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Denote by %, (F) the linear space of all n X n alternate matrices over a field F. We first
characterize all linear bijective maps on ¥, (F) (n > 4) preserving rank 2 when F is any
field, and thereby the characterization of all linear bijective maps on J; (F) preserving the
max-rank is done when F is any field except for {0,1}. Furthermore, the linear preservers
of the determinant (resp., adjoint) on J; (F) are also characterized by reducing them to the
linear preservers of the max-rank when n is even and F is any field except for {0,1}. This
paper can be viewed as a supplement version of several related results.

2000 Mathematics Subject Classification: 15A03, 15A04.

1. Introduction. Let F be any field and F* its multiplicative group. Denote by
My xn (F) the space of all m xn matrices over F and by GL,, (F) the subset of M« (F)
consisting of all invertible matrices. The notation E;; denotes the matrix with 1 at the
(i,j)th entry and 0 elsewhere. For A € M« (F), we denote by A! the transpose of A. A
square matrix A is said to be alternate if A = —A and all diagonal elements are zeros.
By [2, page 161], we have the following.

(i) When the characteristic of F is not 2, a matrix is alternate if and only if it is skew
symmetric; when the characteristic of F is 2, a matrix is alternate if and only if it is
symmetric and all diagonal elements are zeros.

(ii) The rank of any alternate matrix is necessarily even.

(iii) A is an alternate matrix of rank A = 2 > 0 if and only if there exists a matrix
P € GL, (F) such that PLAP = 37, J™  where J™ = Ea;i 1 21— Ea; 2i-1 € Hn (F).

(iv) Under the usual addition and scalar multiplication, the set I, (F) of all alternate
matrices in M, (F) forms a linear space over F.

A matrix A € %, (F) is said to have max-rank if rank A = n (resp., n — 1) when n is even
(resp., odd). Denote by MK, (F) the subset of ¥, (F) consisting of all max-rank matrices.
For A € 9, (F), the notation A% denotes the adjoint matrix of A, thatis, A% = B = [b;;],
where bj; is the cofactor of the i, j entry of A.

A linear map ¢ : #,, (F) — I, (F) is said to preserve rank 2 if rank ¢p(A) = 2 for all
A € %, (F) with rank A = 2. A linear map ¢ : %, (F) — H,,(F) is said to preserve the
max-rank if ¢ (MK, (F)) = MKy, (F). A linear map ¢ : ¥, (F) — K, (F) is said to preserve
the determinant (resp., the adjoint) if det¢(A) = det A (resp., ¢p(A)3d = ¢p(A2d)) for all
A eI, (F).

Linear preserver problems are an active research area in matrix theory (see [3, 5] and
the references therein). The category of linear rank 1 preserver problems on My, «,, (F) is
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very important since it can be used to solve the other linear preserver problems. Since
alternate matrix plays an important role in the theory of quadratic forms and classical
groups (see [7]), it is worthwhile and interesting to study the preserving problems of
alternate matrices. However, one can not study linear rank 1 preserver problems on
¥, (F) since the rank of any matrix in %, (F) is even.

To give a parallel result to those of linear rank 1 preserver problems on M, (F),
this paper first characterizes all linear bijective maps on %, (F) preserving rank 2 when
n > 4 and F is any field (see Section 2), and then all linear bijective maps on %, (F)
preserving the max-rank are characterized by using the result about rank 2 preservers
when n > 4 and F is any field except for {0,1} (see Section 3). Furthermore, the linear
preservers of the determinant (resp., the adjoint) on 7, (F) are also characterized by
reducing them to the linear preservers of the max-rank when n > 4 is even and F is any
field except for {0,1} (see Section 4).

We provide some notations which will be used in the rest of this paper. We denote by
I and Oy« the k x k identity matrix and the m X n zero matrix, respectively. We also
write them as I and O, respectively, when the dimensions of these matrices are clear.
Let J = [ % }]. Clearly, J is the same as J2.

The basic tool used in this paper is the following fundamental theorem of geometry
of alternate matrices.

THEOREM 1.1 (see [7]). Let F be any field, n > 4 an integer, and ¢ a bijective map
from %, (F) to itself. Assume that for any X;,X, € ,,(F), rank(X; — X») = 2 if and only
if rank(¢p(X1) — ¢p(X2)) = 2. Then, there exist a € F*, Q € GL,(F), Ko € ¥, (F), and an
automorphism o on F such that either

d(X)=aQ'X°Q+Ky VX =][xi;] €¥Hn(F) (1.1)
or
n=4, ¢X)=aQ"(X*)"Q+Ko VX =[xi;] € Ha(F), (1.2)

where X7 = [0 (x;;)] and

0 X12 X13 X23
—X12 0 X14  X24

X* = (1.3)
—-X13  —X14 0 X34

—X23 —X24 —X34 O

Conversely, any map of the form (1.1) and (1.2) from ¥, (F) to itself is bijective and both
the map and its inverse preserve the adjacency (recall that X, and X» are adjacent if
rank(X; — X,) = 2 for X1,X, € 3, (F)).

2. Linear maps preserving rank 2. In this section, we assume that F is any field and
n > 4 is an integer. Denote by e,i") the n-dimensional column vector with 1 at the kth
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entry and O elsewhere. Further, for arbitrary but fixed W € GL,, (F), denote

Oy = {Whdiag (X11,0)W | X11 € Hp_2(F)},
X X (2.1)
Qu = {Wt [ ‘; 012} WX €HnoF), Xipe M(nZ)XZ(F)}-
Al
LEMMA 2.1. Given A € #,,(F) withrank A =2 and W € GL,,(F). Further, assume that
there exists nonzero B € Oy satisfying rank(A + B) = 2. Then, A € Q.

PROOF. Let A = W[ "\t % |W with Ay € Iz (F). If Ay = O, then Ay is invertible,

that is, rank A3 = 2. Let P = [7;’%}3; IOZ]W. Then, B = P!BP for some B; € @y and
A = Ptdiag(A; + A, A3 AL, A3)P. This, together withrank A = rank (A+B) = rank A3 = 2,
yields By = O, and hence B = O, an impossibility. Therefore, A3 = O. The proof is

complete. 0

LEMMA 2.2. Let ¢ : K, (F) — H,, (F) be a linear map preserving rank 2 and satisfying
qS(],((")) €0y forsomel <ks= [g] (2.2)

Then, (l)(Sl(k)USZ(k)) C QW WithSl(k) = {Eij—Ejl' |J > i, ie {2’(—1,2’(}}, andSz(k) =
{Eij—Ejili<j, je€{2k—1,2k}}.

PROOF. For arbitrary but fixed Aij = Eij —Eji e S1(k)uSs,(k),itis clear that rankAij =
rank],i”) = rank(],i") + Aij) = 2. By the definition of ¢, we have rank ¢p(A;;) =
rank¢(],(<">) = rank(cb(],i")) + ¢(A;j)) = 2. Using (2.2) and applying Lemma 2.1 to
A=¢(A;j) and B = ¢(J"") yield ¢(A;;) € Qy. Thus, the proof is complete. i

LEMMA 2.3. Let ¢ : %, (F) — ¥, (F) be a linear bijective map preserving rank 2. Then,
there exists a full-row rank matrix P € My(y21xn (F) such that <;b(]i(")) = Ptji(z["/z])P for
alll <i<[n/2].

PROOF. For any 1 < i < [n/2], it follows from rank]l-(") = 2 that ranqu(]é")) =2.
Thus, we can write

o (1™) =PLP, 1=1[§] (2.3)
where P; € Moy, (F) satisfies rankP; =2 forall 1 <i < [n/2]. Let
P
p=| i |, zi=[eptnan @)t oy [g] (2.4)
Pinj2)
Then, P; = Z;P and Z! ] Z; = sz["/z]). This, together with (2.3), gives
S(J™) =P EPp, =1, [%] 2.5)

Now, to complete the proof, it suffices to show that rankP = s = 2[n/2]. This is
proceeded by the reduction to absurdity. Suppose 2 < s < 2[n/2]—1. Then, there exists
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a matrix W € GL,, (F) satisfying P = [Po 0 ]W, where Py € Ma[yn,21xs (F) with rank Py = s.
Substituting P into (2.5) yields

¢ (1) = wtdiag (PLI VP, 0)W, i=1,.., [g] (2.6)

If s <n -2, then, by (2.6), we have qb(],i")) €@y forall 1 <k <[n/2]. Using Lemma 2.2
yields ¢p({Epq —E4p | 1 < p <q <n}) C Qu. Noting that any matrix in %, (F) can be
written as a linear combination of finite matrices in the set {Ey; —E4p | 1 <p <q <n},
we deduce from the linearity of ¢ that ¢ (¥*,,(F)) C Qy, which contradicts the surjec-
tivity of ¢. Therefore, s > n — 1. This, together with 2 < s < 2[n/2] — 1, implies that
n=2[n/2] and s = 2[n/2] -1 = n— 1. Furthermore, the matrix P, can be written as
Py = ZR; with

_ _ _ _ t
Z= [eﬁ" Do ez L e,(f‘,ll)] , (2.7)

where z € M;,-1)x1 (F) and R; € GL,,—1(F). Let R = (R; ® 1)W. Then, (2.6) turns into

¢ (1) =R diag (27" Z,0)R, i=1,..., [%] (2.8)

Without loss of generality, we can assume that v = n, or equivalently,

_ Infl
Z - I:[Zl - Zn,Z an]:l ’ (2.9)

where z; € F for all 1 <i <n— 1. (Otherwise, the rest of the proof can be proceeded by
denoting a new set which is similar to Qyy.) By direct computation, then (2.8) implies

$(1™) =R, Re@R,i=1,2,...,[%]—1,
On-2 —[zi s Zn—z]t (0] (2.10)
d’(][(z/)z]) =R"| [z1 - zn2] 0 0|, ReQp.
(0] 0 0

This, together with Lemma 2.2, gives ¢ ({Epq —Eqp | 1 < p < g <n}) C Q. Noting that
any matrix in %, (F) can be written as a linear combination of finite matrices in the set
{Epg—Eqp | 1 <= p <q < n}, we deduce from the linearity of ¢ that ¢ (¥, (F)) C Qg,
which contradicts the surjectivity of ¢. In summary, s = 2[n/2].

The proof is complete. |

THEOREM 2.4. Suppose Fis any field and n > 4 is an integer. Then, ¢ : H,, (F) — H,, (F)
is a linear bijective map preserving rank 2 if and only if there exist 6 € F* and Q € GL,, (F)
satisfying either

$(X) =5Q'XQ VX €% (F) 2.11)
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or
n=4, ¢(X)=06P'X*P VXec¥,(F), (2.12)

where X* is defined in (1.3).

PROOF. The “if” part is obvious. Now we prove the “only if” part. For arbitrary but
fixed nonzero A € %,,(F), let rank A = 27 > 0. It is clear that there exists W e GL,, (F)
such that A = Wf(Zleji("))W. Denote a new map ¢ : ¥, (F) — ¥,.(F) by ¢(Z) =
P(WtZw) for all Z € ¥, (F). Then, y is also a linear bijective map preserving rank 2. By
Lemma 2.3, there exists a full-row rank matrix P € Ma[y/21xn (F) such that ¢ (3}_; Jl-(")) =
P, Ji(z["/z]) )P, and hence ¢p(A) = PL(>1_; sz["/zb )P. This implies thatrank ¢ (A) =
rank A for all nonzero A € ¥,,(F). Using the linearity and nonsingularity of ¢ yields
that, for any X1,X, € H,,(F), rank(X; — X») = 2 if and only if rank(¢ (X71) — p(X2)) = 2.
By Theorem 1.1, ¢ has one of the forms (1.1) or (1.2). Again, using the linearity of ¢
completes the proof. O

3. Linear maps preserving the max-rank

LEMMA 3.1. Suppose F is any field and n > 4 is an integer. Let X,Y € ¥,,(F) with
rank X = 2. Then, there exist matrices G € ¥, (F) and P € GL, (F) such that

G O H
ptxp=J"™, ptyp=| 0 D, O |, (3.1)
-H'" O Opxr

where v is a nonnegative integer and either D, € H,,_»_, (F) is nonsingular or D, van-
ishes.

PROOF. Without loss of generality, we can assume that X = ]{"). LetY = [_’é[ g],
where E € 3> (F). If D = O, then the proof is complete by letting P = I, G = E, and
H = C.If D # O, by (iii) in Section 1, we know that there exist matrices D1 € ¥,,_»_,(F)n
GL,,_»—+(F) and P; € GL,,_»(F) such that PltDPl = diag(D1,0). Let P, = diag(l>,P;).

Then,

E ¢ H
pixp,=J™,  plyp,=|-Cct D, O |, (3.2)
-H' O Opxr
where [ €1 H] = CP;. Denote
L O O
P=pP,|D;'Cl T O (3.3)
o 0 I

and G = E + C; D7 C!t. Then, by (3.2), the proof is complete. O
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LEMMA 3.2. SupposeF is any field and n > 4 is an integer, P'YP is of the form (3.1),
where P is in GL,,(F) and Y is in #,,(F). Then, Y € MK, (F) if and only if one of the
following three conclusions holds:

(i) rankH =2 andr € {2,3},
(ii) G+ O andr € {0,1},
(iii) G=0,r=1,and H # 0.

PROOF. The “if” part is obvious. Now we prove the “only if” part.

CASE 1. Suppose G # 0. Then, detG # 0 from G € ¥, (F), and hence V'YV = diag(G,
Di,H!'G 'H) for some V € GL, (F). Using Y € MK, (F) yields either (i) or (ii).

CASE 2. Suppose G = O. Then,

O o0 H
Plyp=| O D; O (3.4)
_Ht o Or><r

from (3.1). Using Y € MK, (F) yields either (i) or (iii).
The proof is completed. |

LEMMA 3.3. Suppose n > 4 is an integer, F is any field except for {0,1}, u € F\ {0,1},
and O # X € #,,(F). Then,rank X = 2 ifand only if X +Y € MK, (F) or uX+Y € MK, (F)
for any Y € MK, (F).

PROOF. We first prove the “if” part by the reduction absurdity. Assume that rank X #
2. Then, rank X > 4 from O # X € 3, (F), and hence there exist matrices X; € ¥, _4(F)
and P € GL,(F) such that X = Ptdiag(J,J,X1)P by (iii) in Section 1. Choosing Y, =
—Ptdiag(uJ,J,X>)P € MK, (F) yields that X + Yy ¢ MK, (F) and uX + Yy ¢ MK, (F), a
contradiction. The proof of the “if” part is complete.

Now, we prove the “only if” part. For any Y € /MK, (F), by Lemma 3.1, we can assume
that (3.1) holds for some P € GL,,(F) and G € ¥»(F). Thus,

G+uoJ O H
HoX +Y =Pt 0] D1 O |P, poe{l,u}. (3.5)
_Ht o Orxr

Obviously, G +uJ # O for some u; € {1, u}. This, together with G+, J € ¥ (F), implies
that det(G + u1J) # 0. Letting

L O —(G+wJ) 'H
U=]0 1 O p (3.6)
O O I

and using (3.5), we have ;X +Y = Utdiag(G + uiJ,D1,H (G + i J)"*H)U. This, to-
gether with Y € MK, (F) and Lemma 3.2, implies t; X +Y € MK, (F). The proof of the
“only if” part is complete. |

THEOREM 3.4. Suppose n > 4 is an integer and F is any field except for {0,1}. Then,
¢ Hn(F) — K, (F) is a linear bijective map preserving the max-rank if and only if ¢ is
of the form (2.11) or (2.12).
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PROOF. The proof of the sufficiency is omitted since it is easy. Now, we prove the ne-
cessity. Let u € F\ {0, 1}. For arbitrary but fixed A € %,, (F) withrank A = 2, we have from
Lemma 3.3 that either A+ B € MK, (F) or uA+ B € MK, (F) for any B € MK, (F). Using
the definition of ¢ yields either ¢(A) + ¢(B) € MK, (F) or up(A) + ¢(B) € MK, (F)
for any ¢(B) € MK, (F). By Lemma 3.3, we have either ¢»(A) = O or rank¢(A) = 2.
This, together with the injectivity of ¢, implies that rank ¢(A) = 2. Therefore, ¢ is a
linear bijective map on %, (F) preserving rank 2. By Theorem 2.4, we have completed
the proof. O

Theorem 3.4 generalizes those corresponding results in [4, 8].

4. Linear maps preserving the determinant and adjoint. It should be pointed out
that when n is odd, all linear maps on ¥, (F) preserve the determinant, since the deter-
minant of any matrix in %,, (F) is equal to 0, and the adjoint of an alternate matrix may
be nonalternate. For these reasons, we have to restrict n to be even in this section.

Now, we study the linear preservers of the determinant (resp., adjoint) on J, (F)
using Theorem 3.4, where n > 4 is even. We first investigate the following theorem
which generalizes the corresponding result in [6].

THEOREM 4.1. Suppose F is any field except for {0,1} and n > 4 is even. Then, ¢ :
I (F) — I, (F) is a linear map preserving the determinant if and only if ¢ has one of
the forms (2.11) or (2.12), where 6" (detQ)? = 1.

PROOF. The “if” part is obvious. Now, we prove the “only if” part. Firstly, we prove
that ¢ is bijective. It suffices to show that ¢ is injective since ¢ is linear. In fact, if
¢ (A) = O for some A € H,,(F), then there exists a matrix B € ¥, (F) satisfying det(A +
B) + 0 and

rank A +rank B = n. 4.1)

Thus, detB = det¢(B) = det(¢p(A) + ¢p(B)) = detp(A + B) = det(A + B) # 0. This, to-
gether with (4.1), implies rank A = 0, or equivalently, A = O. Therefore, ¢ is injective.
Secondly, noting that n is even, it follows from det¢ (X) = detX for all X € %,,(F)
that ¢ (MK, (F)) C MKy, (F) and ¢ (I, (F) \ MK, (F)) C Iy (F) \ MK, (F).
Combining the above two aspects yields that ¢ is a linear bijective map on ¥, (F) pre-
serving the max-rank. By Theorem 3.4, ¢ has one of the forms (2.11) or (2.12). Choosing

X =M™ yields 6™ (detQ)? = 1. The proof is complete. O

e
In[1], Chan et al. characterize all nonzero linear maps on ¥, (F) preserving the adjoint

when n > 4 is even and F is any infinite field of characteristic not 2. Now, we generalize
the result to any field except for {0,1}.

THEOREM 4.2. LetF be a field except for {0,1} and n > 4 even. Then, ¢ is a nonzero
linear map on H,,(F) preserving the adjoint if and only if there exist A € F* and Q €
GL,.(F), which satisfy A" 2 =1 and Q! = xQ! for some « € F*, such that either

P (X)=AQXQ ' VX eH,(F) 4.2)
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or
n=4, ¢X)=A0X*Q ' VX eIH4(F), 4.3)

where X* is defined by (1.3).

PrROOF. The “if” part is obvious. Now, we prove the “only if” part. Firstly, we prove
b (Hn (F) \ MK (F)) S Ho (F) \ MK (F). (4.4)

For any X € ¥, (F) \ MK, (F), by the fact [A2d]ad = (detA)" 2A for all A € K, (F),
we get [P(X)]2d = (detp(X))"2¢p(X) and P((X29)3d) = p((detX)"2X) =
(detX)"2¢(X). This, together with [¢(X)ad]ad = ¢ (xad)ad — ¢ ((xad)ad) giyeg

(detp(X))" 2 (X) = (det X)"2¢p(X). (4.5)

Using X € %, (F) \ MK, (F) gives (det¢p(X))*2¢p(X) = O, and hence ¢(X) € ¥, (F) \
MK, (F). Therefore, (4.4) holds.
Secondly, we show that

¢ (MK (F)) € MKy, (F). (4.6)

For any A € MK, (F), it is clear that detA + 0. If ¢¢(A) = O, taking D € ¥, (F)
with rankD = 2 and ¢(D) # O (note that the existence of D follows from ¢ = 0),
we have from (4.5) that (det(A + uD))" 2 = (det¢p(A +uD))* 2 = (detp(uD))* 2 =
u"2(detp (D))" 2 for all 4 € F*. This, together with (4.4) and D € %, (F) \ M¥K,, (F), im-
plies that det(A+uD) = 0 for all u € F*. Applying F # {0,1}, rank D = 2, and Lemma 3.3
to X =D and Y = A, we obtain A ¢ MK, (F), a contradiction. Therefore, ¢p(A) # O.
By (4.5), we have (det¢(A))" 2 = (detA)" 2 = 0, or equivalently, det¢p(A) # 0. Thus,
¢ (A) € MK (F).

Thirdly, we prove that ¢ is bijective. It suffices to shows from the linearity of ¢ that ¢
is injective. This is proceeded by the reduction to absurdity. Suppose that ¢(A) = O for
some nonzero A € ¥, (F). Without loss of generality, we can assume that A = diag(J,A;)
for some A; € 9, _>(F). Denote B = diag(—/J, J,...,J). Then, detB + 0 and det(A+B) =
Using (4.4) and (4.6) vyields det¢(B) = 0 and det¢(A + B) = 0, which contradicts
b(A) =0

Combining the above three aspects yields that ¢ is a linear bijective map on ¥, (F)
preserving the max-rank. By Theorem 3.4, ¢ has one of the forms (2.11) or (2.12). For
a =0, take B, = a]ln) + Z"/Zj(m it easy to see that B = (a’—a)J; ) _ 2B,

When ¢ is of the form (2.11), that is, ¢p(X) = 6Q'XQ for all X € ¥, (F). Let QQ! =
Q1 = [qij], where g;; € F. Note that P(A)p (A = (detp(A))I, for every A € I, (F).
This, together with f(B,;) = £(Ba%), gives Q1B24Q; = 6" ?det(Q;)B2%. Thus, in a sim-
ilar argument to that in [1, Theorem 4], we see that Q1J; (n) _ gn-27y {")Q‘{d. In general,
we have

Q1 (Eij—Eij) = 8" %(Eij —Eij) Q"  Vi=j. 4.7)
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Note that Q; is symmetric, by (4.7) we have
Asi=as; =0 Vi j#s,  duqj;—d;;=0"""detQi. 4.8)

This gives d € F* with d> = §"2Q; such that Q; = dI,, and (d5)" 2 = 1. Hence, ¢ is of
the first form in this theorem.

When ¢ is of the form (2.12), similarly, we obtain that ¢ is of the second form in this
theorem. |

REMARK 4.3. When n =4, [1, Theorem 4] shows that the map

0 X12 X13 X4 0 X34 X4 X223
Iz -x12 0 Xo3  Xoa| =X O X114  X13 (4.9)
T -x13 —x23 0 X34 —X214 —X14 0 xi '
—X14 —X24 —X3¢ O -X23 —X13 —X12 O

preserves adjoint matrices. However, it is easy to see that f is one of the forms in
Theorem 4.2 by choosing Q = E14 + E>3 + E3» + E4; and A = 1.
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