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SOBOLEV SPACE ESTIMATES FOR SOLUTIONS OF
THE EQUATION 0u = f ON POLYCYLINDERS
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In trying to improve Weinstock’s results on approximation by holomorphic functions on
certain product domains, we are led to estimates in Sobolev spaces for the 9-operator on
polycylinders for (y,q)-forms. This generalizes our results for the same operator on poly-
cylinders previously obtained, and can be applied to a number of other problems such as
the Corona problem.
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1. Introduction. Had we the uniform estimates of Grauert and Lieb for the Cauchy-
Riemann equation [5] on polycylinders, we would have improved Weinstock’s result [6,
Theorem 1.1] on polycylinders a long time ago. On the other hand, we have had several
estimates for the 0-operator in Sobolev spaces [2, 3, 4] on polycylinders, which we have
been trying to improve. At the same time, we noticed that because some Sobolev norms
dominate the uniform norm, if we did the approximation in those Sobolev norms, we
would get the desired improvement of the above-mentioned theorem of Weinstock on
polycylinders. We therefore went ahead here and jazzed up our previous estimates to
get new estimates. We also applied our results to solve the Sobolev-Corona problem.

2. Delta-bar in W(’;ZH)(Q). Let L’(”y‘q)(U) denote the space of forms of type (y,q)
with coefficients in L? (U). Then,

f=3"3" fi,dz' ndz, 2.1)

[JI=yJI=a

where 3" means that the summation is performed only over strictly increasing multi-
indices, I = (i1,...,dy), J = (j1,-..,Jq), dz' =dziy A+~ Adzi,, dZ) =dZj A~ AdZj,
UisopeninC",and 1 <p < co.

The norm of the (y,q)-form in (2.1) is defined by

1/p
|f||Lfyq)(U):{Z Z ||f1J||LV(U)} , fOI‘lSp<OO,
) T 7

Hf”L‘(’;Yq)(U) = n}f}XHfI,JHLwU)-

(2.2)
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Let WkP(U), 1 <p < o, k =1,2,..., be the space of functions which together with
their distributional derivatives of order through k are in L? (U), with the usual norm,

and W(’;‘Z)(U ) the space of (y,q)-forms with coefficients in W*? (U), with the norm

defined by

’ ’

1/p
HfI,JHkan(U)} , 1<p<oo,

gy ={5 S

”f”W(ky‘Z)(U) = IT}3X||fI,J||wkvV(U>'

(2.3)

Abounded open set Q) in C" is called a polycylinder if Q) can be expressed as a product
of n bounded open sets in C, thatis, Q = Uy XU X - - - X Uy, where each U; is open and
bounded in C. And Q is called admissible if each U; has boundary with plane measure
Zero.

Our main result is the following theorem.

THEOREM 2.1. Let Q be an admissible polycylinder in C" and let f € W(ky',’; 11 (Q) be
o-closed, 1 <p <o, k=1,2,..., thenthereisau € W(};’Z)(Q) such that ou = f and

Il kp o <OIFNkp , (2.4)
W(yvq)(m W(y.q+l>(g)

where & depends on Q.

3. The Corona problem. The Corona problem is stated in [1]. Let X be a relatively
compact domain in a topological space Y. Let fj,..., fx be complex-valued continuous
functions on X; fo,..., fn verify the Corona assumption if there is § > 0 such that

S |fs|=6>0 onx. 3.1)
S

Let A be a function algebra on X. The Corona problem is solvable in A (on X) when
each set fo,...,fn € A, which verifies the Corona assumption, represents 1 in A, that
is, there are go,...,gn in A such that

fogo+ -+ fngn=1 onX. (3.2)

From Theorem 2.1 through cohomology with bounds (see [4, Theorem 2.3]), we have
the following theorem.

THEOREM 3.1. LetQ be an admissible polycylinder and suppose that Q has a Lipschitz
boundary, and pk > n (in which case T(Q,0) nWkP(Q) is an algebra with members
extending continuously to the boundary of Q). Then the Corona problem is solvable in
[(Q,0) nWkP(Q) (here O is the structure sheaf of C", and I (Q,0) is the set of sections
of 0 over Q).



SOBOLEV SPACE ESTIMATES FOR SOLUTIONS OF THE EQUATION ou = f ... 971

4. Approximation. Let K = Q be the closure in C" of an admissible polycylinder, let
C(K) denote the Banach space of continuous complex-valued functions on K with the
uniform norm, and let H(K) denote the closure in C(K) of the space of functions which
are holomorphic in some neighborhood of K.

Our last result is then the following theorem.

THEOREM 4.1. IfU is a neighborhood of K, f € C>(U), andof/0Z;=00onK,1 < j <
n, then f € H(K).

In this paper, we prove the (0,1) version of Theorems 2.1 and 4.1 only. Theorem 3.1
follows when considered as the weak Corona theorem as in [1]. The general version of
Theorem 2.1 can be proved using the induction process in [3].

5. Solution of Ju = f((y,q) = (0,1)). For all f satisfying the hypothesis of Theorem
2.1 in this case, extend f to all of C" by zero outside Q and call it again f. Then 0.f = 0
in the distribution sense in C™. Then the following is true.

LEMMA 5.1. If u(z) = Qmi)~'[(§ - z1) ' f1(&,z2,...,2n)dE A AE, Where f =
iy fidzj, with fi # 0, then ou = f and

u <0 , 1<p=<o,k=1,2,..., 5.1
| Hwk,p(Q) ”f”W(kO'ﬁ)(Q) p=o (5.1

where & depends only on Q.

PROOF. We regularize f coefficientwise:

J=1 (5.2)
(@) = [ £i(2- E)p@are = m> [ f;©dmz-g)are,

where ¢ € CF(C), [PpdA =1, ¢ > 0, supp¢ = {z: |z] < 1}, and A is a Lebesgue
measure. Then Hfml\L:o01> < ||f||L;(aOU forl<p <o, fi, = fin

Ly, (Q) (5.3)

as m — oo for 1 < p < o, and f,, is 0-closed in C".
Now, let

U (2) = (2171) ! j( (E=21) (/1)) (E.22r..., 2n) AE A dE. (5.4)
Then

Um(z) =—2mi)™" Lc" E(f1)(z1-E z2,...,zn) dEAE, (5.5)
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and from (5.4) and (5.5),

10(f)m (& 22,...,2n)
0

oUm(z)

_ -1 _ -
0z = (2mri) J(C(E 21)

AENAE = (fi)m(2).  (5.6)

Therefore, 0um = fin, anﬁd since fm — f in L{y,(Q) for 1 < p < o0, Uy — u in L1 (Q) if
1 < p < o, and we have ou = f.
For 1 < p < o, it is clear from [2] that
”uHLV(Q) = 6||f“Lf’0'1)(Q); (5.7)
with § depending Q.

Now, let 3% = 31 /ax ™ 9y - dxP" 13y, & = (&1, X2, ..., Oon), Z = (X1 +1V1,...,
Xn+1Yn), then [2, 3] we see, where y(x) is a power of —1, that

y @0y (2) = (21ri)~* L (E-z1) "o%(f Y (E,22,...,2n)AE AdE. (5.8)

Since it is clear that for 1 < p < oo, when k> || andfeW(0 1 (Q), 0%(f1)m — 0% f in
L'(Q) when m — oo, it follows that, for k = 1,2,...,

y®@o%y(z) = (2mi) ! LJ (E=21) "0%f1(E,22,...,2n)AE NE. (5.9)
1
Therefore, for k =1,2,..., 1 < p < o,
1l yep () < 5”f||w("dﬁ)<m' (5.10)

If fi =0and f # 0, there is an fj, which we can use in place of f;. |

6. Proof of Theorem 4.1. Let f satisfy the hypothesis of Theorem 4.1. We may sup-
pose that f has compact support in U. Regularize f as we did in Section 5:

fu=[£(z- E)p@are =m [ F@O b0z -0)ar@). 6.1)

Then, f, € C*(C"), f — f in WL (C") as m — o, and for each j,

Ofm af &
(@)= (z £ )p©rdne), (6.2)
so if G is open in C",
0.fm
[l fmllwre ) < 1 lwres vy ’ 7821' - H@ZJ i ory’ (6.3)

where GY = {z-v&:ze€G, || <1}.
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Now, we can find a sequence {Q,} of decreasing admissible polycylinders such that
K = Q = nQ, and such that § in Theorem 2.1 is the same for each Q). Note also that

10flly10qy — 0 as A — co. (6.4)

Let € > 0 be given. Choose m such that

€
IlLf = Fmllwre ) <5 for m > mo. (6.5)

Choose Aq such that

= o te

”afHW(ldf’%(QAo) < - (6.6)
Then, for small v,

- o le

||af||w(1di>(gl‘\’0) < T (67)

By Theorem 2.1, we can choose u € W' (Q,,) such that ou = 3 fn, m > my (fixed),
and

lullwre,,) = 6||afm||W(ldi)(9?\o)
< 5||af||W(10,’o;)(QXO) (by (6.3)) (6.8)

< (by (6.7)).

N m

Then h = f,, —u is holomorphic in a neighborhood of K and with || - || the uniform
norm, we have

If =kl < [1f = fallx +|1fm =Rl

= ||f‘fm”wl,w(1<) +llullyre )
€ (6.9)
< E + ||u||W1,oo(QA0)

<E€.
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