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A THIRD-ORDER NONLOCAL PROBLEM
WITH NONLOCAL CONDITIONS
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We study an equation with dominated lower-order terms and nonlocal conditions. Using the
Riesz representation theorem and the Schauder fixed-point theorem, we prove the existence
and uniqueness of a generalized solution.
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1. Introduction. Various problems arising in heat conduction, chemical engineering,
plasma physics, thermoelasticity, and so forth, can be reduced to the nonlocal prob-
lems with integral conditions. This type of nonlocal boundary value problems has been
investigated in [1, 2, 3, 4, 5, 6, 8] for parabolic equations and in [7, 10] for hyperbolic
equations. However, some partial differential equations of higher order with dominated
low terms and nonlocal conditions are encountered when studying models for certain
natural and physical processes. An example of such type of equations is the equation of
longitudinal waves in a thin elastic stem taking into account the effects of transversal
inertia [9]:

e ) (1.1)

Another example is the equation of moisture transfer:

ou 0 ( ou  , ’u )’ (1.2)

2t~ ax \Uox “axat

where u is the concentration of moisture per unit, D is the coefficient of diffusivity,
and A > 0 is the varying coefficient of Hallaire. Motivated by this, we study the equation

bdu  ou

o%u ou
= 5o~ o TAGX) S5 +b(tx) =+t xX)u = f(£,X) (1.3)

lu

in the rectangular domain Q = (0,7T) x (0,1).
To (1.3), we attach the nonlocal conditions

T

Ju(t,x)dt:O, Vx e (0,1),
C (1.4)
u(t,0) =0, JO u(t,x)dx =0, Vte(0,T).
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We assume that the coefficients of [ are smooth and bounded on Q:

O<alt.x)<as,  0<bt.x)<byZ%  0<ctx) <co,

V2 (1.5)
Vx e (0,1), Vte(0,T), whereo(x)=1-x.

2. Generalized solution. Define the operator [; by

ou

o%u ou
3t +a(t,x)ﬁ +b(t,x)$ +c(t,x)u, (2.1)

llu = —
and

F(t,x,u) = f(t,x)-Lu. (2.2)

Then (1.3) can be assumed to have the form

u
W —F(t,x,u). (23)
We introduce the function space
_{, o(x) v w v
V= {v v EL(Q), 5ot €L(Q), T €12(Q), 555 € 12(0), o

T 1
J v(t,x)dt =0, v(t,0) :J v(t,x)dx:O}.
0 0

The completion of this space, with respect to the norm

w2,y = JQ [vz + (’(;)2 (2—1)2 + (%—‘é)z + (%)Z}dtdx, 2.5)

is denoted by ﬁ},’z (©). Notice that ﬁ},‘z (Q) is a Hilbert space with

o 70 uoy Pusty)
(u,v)ﬁ;z(m = JQ [uv + > 3x Ix + 3x? 3x2 dtdx. (2.6)

For v € HY*(Q), define the operator M by

t

v(T,x)dT

2 _ 2 rt
—a v(-r,x)d-r+ (x—1) J
0 (2.7)

t rx
Mv = (lfx)JO L v(T,8)dEdTt — o 3x2 >

+ijv(t,§)d§, where Jv = X%—v(t,g)df.
0 o Ot

DEFINITION 2.1. A functionu € ﬁé‘z (Q) is called a generalized solution to problem
(1.3)-(1.4) if

(W, V)12 ) = (F(t,x,u),Mv),,q, foreveryve HLY2(Q). (2.8)
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3. Existence and uniqueness theorem. In this section, we prove the existence and
uniqueness of a generalized solution for the problem (1.3)-(1.4). For this, we first study
the subsidiary problem

3

u
l()’I/L: W —F(t,x,O) (31)
with integral conditions (1.4), where
F(t,x,0) = f(t,x). (3.2)

THEOREM 3.1. Let F(t,x,0) € Lo(Q). Then there exists one and only one generalized
solution uq of the subsidiary problem

_ Pu
lou = W =F(t,x,0),
T
j u(t,x)dt =0, Vxe(0,1), (3.3)
0

1
u(t,0) =0, J u(t,x)dx =0, Vte(0,T),
0
such that

cil|wolly 6 = IIFllL, ), (3.4)
where c1 is a positive constant.

PROOF. For F(t,x,0) €L>(Q),¥Y(v) = (F,Mv)LZ(Q) is a bounded linear functional on
H5*(Q).
Indeed,

| (F,MU)LZ(Q) | < IFlly @ 1MV Ly 0)- (3.5)

By substituting the expression of Mv in (3.5) and using the Poincaré estimates

Jﬂvz(t,x)dtdx < 4[0(1 —x)Z(g—Z)zdtdx, v(t,0) =0,

. 2
I [J v(‘r,x)d‘r} dtdxs4J (1-x)20%(t,x)dtdx,
alJo o

we find that |[¥(v)| < 4max{2T?,4} IFll, o lvih2e.
Consider the scalar product (lo,Mv),) = Jo low-Mv dt dx; employing integration
by parts and taking account of v € HY*(Q), we obtain

o3u
(W’MU)LZ(Q) N (u'v)ﬁLITYZ(Q)' (37)

Thus, by the Riesz representation theorem, there exists a unique solution

o € Hy? (Q1¥ (v) = (F,MV) o, = (u0,v) 12 Vv e A (Q). (3.8)

()’
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Hence, (u,v) 1.2, = (Uo,V) 512, that is, ug is a generalized solution. Letting 1/c; =
Hy™ (Q) Hg™(Q)

4max{2T?,4}, we obtain inequality (3.4). O

LEMMA 3.2. The operator 1, : ﬁé‘z(Q) — Ly(Q) is bounded, that is, there exists a
positive constant c; such that ||Liullr, ) < c2llulli 2,0

PROOF. By using conditions (1.5), we directly obtain

2 au 2 2 azu 2 2 au 2 2 2
Hllu||L2(Q) <4<‘ E L ag W L 0 a L2'U+C0HM”L2 y (39)
where ||au/ax||§w = [o(0?%(x)/2)(du/dx)*dt dx.
Hence, ||l1u||E2(Q) < c5llulli, s, where ¢ = 4max{1,a§,b§,cj}. O

Since I is linear, then I; (+/2pu) = +/2uly (1) for an arbitrary pu.

Let Iy y(w) = 1, (V2pw) for pu > 1/cy.

Now, consider the general case. The idea in the proof is to derive the results for the
equation lu = f with integral conditions (1.4).

THEOREM 3.3. Let f(t,x) € Lo(Q) and | f(t,x)| < A//2, where A is a constant. Then
there exists at least one generalized solution ug € HY2(Q) to problem (1.3)-(1.4). Further-
more, the solution is uniquely determined if c» < c;.

PROOE. LetW = {l; ,w: 1w € L, (Q), ||l1u||f2(m < A2T/k?} be a closed ball, where

K2 =c?—1/u
2 _ L2
|E(t,x,w) | < | F(t,5)] +4] < 2k o, (w) |, (3.10)

It is clear that
and we have ||F(t,x,w)||§2(Q) < cEA2T/k? for all I ,w € W.
From Theorem 3.1, there exists a unique generalized solution of the problem

o3u
W—F(t,X,W) (311)
with integral conditions (1.4), so that
(u,v)ﬁ[lr,z(m = (F,Mv)LZ(Q). (3.12)

Define an operator S: Lw eW - u=Shw € PNI(IT’Z(Q), S(W)cw.

Notice that S is completely continuous. To show this, let (Liw)y, (Lw)o € W and
I(Liw)n = (Liw)ollZ, ) — 0, as 1 — oo,

Then, for u,, = S(LLw)u, Ug = S(L1w)o, we have

= (F(t,x,(w)n) —F(t,x,(w)o),MV)

= ((hw), - (llw)O’MU)LZ(Q)

(Un—10,V) 12 @

~ (3.13)
for every v € HL?(Q).
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Now, from Theorem 3.1,

crllun —uolly o0 = [[(iw), = (hw)ollpy@) — 0 asn — . (3.14)

Again, taking a sequence {(I,w),} C W, H(llw)nl\fz(m <A2T/Kk2.Foru, =S(Liw),, we
have IIMHIIEZ(Q) < A2T/k2, so a sequence {u,} is bounded in PNI}T’Z(Q); therefore there
exists a subsequence weakly convergent in ﬁ};’z (Q).

Since any bounded set in PNI}T‘Z(Q) is compact in L,(Q), then there exists a subse-
quence, which we also denote by {u,}, strongly convergent in L,(Q) to ug, as n — oo.
As I, is a bounded operator, S is completely continuous, and so Sl; is completely
continuous. Thus, from Schauder’s fixed-point theorem, there exists at least one fixed
point 1y € W such that uy = Sl;up and (uo,v)ﬁ#z(m = (F(t,x,u0),MV)p,q) for every
v e HAP(Q).

Now, assume that u, u;, are distinct generalized solutions, then (u; —uy,v) AL

Q -
(F(t,x,u1) —F(t,x,u2),Mv) L, for all v e Hy*(Q).
From (3.4) and Lemma 3.2, we have
1 C2
s —uzlly o0 = —llhur = hiue|| < == lur —uzll 56 (3.15)
C1 C1
Thus, if ¢» < ¢y, then it gives a contradiction; therefore u; = u.». |
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