundary conditions:

¢(x,0)=0, ylx,b)=0, (8.1)
Y (0,y) =V sinn—by, Yla,y)=Vy sin%, Vi = const, (8.2)

2
W11(0,y) =k2V0sin%, k=,/Q+<%> , Q = const. (8.3)

In this case, the vorticity Q(y) in the right-hand side of (7.6) on the boundary x = 0 is
determined by the first condition (8.2) and by (8.3):

%u(o,y) 200, =g O0,3) 120,
2
= (k2 - <%) )Vo sin% (8.4)
=Qu(0,y).

It means that the function Q(y) in the right-hand side of (7.6) has the form Q(y) = Qu,
Q = const, and the dynamic equation takes the form of linear equation

V2p =Qy, Q= const. (8.5)

Its solution, satisfying the boundary conditions (8.1), (8.2), has the form

sinh(kx) + sinh (k(a —x)) o Y K

w=Vo sinh(ka) sin—,

2
T
=4/Q+ ) . .
(%) (8.6)
This solution describes a set of flows with vanishing total flux through the inflow sur-
face and different vorticities Q. Flows of this set are distinguished by the power of
circulation which is described by the parameter Q.
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We consider two-dimensional stationary slightly rotational flow between two con-
centric circular cylinders of radii a and b (a < b). We choose the coordinate system
with the z-axis directed along the cylinder axis and coordinate origin on the cylinder
axis. The x-axis is directed along the mean velocity Vj of the flow. We introduce polar
coordinates (v, @) in the (x,y)-plane and set the boundary conditions for the stream
function as follows:

2
y(a,p) =0, Y(b,p) = —V0<1—Z2)hsincp, (8.7)
10 ( owro) _ _ o) iyl <o,
[r or (T or )]r:h = wi(@) = wwb,e) = {o if |yl > o, 8.8

where w; (@) is some given function of @. It is supposed that the flow is rotational
only in the part of fluid which flows near the cylinder. Let —y( and gy,

2
Wo = Vo (1 - %)Na, (8.9)

be values of the stream function on the boundary between the rotational and irrota-
tional parts of the flow; Na is the transverse size of the rotational region (N > 1). After
the statement of the problem, we set b — . The irrotational flow of the zeroth approx-
imation around the cylinder is described by the stream function y ) which is given by
the expression [12]:

2

Yo (r,p) = Vo(liz>rsin(p, r>a, (8.10)

where 7, @ are polar coordinates on the (x,y)-plane:
X =rCosQ, Yy =7rsinQ. (8.11)

The irrotational flow (8.10) is used at formulation of boundary conditions on the exter-
nal cylinder of radius b.

According to (7.15) and (8.7), (8.8), (8.9), and (8.10), we obtain for the first approxi-
mation

1 ’ 4 4 4 4 4 4
v e =vo e - || Glr. @l @) (o (', @) dr'dg’,
L W) (v, @")I<wo
(8.12)

where w () is defined by the relation (8.8), and the Green function G (v, @7, Q') is
taken for the case b = oo. It has the form

a’+r2r?j/a? -2rr' cos(p —@’)
r2+71r2-2rr cos(p—@’)

Gr,plr',¢)=In , (8.13)
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and the integration is produced over the region, where | ) (r,@)| < ¢ = const. Ac-
cording to (8.9), (8.10), this region is defined by the relation

2

V0<1—%>Tsin(p <VoNa, r>a, b=oo, (8.14)

where N > 1. If

r<R:a<%+ (%)2+1), (8.15)

inequality (8.14) is satisfied for any angle ¢, and for v’ < R, one should integrate in
(8.12) over all values of angle @’. For ¥’ > R, it is useful to introduce the variable n by
means of relation

/ . n
QY = (I)('l",r]) = arcsmm, (816)
and integrate over n in the region, where v’ > R.
We obtain
Ya)y =@ o +h+L+I, (8.17)
where
1 R 21
L = “am v'dr’ Gr,plr, @ w (g (r',"))de’,
T Ja
L(® o, (200 Gr,plr', @0 ,n)w(-n)Vo(1—a?/r'?)dn
IL=—| 7v'<dr - ,
41T JR —(r o) \/v(')z (1 —aZ/T’Z)ZT’Z 2 (8.18)
L (% g, (TN Gl @, @ n)) w(-mVo(1-a?/r?)dn
Izy=—| v'<dr ,
41T JR o', o) \/V§ (1 —a? /T’Z)ZT’Z _ '72

where o = VyNa. Although calculations of integrals (8.18) is not simple, they give the
first approximation of the rotational flow around the cylinder.

9. Conclusion. Theory of rotational flows is more complicated than that of irrota-
tional flows. There are two reasons for this.

(1) Dynamic equations for rotational flows appear to be nonlinear almost always.
They cannot be solved exactly.

(2) The problem of rotational stream flow is not yet stated properly.

The first problem is pure mathematical. Existence of this problem is quite clear for
all researchers. The second problem is physical. We believe that hardly anybody of
researchers guesses on existence of this problem. The first problem is very difficult.
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The second problem is not so difficult, but it is much more important than the first
problem. Why?

First, because existence of the second problem in itself seems to be problematic.
Second, the irrotational flow is a special degenerate case of the rotational flow, when
vorticity vanishes. Transition from the general case to the degenerate one is rather sim-
ple. The reverse transition from the degenerate case to the general one is much more
difficult because the general case contains additional information which is absent in
the degenerate case. If we could not evaluate correctly this additional information, we
could not construct a perfect theory. Practically, we ignore dynamic equations (1.11)
and boundary conditions for determination of vorticity. As a result we obtain imperfect
theory, where some degrees of freedom are ignored. In some cases, these hidden de-
grees of freedom manifest themselves suddenly, and we try to understand what could
be meant by this effect. At any rate, a serious mathematical investigation of such diffi-
cult hydrodynamical problems as turbulence is impossible if the underlying rotational
flow theory is incomplete.
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