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ON SOME PROPERTIES OF BANACH OPERATORS. Il
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Using the notion of a Banach operator, we have obtained a decompositional property of a
Hilbert space, and the equality of two invertible bounded linear multiplicative operators on
anormed algebra with identity.
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1. Introduction. This paper is a continuation of our earlier work [7] on Banach oper-
ators. We recall that if X is a normed space and «: X — X is a mapping, then following
[4], ¢ is said to be a Banach operator if there exists a constant k such that 0 < k < 1 and
lx? (x) — x(x) || < k|lex(x) — x| for all x € X. Banach operators are generalizations of
contraction maps and play an important role in the fixed point theory; their consider-
ation goes back to Cheney and Goldstein [2] in the study of proximity maps on convex
sets (see [4] and the references therein).

In [7], we established some decompositional properties of a normed space using Ba-
nach operators. We showed that if « is a linear Banach operator on a normed space X,
then N(x—1) = N((«x—1)%), N(e@—1) nR(x—1) = (0) and in case X is finite dimen-
sional, we get the decomposition X = N(x—1)®R(x—1), where N(x—1) and R(x—1)
denote the null space and the range space of (x—1), respectively, and 1 denotes the
identity operator on X. In [7, Proposition 2.3], we proved a decompositional property of
a general bounded linear operator on a Hilbert space, namely, if « is a bounded linear
operator on a Hilbert space H such that @ and «* have common fixed points, then
N(x—1)+R(x—1) is dense in H.

In this paper, also we prove some properties of Banach operators on a Hilbert space.
We show (Proposition 2.1) that if « is a bounded linear Banach operator on a Hilbert
space H such that the sets of fixed points of « and «* are the same, then H admits
a decomposition H = N(x—1) @ M, where M = R(x—1), (R(x—1) denotes the closure
of R(xx—1)). It follows as a corollary of Proposition 2.1 that « commutes with both
orthogonal projections onto N(x—1) and onto M.

As in [7], we also study the operator equation &x+cx ™ = f+cB~! for a pair of invert-
ible bounded linear multiplicative Banach operators « and S on a normed algebra X
with identity, where c is an appropriate real or complex number. We prove the following
result (Proposition 2.3): assume that «(x) +cax ' (x) = B(x) +cB1(x) for all x € X,
where c is a real or complex number such that |c| > 1, ||«||2 < |c|/2, |BII? < |c|/2.If B
is inner, then & = B. We briefly recall that this operator equation has been extensively
studied for automorphisms on von Neumann algebras. We refer to [1, 5, 6] for more
details about this operator equation.



http://dx.doi.org/10.1155/S0161171204309233
http://dx.doi.org/10.1155/S0161171204309233
http://dx.doi.org/10.1155/ijmms
http://www.hindawi.com

2514 A. B. THAHEEM AND A. R. KHAN

2. The results

PROPOSITION 2.1. Let & be a bounded linear Banach operator on a Hilbert space H
such that the sets of fixed points of «x and «* are the same. Then the following hold:
(i) N(x—1)LR(x—1),
(i) H=N(x-1)®M, where M = R(x—1).

PROOF. To prove (i), let x € N(oed—1) and vy € R(x—1). Then a(x) = x and y =
«(z) —z for some z € H. Therefore, o* (x) = x and hence

(x,y)=(x,x(2) —z) = (x,x(2)) — {x,2) = (¥ (x),2) = {x,2) = (x,2) — {x,2) = 0.
(2.1)

Thus N(x—1)1LR(x—1).

To prove (ii), it is enough to show that N(x—1) = M*. By (i) and the continuity of
o, N(x—1)LM. So, N(x—1) € M*. Conversely, assume that z € M+. Then (z,y) =0
for all y € M; in particular, (z,(x—1)x) = 0 for all x € H because R(x—1) < M.
Thus (z,x(x)) = {z,x) for all x € H. So, (x*(z),x) = (z,x) for all x € H. This shows
that («*(z) —z,x) = 0 for all x € H. Therefore, «*(z) —z = 0 or x*(z) = z, that is,
z is a fixed point of &«* and hence by assumption, x(z) = z, thatis, z € N(«x—1). So,
M+ < N(x—1). Thus N(x—1) = M+ and hence H=N(x—1) @ M. O

COROLLARY 2.2. Let « be a bounded linear Banach operator on a Hilbert space H
such that the sets of fixed points of x and «* are the same. Then «x commutes with both
orthogonal projections, onto N(x— 1) and onto M.

PROOF. Since R(x —1) is x-invariant, so is M. Also, M+ = N(«x —1) is «-invariant.
Thus M reduces « and hence & commutes with both orthogonal projections, onto
N(x—-1) and onto M [3]. O

It easily follows that the orthogonal projection P onto N(x—1) is the largest orthog-
onal projection such that «P = P.

We conclude this paper with a result about an operator equation similar to the one
considered in [7].

PROPOSITION 2.3. Let &, B be invertible bounded linear multiplicative Banach opera-
tors on a normed algebra X with identity such that «(x) +ca™ 1 (x) = B(x)+cB~1(x) for
all x € X, where c is a real or complex number with |c| = 1, || «||? < |c|/2, IBlI% < |cl|/2.
If B is inner, then «x = B.

PROOEF. It follows from [7, Proposition 3.2] that &« and S commute. Therefore,

(xB—c)(B =) (x) = a(x) — B (x) —cB7H(x) +coH(x)
= o(x) = Ba(at(x)) —cBHx) +caH(x) -
= a(x)—B(x)—cBpH(x)+ca (x) (2:2)

= (ax(x)+caM(x)) = (B(x)+cB (x)) =0.



ON SOME PROPERTIES OF BANACH OPERATORS. II 2515

Put (87! —a~1)(x) = . Then we obtain (xf—c) (y) = 0, thatis, xB(y) = cy. Therefore,
by assumption, we get [c|[|y]l = llcyll = laB) I < lxllIBIIIy I < (Icl/2) |1, that is,
lcllv]l < (Ic]/2)]|v]l. This implies that ||y| = 0 and hence (B! — a~1)(x) = 0 for all
x € X, thatis, B71(x) = a~!(x) for all x € X. Since « is onto, therefore replacing x by
x(x), we get B~ (x(x)) = x or x(x) = B(x) for all x € X. O
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