IJMMS 2004:13, 679-696
PIL S0161171204305247
http://ijmms.hindawi.com
© Hindawi Publishing Corp.

N-TOPO NILPOTENCY IN FUZZY NEIGHBORHOOD RINGS
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We introduce the notion of N-topo nilpotent fuzzy set in a fuzzy neighborhood ring and
develop some fundamental results. Here we show that a fuzzy neighborhood ring is locally
inversely bounded if and only if for all 0 < « < 1, the «-level topological rings are locally
inversely bounded. This leads us to prove a characterization theorem which says that if
a fuzzy neighborhood ring on a division ring is Wuyts-Lowen WNT> and locally inversely
bounded, then the fuzzy neighborhood ring is a fuzzy neighborhood division ring. We also
present another characterization theorem which says that a fuzzy neighborhood ring on a
division ring is a fuzzy neighborhood division ring if the fuzzy neighborhood ring contains
an N-topo nilpotent fuzzy neighborhood of zero.

2000 Mathematics Subject Classification: 54A40, 54H13.

1. Introduction. This paper is a continuation into the investigation of the compat-
ibility of the Lowen fuzzy neighborhood topologies with algebraic structures. In the
present text, we introduce and study the notion of N-topo nilpotent fuzzy set (fuzzy
neighborhood topologically nilpotent fuzzy set) in a fuzzy neighborhood ring. We prove
that this notion is a good extension of its classical counterpart. We also prove that the
notion of bounded fuzzy set introduced in [5] is a good extension. In [2], we introduced
the concept of locally inversely bounded fuzzy neighborhood ring; here we show that
a fuzzy neighborhood ring is locally inversely bounded if and only if its level topo-
logical rings are locally inversely bounded. This leads us to establish two characteri-
zation theorems, which in the first place, show that if a fuzzy neighborhood ring on
a division ring is Wuyts-Lowen WNT, and locally inversely bounded, then it is a fuzzy
neighborhood division ring; and secondly, a fuzzy neighborhood ring on a division ring
is a fuzzy neighborhood division ring if the fuzzy neighborhood ring contains an N-
topo nilpotent fuzzy set of fuzzy neighborhood of zero. In this regard, some pleasant
properties related to N-topo nilpotency are achieved. Finally, we study the notion of
N-topo quasi-regularity in connection with N-topo nilpotency in fuzzy neighborhood
rings.

2. Preliminaries. As usual, we follow the standard notation for I = [0,1] the unit
interval, Iy = 10,11, I, = [0,1[, and Ip,; = ]0,1[. If X is a set and A < X, then the charac-
teristic function of A is given by 14, and if A = {x} the singleton, we write 1y} = x. By
a fuzzy set we mean a function p : X — I, and the set of all fuzzy sets is denoted by I*.
Throughout the text no distinction will be made between a constant fuzzy set « and
its value «.
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If * is a binary operation on X, then % is a binary operation on IX. Thus for all x € X
and for all u, v € IX, ukv is defined by

(% V) (x) = sup u(s) Av(t). (2.1)

Skt=x

If (R,+,-) is aring and x € R, then the fuzzy set x @ v is defined as
(xev)(y)=(1ev)(y) =v(y-x), (2.2)

and (x ©v)(¥) = supy,_, v(s) for all y €R.
If n €7+ and u € IR, then we define

p =y, p™=pounh. (2.3)

If G is an additive group, then a fuzzy set u € I¢ is called symmetric if and only if
u=—pu,where —u(x) = u(—x) for all x € G; and if G is a multiplicative group, then for
any fuzzysetvelI® v1:G-I,x—-v1i(x)=v(x1).

When R is a division ring, R* denotes the set of all nonzero elements of R and
(1®v)~!is defined as

(lev) Hz)=v(z'-1) (2.4)

for any z € R*.
DEFINITION 2.1. Let X be a set, v € I, and « € I. Then the strong (resp., weak)
x-cut of v is a crisp subset of X which is defined as

ve&={xeX|v(x)>«} (2.5)

(resp., v = {x € X | v(x) = &}).

LEMMA 2.2. If (X,-) is a semigroup, u,v € IX, and « € I, then
(vou)*=v*.-u* (2.6)

PROOF. We have x € (v o u)% if and only if supg_, v(s) A u(t) > «, if and only if
there exists s, t such that st = x, v(s) > «, and u(t) > «, if and only if there exists s, t,
such that st = x, s € v¥, and t € u% if and only if x € v - u*. O

DEFINITION 2.3 [13]. If & is a prefilterbasis in I¥, then the saturation operation of
9% is written as % and defined by

~

B={v:X—ILVe>0IveeBDV.—€ <V} (2.7)

If 3 = (2(x))xex is a fuzzy neighborhood system on a set X, then t(X) is the fuzzy
neighborhood topology on X, and the fuzzy topological space (X, t(X)) is called a fuzzy
neighborhood space [11, 12, 13, 17].
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DEFINITION 2.4 [13]. If (X,t(2)) and (X',t(X’)) are fuzzy neighborhood spaces and
f:X — X', then f is said to be continuous at x € X if and only if for all v/ € ' (f(x))
and for all € € Iy, there exists v € S(x) such that v—e < f~1(v').

DEFINITION 2.5 [5]. Let (R,+,-) be a ring and X a fuzzy neighborhood system on
R. Then the quadruple (R, +,-,£(Zr)) is called a fuzzy neighborhood ring if and only if
the following are satisfied:

(FR1) the mapping h: (RXR,t(Zg) Xt(ZRr)) — (R,t(ZRr)), (x,Vy) — x + ¥, is continuous;
(FR2) the mapping k: (R,t(ZR)) — (R,t(ZR)), x — —x, is continuous;
(FR3) the mapping m: (RXR,t(Zr) xXt(ZRr)) — (R,t(ZR)), (x,») — xy, is continuous.

PROPOSITION 2.6 [5]. Let (R,+,-,t(2R)) be a fuzzy neighborhood ring and let x € R.
Then
(a) the left homothety Ly : (R,t(Zr)) — (R,t(ZR)), z — xz (resp., right homothety
R, :(R,t(ZR)) — (R,t(ZR)), z — zx) is continuous. If x is a unit element of R, then
each homothety is a homeomorphism;
(b) thetranslationTy : (R,t(ZR)) — (R,t(ZR)), z— x + z, and the mapping k : (R,t(Zr))
- (R,t(ZR)), x — —x, are homeomorphisms;
(c) vel3r(0) @ xov e 3p(x), thatis, Ty (v) € Zp(x);
(d) veIp(x) e —xove3R(0), thatis, T_,(v) € Zr(0).

COROLLARY 2.7. Let (R,+,-,t(ZR)) be a fuzzy neighborhood ring with unity and a
an invertible element. Then

veIR(0) = voaeceig(0) = aove3g(0). (2.8)

DEFINITION 2.8 [3]. Let (R,+,-) be a division ring, and X a fuzzy neighborhood
system on R. Then the quadruple (R, +, -,t(Zgr)) is called a fuzzy neighborhood division
ring if and only if the following are true:

(FD1) (R,+,-,t(ZR)) is a fuzzy neighborhood ring on a division ring;
(FD2) the mapping 7 : (R*,t(Z|r+)) — (R*,t(Z|r+)), x — x~1, is continuous, where |+
is the fuzzy neighborhood system on R* induced by R.

THEOREM 2.9 [3]. Let (R,+,-) be a division ring and 3. a fuzzy neighborhood system
on R. Then the quadruple (R,+,-,t(3Rr)) is a fuzzy neighborhood division ring if and
only if the following are satisfied:

(1) forallx eR,3(x) = {Tx(v):v €3Zr(0)};

(2) for all u € 2r(0), for all € € Iy, there exists v € Sg(0) 2 xoVv < u+¢€, that is,
z — zx is continuous at 0, and for all u € Zr(0), for all € € Iy, there exists v €
Sr(0) >vox < u+eg, that is, z — xz is continuous at 0;

(3) for all u € = (0), for all € € Iy, there exists v € Sg(0) 2 v Vv < U+ €, that is,
(x,y) — x +y is continuous at (0,0);

(4) for all u € Sr(0), for all € € Iy, there exists v € Sgr(0) 2 vov < u+e¢, that is,
(x,y) — xy is continuous at (0,0);

(5) for all u € =g(0), for all € € Iy, there exists v € Sp(0) > (1ev)™' < (1epu) +¢,
that is, x — x~! (x # 0) is continuous at 1.
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DEFINITION 2.10 [15]. A fuzzy neighborhood space (X,t(X)) is called

(a) WNT; if and only if for all x # v € X there exist vy € 3(x) and « € I; such that
Ve (V) < oG

(b) WNT; if and only if for all x # y € X there exist vy € Z(x), v, € Z(y),and x € I;
such that vy AV, < o

THEOREM 2.11 [13]. Let (X,t(X)) be a fuzzy neighborhood space and let x € I,. Then
the «-level topological space (X,14(t(X))) has a neighborhood system (14(Z(x)))xex
where, for all x € X,

w(Z(x) = Vv:ivesix), B<1-al. (2.9)

PROPOSITION 2.12 [13]. If (X,t(X)) is a fuzzy neighborhood space, then the family
(ta(t(X))) wer is a chain in the sense that o < § implies 1g(t(X)) € 14 (t(X)).

THEOREM 2.13 [16]. If (X,Q) is a fuzzy topological space, then (X,Q) is a fuzzy
neighborhood space if and only if for all 0 € Q and for all x € I, X A 1gax € Q.

THEOREM 2.14 [2, 5, 6, 16]. The quadruple (R,+,-,t(3R)) is a fuzzy neighborhood
ring if and only if the quadruples (R, +, -, 14 (t(Zr))) are x-level topological rings for all
O0<ax<l.

3. N-topo nilpotent fuzzy set in a fuzzy neighborhood ring

DEFINITION 3.1. Let (R,+,-,t(Zgr)) be a fuzzy neighborhood ring and let u € IR.
Then u is called N-topo nilpotent if and only if for all v € 3g (0), and for all € > 0, there
exists no € Z* such that for all n = n,

vzu™_e (3.1)

We say that an element t € R is N-topo nilpotent if and only if for all € > 0, for all
v € 3r(0), there exists ng € Z* > Vn > ng, v(t") > 1—e€.

REMARK 3.2. Following the notion of sequential convergence in a fuzzy neighbor-
hood space [10], if we consider a sequence (t"),cz+ in a fuzzy neighborhood ring
(R,+,,t(ZR)), then that t" converges to 0 (written as t"~0) is equivalent to

Vv e3Ir(0), Ve>0, IngeZ" >2Vn=ng, v(t")=1-ec. (3.2)

This demonstrates the fact that the notion of N-topo nilpotency for an element t € R
in a fuzzy neighborhood ring can be represented in a similar manner as in the case of
convergence of sequence. Moreover, the notion of N-topo nilpotency of an element in
a fuzzy neighborhood ring is a good extension of its classical counterpart, which can
be seen easily from Theorem 3.3 below.

THEOREM 3.3. Let (R, +,-,t(ZR)) be a fuzzy neighborhood ring and let u € IR. Then
u is N-topo nilpotent if and only if for all 0 < x < 1, u® are topologically nilpotent in
«-level topological rings (R, +, -, 14 (ZR)).
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PROOF. Let u be an N-topo nilpotent fuzzy set in a fuzzy neighborhood ring (R, +, -,
t(Zr)) and let « € Ip;. We take 0? € 14(Sr(0)) with o € Sg(0) and B < . Choose
€€y, such that 0 <e < x—B.

Since p is N-topo nilpotent, there exists ng € Z* such that u™ —€ < o for all n = n,.

Applying induction on n together with Lemma 2.2, we arrive at

(] ™ = [u™]% < [u™ 1P = [u™ — €] < of, (3.3)

which yields that [u%]™ < o#, proving that u“ is topologically nilpotent.

To prove the converse, we let v € 3x(0) and € € Ip. Then for each « € Iy, v* €
tx(Zr(0)). Since u* is topologically nilpotent, there is ng € Z* such that [u%]™ < v&
implies [u™]* c v&,

Consequently, we have

(1™ €] = [u™]* = v (3.4)

This implies
um_e<vy, (3.5)
which means that u is N-topo nilpotent. |

DEFINITION 3.4 [5]. Let (R,+,-,t(Zr)) be a fuzzy neighborhood ring. Then
(a) a fuzzy set u is called left bounded if and only if for all v € 3x(0) and for all
€ > 0, there exists a 0 € g (0) such that

Oou—e<v (3.6)

(resp., right bounded if and only if for all v € Zg (0) and for all € > 0, there exists
a0 e€3r(0) suchthat yo 0 —c <v);
(b) a fuzzy set u is called bounded if and only if it is both left and right bounded;
(c) afuzzy neighborhood ring (R, +,-,t(3R)) is called bounded if and only if 1g =R
is bounded.
In the sequel mostly, we will consider only the case for left boundedness, other parts
will follow similarly.

THEOREM 3.5. If (R,+,-,t(ZR)) is a fuzzy neighborhood division ring, then a fuzzy
set u is left bounded in (R, +,-,t(ZR)) if and only if for all 0 < x < 1, u* are left bounded
in «-level topological rings (R, +, -, 1o (t(ZR))).

PROOF. Let u be left bounded in (R,+,-,£(3g)) and let « € Iy ;. Let v# € 14(Zr(0))
with v € 2z (0) and B8 < «.
Choose 0 < € < &x— B. Then there exists 0 € Xg(0) such that

bou—e=<v. 3.7)
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If x € 0<*F . u™, then there exists s, t such that st = x, 0(s) > €+, and u(t) > . Thus
we have

sup9(s) Au(t) > (e+Bf)ra= (Bou)(x)>ec+p

st=x

=xec@ouP=>0ou—cPbcvb (3.8)

= OB . ux c vh.

Now 0 € Sg(0), and (x A 1ga)P = 0% € 14, (Zr(0)). But 0% < 0¢+F, and as (4(Zg(0)) is a
filter, 0<*F € 14(Zr(0)). Hence it is proved that u® is left bounded.

Conversely, let v € 2g(0) and let € € Ip;. Then vB € 1.(Zr(0)) for some B <1 —¢€.
Since p€ is left bounded, there exists G € . (Zg(0)) such that G - u€ < vA.

Choose 0 € g (0) and 0 < 8; < B < 1—e€ such that G = 08 and

0P e c VA, (3.9)
Now we have

[Qou—clPr =[0oulPrtec0br.yc cvhf cyvh
(3.10)
= 0ou—€=<v,

which proves that u is left bounded in (R, +, -, £(ZR)). |

THEOREM 3.6. Let (R,+,-,t(SR)) be a fuzzy neighborhood ring and let u € IR be left
bounded fuzzy set. Then the following are equivalent:

(1) w is N-topo nilpotent;

(2) u'® is N-topo nilpotent for any k € 7*;

(3) there exists ko € Z* such that u* is N-topo nilpotent.

PROOF. It is obvious that (1)=(2)=(3).

(3)=(1). Let u*o0) be N-topo nilpotent for some kg € Z*, and let v € g (0) and € > 0.
By [5, Proposition 4.4(c)], u@,u®,...,u%o=1 are left bounded.

Choose v; € 3g(0) such that

V= @u(”f% (3.11)

fori=1,2,...,ko—1.
Since ko) is N-topo nilpotent, there exists ny € Z* such that

vi = (uko)™ _Z gy s p,. (3.12)

€
2

Let m > ko - ng (= Ny, say). Then m = ko-q+7, q > no, and ko > v > 0. Therefore, in
view of [8, Theorem 2.3.3], we have
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(m) _ ,,(ko-q+v) _ (,,(kg)\ @ r)
p=p = ") T ou (3.13)

€ €
< <v1+§)®u<” svleu(”+§ <V+e,

implying that v = u™ —e.
This completes the proof that u is N-topo nilpotent. |

LEMMA 3.7. Let (R,+,-,t(3R)) be a fuzzy neighborhood ring and let vy, v, € IR. Then
VIOV =V OV, (3.14)

PROOF. This follows from [1, Proposition 2.14]. O

PROPOSITION 3.8. If (R,+,-,t(ZR)) is a fuzzy neighborhood ring, then
vk > )0 vk=1,2,.... (3.15)

PROOF. Applying induction on k, we prove the inequality (3.15) as follows: if k =1,
the inequality is trivially true, and if k = 2, it follows immediately from Lemma 3.7.

We assume that vk-1 > (y) k-1,

Then we have

— _ k-1 _
vk =yoyk-D>ye(v)k-1 zvo(v)( =y®, (3.16)

forall k =1,2,.... O

PROPOSITION 3.9. Let (R,+,-,t(3r)) be a fuzzy neighborhood ring and let u € IR be
N-topo nilpotent. Then it*® is N-topo nilpotent.

PROOF. Let u be N-topo nilpotent, v € 3g(0), and € > 0. Choose u; € 3g(0) such
that ppeu; —€/2 <v.
Then it follows from [1, Theorem 2.20] in conjunction with [13, Proposition 2.3] that

IR = inf pef<(mowm)<vie =t <vy s, (3.17)
£€5R(0) 2 2

By N-topo nilpotency of u we can find ng € Z* such that for all n = ng, u™ < u; +€/2,
hence using Lemma 3.7 and Proposition 3.8, we arrive at the following:

—=t(Y)
— =t €
[ ®]™ < ] < [ul + _] =m'™+

— [Ht(Z)](n) _

€
2 (3.18)

eE<v,

proving that '*®’ is N-topo nilpotent. O
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PROPOSITION 3.10. Let (R,+,-,t(3R)) and (R',+,-,t(Zr’)) be fuzzy neighborhood
rings and let f :R — R’ be a continuous ring-homomorphism. If u is an N-topo nilpotent
fuzzy set of R, then f(u) is N-topo nilpotent fuzzy set of R’.

PROOF. Let v’ € Sx/(0) and € > 0. Then f~1(v’) € Sg(0). Consequently, there exists
o € Z* such that for all n = ng, f~1(v') = u™ —e.

As [f()]1™ = flu™] < fFLT O] +e LF()]™ —e< V.

The preceding equality is actually obtained by applying induction in conjunction with
[1, Lemma 2.15] in the following way.

For n =1, it is trivially true.

Now if n = 2, then we have

[F0]? = flulo flul = fluoul = fFlu®]. (3.19)
Assume [f(pu) 1%V = f[u*k=D], Then

P = [Flo[F]1 " = [Ffuloflu*D] 320
= fluou®1] = f[u®)]. =

DEFINITION 3.11 [2, 4]. If (R,+,-) is a division ring and (R,+,-,t(Zr)) a fuzzy
neighborhood ring, then a fuzzy set u € IR is called inversely left bounded (resp., in-
versely right bounded) if and only if u(0) = 1 and (1 —u)~! is left bounded (resp., right
bounded).

DEFINITION 3.12 [2, 4]. A fuzzy neighborhood ring (R,+,-,t(Zg)) with unity is
called locally left bounded (resp., locally right bounded) if and only if for any v € 2z (0),
v is left bounded (resp., right bounded).

DEFINITION 3.13 [4]. A fuzzy neighborhood ring (R,+,-,t(Zr)) is called locally
inversely left bounded (resp., locally inversely right bounded) if and only if for any
v € 3r(0), v is inversely left bounded (resp., inversely right bounded).

It is called locally inversely bounded if and only if it is both locally inversely left
bounded and locally inversely right bounded.

THEOREM 3.14. A fuzzy neighborhood ring (R,+,-,t(Zr)) is locally inversely left
bounded (resp., right bounded, bounded) if and only if for all 0 < x < 1, x-level topologi-
cal rings (R, +, -, 14(t(ZR))) are locally inversely left bounded (right bounded, bounded).

PROOF. Let (R,+,-,t(Zg)) belocally inversely left bounded fuzzy neighborhood ring
and 0 < « < 1. Then for any v € g (0), v is inversely left bounded; meaning v(0) = 1
and (1 —v)~!is left bounded.

Choose B €1y such that 8 > «. Then v!~# € (,(Zr(0)) and

R-V"F)=(1-v)g S Upecp(1-V)g = (1-V)«
= R-v'B)c(1-v)™ (3.21)
= [R-v' ] c[a-v)1]%
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As (1-v)~ ! is left bounded, [(1 —v)~1]% is left bounded by Theorem 3.5. Then [R —
v1-£1-1 is left bounded being a subset of a left bounded set. Therefore, 0 € v!~# and
v1-8 is inversely left bounded.

Next suppose that for all 0 < & < 1, the «x-level topological rings (R, +, -, t«(t(ZR)))
are locally inversely left bounded. Then for any U € 14(Zr(0)), 0 € U, U is inversely
left bounded, that is, (R—U) ! is left bounded. Consequently, there is a o € Sz (0) and
B <1—oa such that U = ob.

But then one obtains

R-of=(1-0)ap=20-0)1P. (3.22)

Thatis, [(1-0) P11 < (R-0of)~! implies [(1-0o)1]0-A c (R—0oF) L.

Since (R — o#)~! is left bounded in (R, +, -, t«(t(Zr))), [(1 — o) 111-#) is also left
bounded there. Using Theorem 3.5 again, we conclude that (1 — )~ is left bounded
in (R,+,-,t(ZR)), and as obviously o (0) = 1, it is proved that (R, +,-,t(Zr)) is locally
inversely left bounded. O

Now we are in a position to present a characterization theorem which says that a
WNT, fuzzy neighborhood ring on a division ring having a property of locally inversely
left boundedness (resp., locally inversely right boundedness) guarantees that the fuzzy
neighborhood ring is in fact a fuzzy neighborhood division ring.

THEOREM 3.15. Let (R,+,-) be a division ring and (R,+,-,t(Zg)) a WNT> locally
inversely left bounded fuzzy neighborhood ring. Then (R, +,-,t(ZR)) is a fuzzy neigh-
borhood division ring.

PROOF. Since (R,+,-,t(Zg)) is WNT?>, in view of Proposition 2.6 and Definition 2.10,
we can find 0 € 3(0) and « € I; such that

(1leO)A0<ax= (1980)*A0%=0
= (120)* c (R-0%) (3.23)
= [(16{90)‘*]’1 c (R—G”‘)*l_

Now in view of Theorem 3.5, (R — 0%)~! is left bounded in «-level topological rings
(R,+,,1x(t(ZR))), and hence [(1 ® 0)~']* is left bounded there too. Then again by
Theorem 3.5, (1 ® 0)~! is left bounded in fuzzy neighborhood ring (R, +, -, t(2r)).

It remains to be shown that the fuzzy neighborhood ring is a fuzzy neighborhood
division ring. In order to prove this, we take v € 3 (0) and € > 0. Choose o € Zx(0)
symmetric such that

co(lefd) ' <v+e, (3.24)

and o < 6.
Then it follows immediately that co (1eo) ' <co(le0) L
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For nonzero z € R, we have

leo) ' (z)= sup ox)= sup o(x) = sup o(x)
(1+x)~l=z 1-x/(1+x)=z 1-x(1+x)" 1=z
< sup o(—=x)AN0(x)

—x(1+x)"1=z-1

= sup o(-x)A(leo)'Q+x)t=[co(leo) ](z-1)
—x(1+x)"l=z-1

[co(led)(z-1)<v(z-1)+¢€

IA

=(1ev)(z)+e.
(3.25)

This implies that (1® 0)™! —€ < (1 ® v), proving that the map x — x~! (x # 0) is
continuous at x = 1. Hence the result follows from Theorem 2.9. O

LEMMA 3.16. Let (R,+,-) be a division ring and (R,+,-,t(Zr)) a fuzzy neighbor-
hood ring with unity. If t(Zg) is nontrivial fuzzy neighborhood topology on R, then
(R,+,-,t(ZR)) is WNT5.

PROOF. Since the fuzzy neighborhood system Xy is nontrivial, we can find a v € 3g
such that v # 1g. This means that there exists y € R such that v(y) < 1.If v € g (z) for
any z € R*, then (-zev) € 3g(0) and (-zeVv)(y—2z) =v(y) <1.Now (y—-z) lo(-ze
v)(1) =v(y)<1l.Let :=(y—-2z) ' o(-zev), then in view of Corollary 2.7, 0 € Sg(0)
and 6(1) < 1.Let s € R*, then s© 0 € 3g(0) and s © O(s) = 6(1) < 1, implying that
(R,+,-,t(ZR)) is WNT, and hence it is WNT5, this is so because the fuzzy neighborhood
ring is fuzzy uniformizable (see, e.g., [9]). O

Next we present another characterization theorem which says that a fuzzy neighbor-
hood ring on a division ring becomes a fuzzy neighborhood division ring if the fuzzy
neighborhood ring contains an N-topo nilpotent fuzzy neighborhood of zero.

THEOREM 3.17. Let (R, +,-) be a division ring and let (R, +, -,t (Zr)) be a fuzzy neigh-
borhood ring. If the fuzzy neighborhood ring possesses an N-topo nilpotent fuzzy neigh-
borhood of zero, then (R,+, -,t(ZR)) is a fuzzy neighborhood division ring.

PROOF. The statement is obvious if the fuzzy neighborhood system is either discrete
or trivial. We assume the fuzzy neighborhood system is proper, that is, nontrivial. Then
due to Lemma 3.16, it is WNT5.

Now we let 0 € Zg (0) and let 0 be an N-topo nilpotent fuzzy set in a fuzzy neighbor-
hood ring (R, +,-,t(ZR)).

Consider an arbitrary basis %Bg (0) of symmetric fuzzy neighborhoods of zero for the
system 3 (0).

Let v € 3g(0) and € € Ip;. Choose v; € Zg(0) such that

VAO=Vvi®eviev—¢€ (3.26)

and vi(-1) <1-—e€.
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Since 60 is N-topo nilpotent, there exists ny € Z* such that
vi=0"_—¢ Vn=n,. (3.27)

Now, since 8 € Sg(0), a™ 100 € Sx (0) for some a # 0 € R. But then it follows easily
that 00 > g"o~1 @, which yields that 00 e 3z (0).

Consequently, there exists a g € Bg (0) such that 00) > g —e. Since v; +€ = 010) >
Oc—€ implies vi > 0 —2€ = 0. —3e. If we let 0 := SUpPcc, (0c —3€), then o € 3x(0), and
as o0 < vy, we have o(-1) <1.

Now let x € R be such that o(x) > 1 —€.

Applying induction on k, we verify that

k
(vleavl)(in)zle fork=1,2,.... (3.28)
i=1

Ifk=1,then (vi®ev))(x)=2vi(x)=>0(x)=1-—¢, thatis, (vi®v))(x)>1-¢€.
Suppose (v @vl)(zlf;l x') > 1 —¢, then with z = Z’le xt, we have

(vi®vy)(z) = sup vi(a) Avi(b)

a+b=z
> sup vi(a)A 0"+ (h)—¢
a+b=z
> sup vi(a)A[070) 00](b)-¢€
a+b=z
> sup vi(a)Aloo0](b)-2¢€
a+b=z
> sup vi(a)AO(b)—2¢€ (3.29)
a+b=z
> sup vi(a)A (vievy)(b) -2¢
a+b=z
k-1
=vi(x)A(vy @vl)( x1> —2¢
i=1
k-1
> o(x)/\(vleavl)( x‘) —2e>1-3¢,
i=1
which implies that (vi®v;)(z) > 1-3e€.
Since € is arbitrary, we are done.
Now choose v; € 3 (0) such that
viz(l-x)"lov—e. (3.30)

Since 0 +¢€ = v; = 00 — ¢ > g, — 2¢ implies @ > o, — 3¢, then again, with ¢ :=
Supep, (0c — 3€), 0 € 3r(0) and 0 > 0. As 0 is N-topo nilpotent, so is 0. Now if we
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let o := x, there exists mq € Z* such that for all n > my,
vo(x™) = 1-e. (3.31)
If z € R*, then

(leo)(z)=1e0) ' (2)

= sup o(x)
(1-x)"l=z,x+#1

< sup vi(x)+e
(1-x)"l=z

< sup [vix)Aal]+e
(1-x)"l=z

< sup  vi(x)Ava(x™otl) 4 2¢
(1-x)"1l=z

< sup vixX)A[d=-x)"Tlova((1-x)"tx™*1)]+2¢
(1-x)~l=z

mo
= sup vix)A(l-x)"" ovz[(l—x)1 - <1+ zxiﬂ +2¢€
i-1

(1-x)"l=z

mo
< sup vi(x)Aw; [(l—x)1 - (1+ in)] +3€
izl

(1-x)"l=z

mo
< sup vl[(l—x)‘l— (1+ zx"ﬂ +3¢
i-1

(1-x)"l=z

mo ™o
< sup L()A(w @vl)(zxi) Avl[(l—x)—l _ (1+ inﬂ +6¢€
i=1 =1

(1-x)"l=z

< sup 1(1)A(vi®vy)(a)Avi(b)+6e
l+a+b=z

= sup (vievy)(a)Avi(b)+7¢€
a+b=z-1

<(vievievy)(z-1)+7¢
=le(vievievy)(z)+7¢

<(1ev)(z)+8e,
(3.32)

thatis, (1ev) = (1eo) ! -8e.
Since € is arbitrary, the result follows from Theorem 2.9. This completes the proof
of the theorem. O

PROPOSITION 3.18. If a fuzzy neighborhood ring (R,+,-,t(3ZR)) is locally left
bounded, then (R, +,-,t(ZR)) has a fuzzy neighborhood basis %Bg (0) containing a fuzzy
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neighborhood u of 0 such that u is a fuzzy subsemigroup of the multiplicative semigroup
of the ring R.

PROOF. Let (R,+,-,t(ZR)) be a locally left bounded fuzzy neighborhood ring, v €
>r(0) left bounded, and € > 0. Choose v; € 3g(0) such that vi <vand viov <v+e.
By induction on n, vl(”) <v,n=1,2,....Indeed, due to the choice of v and v;, we get

viV = v < vwhichimplies v{" < v.Ifv{" "V <y thenv{"” = viov{"™" <viov <v+e.

Since € is arbitrary, v\ < v.
Let u be a fuzzy subsemigroup of the multiplicative semigroup of the ring R gener-

ated by v;. Due to [8, Theorem 5.1.1], we get

U= sﬁopv{"). (3.33)
n=1

Then it follows immediately that v; <y < v.
As v is left bounded, so is u, and u € Sg(0) since 3g (0) is a prefilter. O

COROLLARY 3.19. A locally left bounded (resp., locally right bounded) fuzzy neigh-
borhood ring (R, +,-,t(3R)) has a basis of fuzzy neighborhoods of zero consisting of a
fuzzy subsemigroup of the multiplicative semigroup of the ring R.

PROOF. This follows from Proposition 3.18. |

THEOREM 3.20. Let (R,+,,t(ZR)) be a locally left bounded fuzzy neighborhood ring
with unity. If there exists an invertible and N-topo nilpotent element t € R, then (R, +, -,
t(ZRr)) contains an N-topo nilpotent neighborhood of zero.

PROOF. From Corollary 3.19, it follows that there exists a v € Zg(0) such that v is
left bounded and vov < v.

Now as v € 3r(0),inview of Corollary 2.7, t ©v € 3 (0), then due to left boundedness
of v, for any € > 0, there exists o € Zg (0) such that

U@V—%SV@L (3.34)

Since t is N-topo nilpotent, there exists k € Z* such that, for all n > k,

o (t4) = 175, (3.35)
and since t* is invertible, t* o v € g (0).
Applying induction on n, one obtains the following:
(tkov)™ —e<vot (3.36)

forany n =1,2,....
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In fact, if n = 1, then for any z € R,

(thov)(z)—e<1A(thov)(z)—¢

< [O‘(tk) + g] Atkov)(z)—€

€
2

< sup (7(51)Av(b)—E
ab=tk(tk)-1z 2

<so(tY) A (thov)(z) -

=(a@v)(z)—§

<(vot)(z).

That is, (txov)—e <vot.
Suppose that

(tkov)"V —e<vornl,
Then
(tfov)™ = (thov)o (votk) "V
< (tFov)over™!
=tho(vov)ot™!
< (tfov)ot™!
<[vot)+e]ot™!

<(vot)ot" ! +¢

=vot"+e.

This implies that (tkov)™ —c <votn.

(3.37)

(3.38)

(3.39)

We verify that t* © v is N-topo nilpotent. Let 8 € S (0) and 6, € Zr(0) be such that

vob,—€<0.

Let ng € Z* be such that 0, (t") > 1 —¢€ for all n > n,.
Then for any x €R,

(tkov)™

<[vet"](x)+2e
[Vvot™](x) A0 (t") +2€

sup v(a) A01(b) +2¢

ab=x(tn)-1n

=vo0(x)+2¢€

IA

IA

< 0(x)+3e.

(3.40)

(3.41)

This implies that (t¥ ©v)™ — 3¢ < 6, since € is arbitrary, it is proved that (tX o v) is

N-topo nilpotent.

|
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PROPOSITION 3.21. Let (R,+,-,t(ZR)) be a fuzzy neighborhood ring with unity and
let v € 3g(0) be left bounded (resp., right bounded). If t € R is invertible and N-topo
nilpotent, then

Br(0) = {t"ov |veESR0), n=1,2,...} (3.42)

(resp., Br(0) = {vot"|ve3r(0), n=1,2,...}) is a basis for g (0).

PROOF. Let v € 3gr(0) be left bounded and € > 0. Since t" is invertible, in view of
Corollary 2.7, t" ov € Zg(0) forany n = 1,2,....
If 0 € SR (0), then there exist o € Sg(0) and ny € Z* such that

aov-gge (3.43)

and o (t") > 1—¢€/2 for any n > ng.
Now for any x € R,

1

[t"ov](x) =v[(t") 'x] < 1Av[(E") 'x]
< a(tn)Av[(t")‘lx]+§
< sup (7(01)Av(b)+E
ab=tn(n)-lx=x 2
c (3.44)
=00ov(x)+=
2
<0(x)+e€
=thov-c¢
<0. |

DEFINITION 3.22 [7]. An element x € R in a fuzzy neighborhood ring (R, +, -, £ (Zr))
is called N-topo left quasi-regular (resp., right quasi-regular) if and only if for all v €
>r(0) and for all € > 0, there exists y € R such that

vixoy)=1l-¢€ (3.45)

(resp., v(yox)=1-¢).

An element x € R is called N-topo quasi-regular if and only if it is both left and right
quasi-regular in (R,+,-,t(Zg)). Moreover, the ring R is called N-topo quasi-regular if
and only if all its elements are N-topo quasi-regular.

PROPOSITION 3.23. Any N-topo nilpotent element in a fuzzy neighborhood ring (R,
+,-,t(ZR)) is N-topo quasi-regular.

PROOF. Letx € Rbeanilpotent elementinafuzzyneighborhood ring (R, +, -,t(3r)),
v € 3r(0),and € > 0.
Then we can find an ng € Z* such that for all n > ng, v(x") >1-e€.
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If we let y = — "' x, then we have

n-1 n-1
Xoy:x+(—zxi>—x<—zxi):x", (3.46)
izl

i=1
which implies that v(xoy) =v(x™) > 1 —e.
Similarly, one can show that v(y ox) > 1 —¢€, proving that x is N-topo quasi-regular.
O

THEOREM 3.24. Let (R,+,-,t(2ZRr)) be a bounded N-topo fuzzy neighborhood ring and
Y a dense subring. Then the ring (Y,+,-,t(Zy)) is N-topo left quasi-regular (resp., right
quasi-regular) if and only if the ring (R,+,-,t(3gr)) is N-topo left quasi-regular (resp.,
right quasi-regular).

PROOF. Let (R,+,-,t(ZRr)) be bounded N-topo left quasi-regular neighborhood ring,
yeY,voeZy(0),and € > 0.
Then there exists 0y € g (0) such that

Yo :90/\ly. (3.47)

Consequently, we can find a symmetric v; € 2g(0) such that

vlevleay@v]—g < 0,. (3.48)

Since (R, +, -,t(Zr)) is N-topo left quasi-regular, there exists z € R such that
€
vl(yoz)zl—g. (3.49)

As (R,+,-,t(ZR)) is fuzzy uniformizable and Y is dense, it follows from [14, Lemma
2.2] that thereisat € Y such that (zevy)(t) >1—¢€/3.
Now we have
€
1—§s[yee(zeavl)eyzea(y@vﬂ](yot)
=vie(yovi)][yet-(y+z-y2z)]
<1A[vie(yovi))](yot—yoz)
€
< [vl(yoz)+§]A[vlea(yevl)](yot—yoz)
€
svl(yoz)/\[v1®(y®v1)](yot—yoz)+§

(3.50)

€
< sup vi@)A[vie(yovi)](b)+z
a+b=yoz+yot—yoz=yot 3

2

- [vleavla(yovl)](yot)+§ < eo(yot)+§
2€

s9o(y°t)/\1y(y°t)+§

2€
=vo(yot)+ 3
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This implies that vo(y ot) > 1 —¢€, which proves that (Y, +, -,£(2y)) is N-topo left quasi-
regular fuzzy neighborhood ring.

To prove the converse part we proceed as follows.

Letx €R, € >0, and v € 3(0). We need to produce z € R such that

V(xoz)=>1-—€. (3.51)
Choose vy € 3g(0) symmetric such that

Vi®evI®eVviOR— - <v. (3.52)

wlm

Since Y is dense in R, applying [14, Lemma 2.2], we get for any x € R, 1y (x) = 1 if and

only if there exists y € Y o (y®v;)(x) = 1—¢€/3, this implies (x®v;)(y) =1—¢€/3.
N-topo left quasi-regularity of (Y,+,-,t(Zy)) ensures the existence of a z € Y such

that

€

o >1-—
Vvi(yoz)= 3

(3.53)
Now we have

1--<[(yvov))eze(yev))oz](xoz)

w|m

=[vievi0z](xoz—yoz)

<1A[vi®viez](xoz—yoz)

< [Vl(yoz)+§] Avievoez](xoz—yoz)
(3.54)

IA

[Vl(yoz)/\(V1®V1®Z)](on—yoz)+§

€
sup vi(a)A[vieviez](b)+ -
a+b=yoz+xoz—yoz 3

IA

€
= [v1®v1®v1®z](xoz)+§

<V(xoz)+ E,
3
which implies that v(xoz) >1—¢€.
This ends the proof. |
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