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DETERMINATION OF COUPLED SWAY, ROLL, AND YAW MOTIONS
OF A FLOATING BODY IN REGULAR WAVES
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This paper investigates the motion response of a floating body in time domain under the
influence of small amplitude regular waves. The governing equations of motion describ-
ing the balance of wave-exciting force with the inertial, damping, and restoring forces are
transformed into frequency domain by applying Laplace transform technique. Assuming
the floating body is initially at rest and the waves act perpendicular to the vessel of lateral
symmetry, hydrodynamic coefficients were obtained in terms of integrated sectional added-
mass, damping, and restoring coefficients, derived from Frank’s close-fit curve. A numerical
experiment on a vessel of 19190 ton displaced mass was carried out for three different
wave frequencies, namely, 0.56rad/s, 0.74rad/s, and 1.24rad/s. The damping parameters
(g;) reveal the system stability criteria, derived from the quartic analysis, corresponding to
the undamped frequencies (8;). It is observed that the sway and yaw motions become max-
imum for frequency 0.56 rad/s, whereas roll motion is maximum for frequency 0.74 rad/s.
All three motions show harmonic behavior and attain dynamic equilibrium for time t > 100
seconds. The mathematical approach presented here will be useful to determine seawor-
thiness characteristics of any vessel when wave amplitudes are small and also to validate
complex numerical models.

2000 Mathematics Subject Classification: 34C15, 70K42, 70K25.

1. Introduction. Precise prediction of hydrodynamic behavior and motion response
of a floating body in water waves is essential for proper harbor design. A floating body
excited by waves experiences six degrees of motion constituting three translatory and
three rotational motions. These motions can be described kinematically in terms of
surge, sway, and heave, which are translations along the x-, -, and z-axes, and rotations
about the same set of axes are roll, pitch, and yaw (Figure 1.1). For a floating body with
lateral symmetry in shape and weight distribution, the six coupled equations of motion
can be reduced to two sets of equations, where the first set consisting of surge, heave,
and pitch can be decoupled from the second set consisting of sway, roll, and yaw. We
investigate the second set since the roll motion is important with respect to the stability
of the floating body.

Important investigations to understand the hydrodynamic behavior and motion re-
sponse of a floating body were first started by W. Froude with an initial study of rolling.
Subsequently, several investigations were carried out with the development of strip
theory in ship hydrodynamics, in conjunction with the study of ship vibration. In most
of the studies, ship motions were considered in a calm water environment until the
landmark research work of Weinblum and St. Denis [10], which takes into account
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FIGURE 1.1. Sign convention for translatory and angular displacements of a
floating body with the direction of wave propagation.

sea environment. Cummins [1] formulated linearized equations of motion of a floating
body in transient seaway. Tasai [6] introduced a strip theory to calculate sway-roll-yaw
motions for a ship in oblique waves with zero forward speed. Vugts [9] reported exper-
imental observations on sway and roll amplitudes for various cylinder shapes in beam
waves. Salvesen et al. [4] presented a new strip theory for predicting heave, pitch, sway,
roll, and yaw motions as well as wave-induced vertical and horizontal shear forces,
bending moments, and torsional moments for a ship in arbitrary heading waves with
constant forward speed. The motion of a floating horizontal cylinder in a uniform in-
viscid fluid at irregular wave frequencies was studied by Ursell [8], considering it as a
classical potential flow problem. Mulk and Falzarano [3] studied nonlinear ship rolling
motion in six degrees of freedom by using numerical path-following techniques and
numerical integration. Faltinsen et al. [2] studied nonlinear wave loads on a vertical
cylinder. The effect of nonlinear damping and restoring in ship rolling and ship sta-
bility in dynamic environments can be found in the recent works of Taylan [7] and
Surendran and Reddy [5].

The present study attempts to develop a mathematical approach to determine sway,
roll, and yaw motions and considers the general formulation given by Salvesen et al.
[4] to describe harmonic response of a floating body. This approach is useful for three
main purposes: (i) to get insight into the effect of various parameters and its relative
importance while wave forces act in concurrence, (ii) to validate complex numerical
models by providing useful benchmarking, and (iii) to provide accurate mathematical
tools to supplement detailed model testing.

2. Problem formulation. Let (x,y,z) be aright-handed coordinate system fixed with
respect to the mean position of the body and z-axis considered vertically upward. The
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origin O lies in the undisturbed free surface. Let the translatory displacements in x, y,
and z directions with respect to the origin be ni, n», and n; indicating surge, sway, and
heave, respectively. In rotational motion, the angular displacements about the same set
of axes are n4, ns, and ng indicating roll, pitch, and yaw, respectively. The definition of
six motions of any floating body with sign convention is shown in Figure 1.1.

In order to construct the governing equations of motion, the following assumptions
are made.

(i) The floating body is slender and rigid with symmetric distribution of mass.

(i) Motion amplitude is small so that equations can be linearized.

(iii) Except in roll motion, the effect of viscosity is neglected.

(iv) Incident waves are unidirectional and of single periodicity.

(v) Due to lateral symmetry, longitudinal and transverse motions are decoupled.
Under the above assumptions, six linearly coupled differential equations of motions
can be written as (see [4])

6
> (M + Aji) ik + Bk + Cienie] = Fj, - j =1,2,...,6, (2.1)

k=1

where Mj; are the components of the generalized mass matrix of the ship, A and
Bj are the frequency-dependent added-mass and damping coefficients, respectively,
Cj are the hydrostatic restoring coefficients, and F; are the external exciting forces or
moments. The generalized form of mass matrix coefficient is given by

M 0O 0 0 Mz 0
0 M 0 -Mz. 0 0
0 0O M 0 0 0
Mpe=1 "¢ “Mz. 0 L4 0 —Igl’ (2.2)
Mz. 0 0 0 Is 0
| 0 0 0 -Lg O I |

where M is the mass of the floating body, I; is the moment of inertia in the jth mode of
motion, and I is the product of inertia for the kth mode of motion coupled with the
jth mode. The coordinate of the center of gravity G is (O’,0,z.), where O’ and z. are
the x-coordinate and the z-coordinate of the center of gravity, respectively (Figure 1.1).
The added-mass and damping coefficient matrices are expressed as

_|An 0 Asm 0 A 0 g _|Bi 0 B 0 By 0

K10 Ap 0 Ay 0 Al =10 By O By O B
Asi 0 As3 0 Ass 0 Bsi O Bsz 0 Bss O
| 0 Ap 0 Ass 0 Ag | 0 Bz O By O B

(2.3)
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3. Sway, roll, and yaw motions. Following the assumptions, sway, roll, and yaw
motions are described as

{[Mi;]+ A1} [A:]+[Bij1[ni] + [Cijl[n:] = [F;], (3.1)
where
M -Mz, 0 Azp Apy Aog

[Mij] = | -Mz, Iy —I46 |, [Aij] = | Ase Ay Ass |,
L 0 —I46 I Ago  Ags  Agp
[Bo» Boa Bos 0O 0 O

[Bij] = |Bs2 Bas Bus |, [Cij]=]0 Cau Of, (3.2)
| Be2 Boa  Beo 0 0 0
KB N2 N> F,

[l =|Aa|,  [nl=|na|, [nil=|na|, [Fjl=]|Fsl,

KE N6 N6 Fe

n; and fj; being the velocity and acceleration in the ith mode of motion, respectively.
Substituting (3.2) in (3.1), the governing equations are obtained as

(Ap2 +M)fj2 + Bz + (A2g — Mz ) g + Boalla + Aoelis + Bag g+ = F2, (3.3)

(Agp =Mz )12 +BaoNo + (Aas + Ia) fia + Baana + Caana + (Ase — Lag) fie + BasNe = Fa, (3.4)
Agofi2 + BeaN2 + (Asa — Lag) fia + Beanla + (Ase + 16 ) i + Bes e = Fo. (3.5)

Considering the forward speed equal to zero, the expressions for added-mass and
damping coefficients are given in the appendix. The moment of inertia (I;) and the
product of inertia (I;x) can be determined for any particular floating body. The restor-
ing coefficient C44 which appears in the roll equation (3.4) can be expressed as

Cas = pgVGM, (3.6)

where V is the displaced volume of the body in calm water, GM is the metacentric
height, p is the mass density of water, and g is the gravitational acceleration. The wave
exciting forces and moments are

F; = Fisin(wt +¢), i=2,4,6, (3.7)

where F,, F4, and Fg are the amplitudes of the sway exciting force, roll exciting moment,
and yaw exciting moment, respectively, and ¢ is the phase angle. @ represents the
encountering frequency. Since there is no forward speed of the body, the amplitudes of
sway exciting force, roll exciting moments, and yaw exciting moments can be obtained



DETERMINATION OF COUPLED SWAY, ROLL, AND YAW MOTIONS ... 2185

as (see [4])
F, = aﬂj (f2+ho)dE,
Fy = aPJ(f4+h4)d§y (3.8)

ap [ (f2+ ha)de,

ey
I

where « is the amplitude of the incident wave, f; and h; represent the sectional Froude-
Kriloff force and sectional diffraction force, respectively, and € is a variable of integra-
tion in x direction. The integration has been taken over the length of the body.

4. Method of solution. The coupled sway, roll, and yaw motions can be rewritten in
the following form after normalizing by the respective coefficient of the acceleration
term:

fi2 +azn2 +b1Aa+bana +c1ije + 2N = Ko sinwt,
Agljz +asnz + g +bsnyg +beng +cyalje + csNe = Ky sinwt, 4.1)
azfp +aghz +bzis +bgny + g + csNe = K sinwt.

For a given frequency, the added-mass and damping coefficients are considered con-
stant for small amplitude motion. In the absence of a phase angle, we set € = 0. The
Laplace transform of (4.1) gives

lifz(S) +’H’Lif4(S) +’l’lif6(5) =7;j (i = 1,...,3, ] = 1,...,4), (4.2)
where
i) = [ Cetnioar. 43)
0

The expressions for l;, m;, n;, and r; are given in the appendix. Equation (4.2) contains
three unknowns, namely, f>(s), f1(s), and fs(s), which can be solved in the frequency
domain by using Cramer’s rule:

D, D> D3
_D _ Dz .y 4.4
Sfa(s) D Sa(s) D So(s) D (4.4)
where
romp m L n m
D=\ m2 n:, Dy=|l 1 mnof,
¥3 mz Nj I3 13 mns3
4.5)
L m n L m n
Ds=|l, my mnol, D=L m, mno|.
I3 m3 nj Iz mz3 n3

To evaluate (4.4), the denominator term D should be nonsingular, that is, D # 0. Now
expanding determinant D, we obtain

D = ll (m2n3 —’l’lzmg) + lz (m3n1 —n3m1) + l3 (m1n2 —nlmg). (4.6)
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Substituting the expressions for [;, m;, and n; in (4.6), one can write

3

D = gs4s?(s* + 1383 + 1282 + 115 +70) = gas?Q, 4.7)

where Q is the quartic with respect to the frequency-dependent variable s. Expressing
Q as the product of two quadratic factors, we further write

Q = (s*+261B15+B7) (s> + 26225 + B3). (4.8)
Similarly, determinant D; in (4.5) can be expressed as (see the appendix)

6 i
s>i-oD;s’

trw2) &Y

Dy =71 (monsz —noms) +ra(mang —ngmy) +r3(mine, —nym;) =

where Di1 = f{ai,bi,ci,@,K;,N2i(0),n2;(0)}. Substituting (4.7), (4.8), and (4.9) in (4.4),
we obtain

6 1.i
s2ioD;s'

$) = ) 4.10
f2(5) G452 (s2+@2) (s2+2¢1 B15 + B2) (s2+ 26225 + B3) (4.10)
The partial fraction (4.10) gives
1|1 s+ K4S + X5 XS + X7
s)=—|— - s 4.11
fo9) g4[ s s2+w?  s24261B1s+p] 52+2ngzS+B§] @1
where «; = f{Dil,w,Bi,gi}. Similarly, the expressions for f;(s) and fs(s) are
1| ajs+as oS+ oS + o
$)=— + + ,
fa(s) g4[52+w2 24261 B1s+B? s2+26Bas+ B3 w12
1] ofs+od oy s+ o oG s+ '
S)=—|—+ + + ,
fo(s) g4[ s s24+w?  s242¢1B1s+ BT s2+2GBas+ B3

where «;, «;, and «; are unknown coefficients required to be determined. Equating
the like powers of s, a set of linear algebraic equations involving the above unknown
coefficients are obtained which are then solved by using the Gauss elimination method.

5. Numerical experiment. To get an insight into the effect of various parameters
on sway, roll, and yaw motions, a ship of length = 150 m, beam = 20.06 m, draught =
9.88 m, and mass = 19190 tons was assumed, for which the beam-draft ratio becomes
nearly equal to two. The location of center of gravity G is considered at the point O’,
which is -1 m away from the origin O. The monochromatic sinusoidal waves act perpen-
dicular to the longitudinal axis of the ship with three different frequencies of 0.56 rad/s,
0.74rad/s, and 1.24rad/s, corresponding to the wave height of 1.0 m. The coefficients
related to sectional added mass, sectional damping, and sectional wave exciting force
were used from the experimental results of Vugts [9] and Frank’s close-fit curve (Table
5.1), for a cylinder with rectangular cross-section with identical beam-draft ratio.

A computer program, “SIPCOEF,” was developed to generate the relevant coefficients
corresponding to the set of linear equations for each mode of motion. In order to obtain
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TABLE 5.1. Computed sectional coefficients of the floating body.

Wave Frequency (Rad/s) 0.56 0.74 1.24
Period (s) 11.2 8.5 5.1
Sway added mass 1.6 0.65 0.05
Roll added mass 0.07 0.055 0.035
Sway-roll added mass -0.25 -0.13 -0.02
Sectional Sway damping 0.6 1.0 0.7
coefficients Roll damping 0.01 0.02 0.012
Sway-roll damping -0.07 -0.16 -0.1
Sway exciting force 2.25 1.5 0.34
Roll exciting moment 1.9 1.2 0.28
Principal dimensions of the SIPCOEF
floating body
Sec. coeff. for added mass, Calculation of the coeff. a;; of the system of

damping, and wave exciting —>| equations >;d;;x; = d; in transformed domain
force

Calculation of damping factor (¢g;) and undamped
system frequency (S;)

GAUSEU
Solves the system of equations to get o, 0(;-, o(}'.
v

Initial conditions

Wave parameters

CALMOT
Calculation of sway, roll, and yaw motions

!

Time history

Sway Roll Yaw

FIGURE 5.1. Schematic diagram of the mathematical model development.

unknown coefficients in the transformed domain, the Gauss elimination method was
used. A computer program, “GAUSEU,” was used to solve the system of equations.
Finally, the time evolution of sway, roll, and yaw motions for a particular wave frequency
was obtained from the program “CALMOT.” The schematic diagram of the mathematical
model development is shown in Figure 5.1.

6. System stability and quartic analysis. In order to obtain the inverse of the Laplace
transform, determinant D which appears as the denominator is set equal to zero. This
leads to the condition that either Q or g4s? is equal to zero. For Q = 0, the roots of
the characteristic equation are obtained in the frequency domain. The variables ¢; and
Bi (i = 1,2) which appear in the biquadratics are known as damping factors and un-
damped natural frequencies of the damped system, respectively. As the factor g4s° is
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TABLE 6.1. Computed damping coefficients.

Wave frequency | Damping coefficients
(rad/s) Gl G
0.56 1.13 0.053
0.74 1.29 0.04
1.24 2.3 0.077

set equal to zero in D, the corresponding ¢3 also becomes zero. This manifests pure
oscillation, without damping or building up. As the numerical values for ¢; are of prime
importance, their role on system stability is summarized as follows:
(i) ¢i = —1 implies that the motion will be a nonoscillatory divergence;

(i) —1 < g; < 0 implies that the motion will be a divergent oscillation;

(iii) 0 < g; <1 implies that the motion will be oscillatory and will die out;

(iv) g; = 1 implies that the motion will die out without oscillation;

(V) gi =0 implies that the motion will be oscillatory.
Once the quadratic factors are obtained, the corresponding oscillatory/nonoscillatory
features are determined depending upon the values of ¢;. The frequency-wise variation
of damping coefficients, ¢; and ¢y, is given in Table 6.1.

If Bis are damped natural frequencies, their relations with undamped natural fre-
quencies can be expressed as B14 = B14/¢i —1 and B2y = B24/1 —¢Z, depending upon
the values of ¢;. Using the above analysis and employing the inverse of the Laplace
transform in (4.11) and (4.12), sway-roll-yaw motions are obtained as

1
no(t) = (g_) X1 + Ko COSTE + <%) sinwt + a;;e‘gllgltcosh(ﬁmgf - 1>t
4

. =
+ (05— oxsc1 Br) e S1hrt sinh (Blm)t
Biysi—1 6

+xge 1Pt cos (BZQ)t
i _c2

+("‘7*fJ(stBz)e"SZﬁZfM
Boyl1-¢2

n4(t) = ( 1 ) ) coswt + (%)sinwt

+aée’glﬁltcosh(ﬁnlglz—l)t
inh (B1+/c2—1)t
(- o )e Pt fs(ﬁ )
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+ ke 2P2t cos (ﬁZ\/@)t
i _ 2

+ (o — 562 82) e’gZﬁzfm
Boy1-¢3

(6.2)
1 rr
ne(t) = (g_) o} + o) coswt+ (01;—3) sinwt+ag’e‘€lﬁltcosh<ﬁl\/gfi)t
4

inh (B1y/i —1)t
* (o‘,S”O‘Z€131)e’€1ﬁ1tsm B(l\;g) o

+age it cos (Bzm)t
i _ 2
+(a7 - “'srgzﬁz)efgzﬁztml(&—m
Bay1-c}

7. Results and discussion. To illustrate the floating body motions, the exact
solutions obtained in (6.1), (6.2), and (6.3) are evaluated numerically. The unknown
coefficients which appear in the above expressions are determined by using the Gauss
elimination method prior to applying the Laplace inverse. The detailed description of
the entire procedure is given in Figure 5.1. A close inspection of the analytical solution
reveals that the expressions (6.1) and (6.3) are similar in nature. This is due to the ab-
sence of restoring forces in sway and yaw equations of motion. However, the governing
equation for roll contains hydrostatic restoring force inherently and, as a consequence,
roll motion manifests harmonic behavior. In the absence of wave force, sway and yaw
motions do not preserve harmonic property. Under the action of sinusoidal waves, the
solution obtained for the three modes of motion are grouped into three parts; (i) con-
stant term, indicating shift (ii) oscillatory term, indicating harmonic behavior, and (iii)
decay term. In roll motion, the constant term representing shift is absent.

The time history of forcing function (wave force) and sway motions for frequencies
0.56rad/s, 0.74rad/s, and 1.24 rad/s are shown in Figures 7.1a and 7.1b. The wave peri-
ods corresponding to the three frequencies are obtained as 11.2, 8.5, and 5.1 seconds. It
can be observed that the sway displacement is maximum for wave frequency 0.56 rad/s
and it decreases as wave frequency increases. The maximum sway displacement corre-
sponding to these frequencies are found to be 65m, 9m, and 1.75 m, respectively. For
all three frequencies, sway motions become harmonic with the elapse of time t > 100.
In (6.1), the terms having a factor e~Sifi! indicate sway damping, which eventually dies
out as t — oco. The time required for attainment of dynamic equilibrium corresponding
to these frequencies is found to be 100, 50, and 35 seconds, respectively.

Figures 7.2a and 7.2b show the forcing function and the time history of roll displace-
ments (in degree) measured in the anticlockwise direction with respect to the x-axis. As
the floating body is initially at rest, the effect of damping on oscillation is noticed for
t <50 seconds. As t — oo, the effect of damping ceases and, consequently, the first and
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FIGURE 7.1. (a, ¢, and e) Time history of forcing function and (b, d, and f) sway
motion for wave frequencies (a, b) 0.56rad/s, (c, d) 0.74rad/s, and (e, f)

1.24rad/s.
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FIGURE 7.2. (a, ¢, and e) Time history of forcing function and (b, d, f) roll
motion for wave frequencies (a, b) 0.56rad/s, (c, d) 0.74rad/s, and (e, f)

1.24rad/s.
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FIGURE 7.3. Time history of yaw motion for wave frequencies: (a) 0.56 rad/s,
(b) 0.74rad/s, and (c) 1.24rad/s.

second terms of (6.2) only contribute. Subsequently, roll motions for all three frequen-
cies show harmonic behavior for ¢ > 50 seconds. The maximum roll displacements for
wave frequencies 0.56rad/s, 0.74rad/s, and 1.24rad/s are +0.5°, =1.6°, and +=0.05°,
respectively.

The yaw motions (in degree) measured in the anticlockwise direction with respect
to the z-axis show the angular displacements for all three frequencies (Figure 7.3). The
predominant yaw angles are found to be negative, and their frequency-wise maximum
values are obtained as —0.75°, —0.15°, and —0.016°, respectively, while subjected to
the same wave forces. This is due to the fact that the location of the center of gravity of
the floating body is —1 m away from the origin of the x-axis, which creates uneven yaw
moments. The amplitude of yaw angles decreases with the increase of wave frequency.
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Appendix. Expressions for added-mass coefficients and damping coefficients (with
zero forward speed) (derived from Salvesen et al. [4]) which appeared in (2.3) are as
follows:

App = Jazzd& Apy=Agp = Jaz4d§, Ape = Jgazzdg, Ay = J(l44d§,

Ay = J§a24d§, Ag2 = Aps,  Aes =Ass,  Aps = Jﬁzazzdﬁ,
(A.1)
By = Jbzsz, Byy = Jbz4d§ = By, Bog = JEbzsz. Byy = Jb44d§,

By = J§b24d§, Bs> = Bog, Bgy = Bag, Bgg = ngbzzd&

where a i denote two-dimensional sectional added-mass coefficients and bj; denote
two-dimensional sectional damping coefficients. Steps involved in the expansion of
determinant D, which appeared in (4.4), are as in (4.6), where

Iy =s%+ass, my = b15% +bos, Ny = C18% + ¢S,
I, = ass® +ass, My = $2 + bss + bg, Ny = C48° +C55, (A.2)
I3 =a-s®+ass, ms = b;s° + bgs, N3 = $2 +Cgs.

Substitution of l;, m;, and n; (i = 1,2,3) in D leads to
D =52(g4s* +g3s3 + g25> +g15+ go), (A.3)

where

ga = (1-bzcs)+asa(bzci —b1) +az(bica—c),
g3 = (bs+cs—bgca—bzcs+az —asbzca) +as(bzca + bgey —by —bicg)
+as(bzc1 —b1) +az(bics +bacs) —az(bsci +c2) +ag(bica—c1),
92 = (bs +bscg —bgcs +arbs +ascs —asbgcy — arbzcs)
+ay(bgco —bacg) +c5(b7ca +bgcy —ba —bicg) +arzbacs —az (becy +bsc)
+ag(bics +bacy) —ag(bscr +c2),
g1 = (bscg+azbs+azbscg—azbgcs)+as(bsca —bacg) +agbacs—ag(beci+bsca) —azbgca,
go = azbgcg —agbgca,

D =5%gs(s* +1383 + 1252 + 15 +70),

(A.4)
where
7’3:@, 1’2:&, 7’1:@, 1’0:@,
94 g4 g4 g4
D = s%g4(s® +u1s +ug) (s> +vis +vo) (A.5)

= 524 (s? +261Bis+ BY) (52 + 262805 + B3),
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where
u; Vi

N T2

A quartic can be considered as the product of two quadratic factors. Therefore, we
write

B1 = Juo, Gl B2 = /vo, G2 (A.6)

st st st 40 = (2 urs +ug) (s2+vis +vp), (A.7)
then
uy+vy =13, (A.8)
Ug+Vo+UIV] =712, (A.9)
ULVo+UgVy =71, (A.10)
UoVo = 7). (A-ll)

If (A.8) and (A.10) are solved simultaneously in order to obtain 1, in terms of 1y and
Vo, (A.8), (A.9), (A.10), and (A.11) can be replaced with (A.12), (A.13), (A.14), and (A.15)
as follows:

UoVo = T, (A.12)

w, = AU (A.13)
Vo—Uo

V1 =713—-Uj, (A.14)

[2pt]ug +vo+uivy =12. (A.15)

Now a trial-and-error solution is applied. Assuming vy, we calculate 1o from (A.12), u;
from (A.13), vq from (A.14), and check whether (A.15) is satisfied. In this process, it is
possible that 1y could be equal to vy so that u; need not be calculated from (A.13).
Hence, a new set of equations may be used:

Uo = Vo,

71
— = Uo,
3

7/'32+8u0 247’2, (A16)

\/732 —4(r =211 /73)
Uy =13+ ) y

V1 =713—Uj.

Steps involved in the expansion of D; are as follows:

D1 =71 (monz —noms) +r2(mang —nzmy) +r3(miny, —nyms), (A.17)
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where
Y1 =p1+4i,
p1=Pis+po,
pi = {n2(0) +b1n4(0) +c1n6(0)},
P = {a2n2(0) +ban4(0) +c2n6(0) +12(0) + b114(0) +c176(0) },
Ko
1T sy
-
=Pl =Py, T =piwd, T = piw’ +Kew,
Y2 = p2+q2,
p2=pis+p5, P =1a4n2(0)+n4(0) +cane(0)},
p§ = {asn2(0) +bsns(0) +csn6(0) +asn2(0) +n4(0) +c4n6(0)},
Kisw
Q2= 5 o2
2 =p2+qz = Zszzigjl,
2=pl,  w=pd, w=plwd 7= plowi+Ko,
Y3 =p3+qs,
p3=pis+ps,  Pi=1arn2(0)+bns(0) +ns(0)},
Po = {asn2(0) +bgns(0) +csne(0) +azn2(0) + b7ns(0) + 16 (0)},
K¢
B= o2 gr
3 3.
r3=p3+qs = Z;;ig; ,
=pl. =P, A =piet, ) =piw’+Kew,
3
MoN3 —NoM3 =S ( > d}sl),
i-0
di=1-bycs,  di=bs+cg—(bsca+bscs),  dl=bg+bscs—bges,  db = becs,
2
Mmsn, —nym = s> ( > dfsi),
i-0

ds =bz;c1—by,  di=bzco+bgci— (ba+bicg),  di=bsco—bacs,

3
MM —N My = § ( > d?sl),
i-0
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3 3 3 3
d3=b1C4—C1, d2=b1C5+b2C4—C1b5—C2, d1=b2C5—b6C1—b5C2, d0=—b6C2,

e () () ) (e (5 )]
= () () (2)]

Dy = s39 o Dlsi
(s2+w?) ’
(A.18)
Steps involved in the computation of f>(s) are as follows:
faty =P L s 2o Dis
2T D T gs| (s2+w@2)s2(s2+urs +uo) (S2+vis+wvo) (A.19)
1 ro; oos+o3 KyS + Xs XS + X7 '
ol + ]
g4 S2+w?2  s2+uis+ug S2H+vis+vy

where «;s are computed with the help of the Gauss elimination method from the set
of seven equations as follows:

7
>ajjog=di, i=1,2,...,7, (A.20)
j=1
where
dn = wro, a2 =0, aiz =0, s =0, ais =0, ae =0, a7z =0,
a1 =wr, dz2 =0, ap3 = 70, dpq =0,
dss = WV, dze =0, ds7 = W U,
ds =1y +wrs, asz =1y, asz =71,
dzs = w?vy, ass =w?vy, asy =w’us,
ds1 =1 +wr3, A2 =17, a3 =172, dss =@V,
Aags =v0+w2, 6_£46='(IJ'21/L1, d47=u0+w2,
dsy =11, ds; =12 +w?, as3 =713, dss = Vo + w7,
dss = Vi, dse = Uo+ w7, ds7 = U10,
g1 =173, g2 =13, ags =1, dgs = V1, ags =1, dge = U1, agz =1,
an =1, arn =1, ars =0, arg =1, ars =0, azr =1, a7 =0,
di=D}, d»=D}, d3=D), ds=D3, ds=Di, de=D: = d;=D{.
(A.21)

In a similar manner, computations were carried out for f4(s) and f5(s). These are being
omitted here for briefness.
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