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Given two multiplicative arithmetic functions, various conditions for their convolution, pow-
ers, and logarithms to be completely multiplicative, based on values at the primes, are de-
rived together with their applications.
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1. Introduction. By an arithmetic function we mean a complex-valued function
whose domain is the set of positive integers N. We define the addition and convolu-
tion of two arithmetic functions f and g, respectively, by

(f+9)(n)=fm)+gn), (fxg)(n)= > fi)g(j). (1.1)

ij=n

It is well known (see, e.g., [2, 6, 15, 16]) that the set (s, +, %) of all arithmetic functions
is a unique factorization domain with the arithmetic function

1 ifn=1,
I(n) = (1.2)
0 otherwise,

being its convolution identity.
A nonzero arithmetic function f € o is called multiplicative if and only if

fmn) = f(m)f(n) whenever (m,n)=1. (1.3)

It is called completely multiplicative if this equality holds for all m,n € N.

Denote by Jl the set of all multiplicative functions and by % the set of all completely
multiplicative functions. It is easy to see that the elements of .l are uniquely determined
via their values at all prime powers, while those of ¢ are uniquely determined only via
their values at the primes. Unlike .(, which is a group with respect to convolution, € is
closed neither with respect to addition nor convolution.

A natural problem is that of characterizing Jl and % by various means and there have
appeared a number of such investigations, for example, by Apostol [1, 2], Carroll [5],
Laohakosol et al. [10, 11], and Rearick [12, 13].

In this paper, we propose the naive problem: given f,g € ., find (simple) necessary
and sufficient condition(s) for their convolution, powers, and logarithms to be in .
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Though the problem seems elementary, we have not been able to locate its complete
solution. As we will see, several of the techniques used to resolve certain cases of this
problem are not elementary, that is, making use of logarithmic operators (see [10, 11,
13]).

The question about sum is trivial because by looking at the values at n = 1 we see
immediately that a sum of two multiplicative functions is never multiplicative.

To facilitate later discussions, we recall some basic facts about logarithmic operators
on dA. For f € s, its Rearick logarithm, denoted by Log f € «, is defined by

(Log f)(1) =log f(1) (assuming f(1) > 0),

_ 1 —1(n

(Log f)(n) = logndg‘nf(d)f (d)logd (1.4)
_ 1 -1
—logn(df*f Y(n) (m>1),

where d f (n) = f(n)logn denotes the log-derivation of f.
In 1973, Carlitz and Subbarao [4] defined another logarithmic operator of f, denoted
by Bf € «, as follows:

(Bf)(1) =1 (assuming f(1) = 1),

00

_1)r-1
Bfm =3 = S fla)-flar) (> 1), (1.5)
r=1 ay---ar=n

a;#1(i=1,...,r)

As proved in [10], these two logarithms are
(i) essentially identical, that is, both take the same values except only at n =1,
(ii) both bijective,
(iii) both transform convolution into sum.
Indeed, as shown by Carlitz and Subbarao [4], the inverse (with respect to convolution)
of B is the operator y :U; — U, where AU, is the set of all arithmetic functions f such
that f(1) = 1, defined by

(yg)(1) =1,

(yg)(n)= > glar)---glay) (m>1). (1.6)
r=1

3|
M

2. Convolution. We first look at the case of convolution.

THEOREM 2.1. Let f,g € M. Then f x g € € < either

gpY) =Y+ (fp)+ap)f(p*)
o (fP) g T )+ (F(p) +g(p)”
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or

fFp®) =g (p")+(F(P)+g(p))g (p*")

a-1__1q a (22)
++(f(p)+gP)” g )+ (f(P)+g(p))
for all primes p and all a € N.
PROOF. Writing g = (f *g) x f~! and evaluating at prime powers, we get
a(p®) =P (fxg) )+ (p ) (f*9)(p) 03

+o - fTH)(f % 9) (pY).

If fxge%, then (f+g)(p)) =(f*g9)(p)=(f(p)+g(p))i and (2.1) results immedi-
ately. Further, (2.2) follows by interchanging f and g in the above arguments.

On the other hand, if (2.1) holds, then comparing (2.1) and (2.3) for successive values
ofa=1,2,3,..., we conclude that

(f*9)(p?) = (f*9)(p)*, (2.4)

and so
(f*xg) €. (2.5)
The same result holds similarly for (2.2). O

Two remarkable consequences are now in order.

COROLLARY 2.2. Let f €6 and g € M. Then

frgee=g(p*) =gp)(gp)+fp)*" (2.6)

for all primes p and all a € N.

PROOF. This is immediate from (2.1) in Theorem 2.1, noting that f~'(p) = —f(p)
and

fet= fl(pH)=0 Vi=2. (2.7)
O

COROLLARY 2.3. Let f,g € 6. Then

fxgee= f(plgp)=0 (2.8)
for all primes p.
PROOF. From Corollary 2.2, we have

frgee=g(p?)=gp)(gp)+fip)

2.9
= f(p)g(p) =0, 29
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while

a-1

f(p)gp) =0=g(p*) =g(p)(gp)+f(p)) 2.10)
= f*xgee. ' 0

3. Powers. We first recall some of the results in [13]. For h € 4, the (Rearick) expo-
nential Exp h is defined as the unique element

fed, f(1)>0, suchthath=Logf. (3.1)
For fed, f(1) >0, and » € R, the vth power function f7 is defined as
f" =Exp(rLogf). (3.2)

From [12], we know that if f € Jl, ¥ € R, then f7 € ., which also implies that if /" € .,
r € R\ {0}, is multiplicative, then f is also multiplicative.
Recall also the Hsu’s generalized Mobius function (see [3, 8, 11])

_ & _1)vp(n)
pam) =] (Vp(n))( 1vem, (3.3)
pin
where « € R and v, (n) is the highest power of the prime p dividing n.
THEOREM 3.1. Let f € Ml and v € R\ {0}. Then
_1
free= f(p*) = ( r) (-r)f(p)* (3.4)

a

for all primes p and all a € N.

PROOF. Assume f7 € €. By Haukkanen’s theorem [8] and the property of power
function, we have

o f = (MY = f, (3.5)

so that

a

1
F(P?) = po1p (ph) fT (p?) = (_?) (-D2f"(p)“. (3.6)

By the result of Carroll [5], see also [10], for f" € €, we have

S"(p) =Log f"(p) =rLogf(p)

__r -1 -1 _
flogp[f(l)f (p)logl+ f(p)ft(logp]=7rf(p),

(3.7)

and (3.4) follows.
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Conversely, assuming (3.4), to show f" € 6, we use a characterization of Apostol [1],
namely,

freee fr(pt) =0 (3.8)

for all primes p and all integers a > 2.
Writing g = f~7, then Logg = —v Log f. We will show that g(p%) = 0 for all a > 0.
Since

Log () = o (df ) (m) (> 1), (3.9)
then
fxdg=-r(gx*df). (3.10)
Thus
D flhdg)=-r 3 gi)df (). (3.11)
ij=pa ijopa

Taking a = 1, we get g(p) = - f(p).
Taking a = 2 and using g(p) = —7v f(p), we get

29(p?) =-r[2f(p*)-(r+1)f(p)?*] =0. (3.12)

By induction, using (3.4), for a > 2, we deduce that g(p%) = 0. O

REMARK 3.2. An alternative proof of the “only if” part of Theorem 3.1 can be done
as follows. Assuming (3.4), to show f7 € ¢, we use a characterization of Carroll [5],
namely, for f € M, f € 6 if and only if

fpr .
(Log f) (1) :{ a if n = p%, p prime, a > 1, (3.13)

0 otherwise.

From the hypothesis and using induction on a, we easily verify that

a

1
S (p?) = (17) (-r)2f(p)? (3.14)

for all primes p and all a € N.
Next we want to show that v (Log f) (p?) = (v f (p))%/a. From the definition of Rearick
logarithm Log f, we have

(Log f)(p?) = é[f(v)f*l(v“*l) +2f(p*) S (p*?)
+o+a-Df(p ) f ) +af(p?)],

(3.15)
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and so, using (3.14), we get

a a l l
(Log f)(p*) = Zf(p)“[zi(_r) ( r )(—1)“}. (3.16)
i=1 a

i -1
Using Riordan [14, identity (3d), page 10], we deduce that

(Log f) (p%) = @ . % (3.17)

and the desired result follows.

COROLLARY 3.3. Let f €% andv € R\{0,1}. Then
ffe¢= f=1I (3.18)

PrROOF. Forall primes p and all a € N, by Haukkanen’s theorem [8] and Theorem 3.1,
we have

free= (u,f)(p*) =, (p*=U"p)"
r+a-1 ay a
o W TSRt 10)

a

S (N

Taking a = 2, since v # 0,1, we get f(p) = 0 for all primes p. Being in %, this yields
f-r
If f =1 €, by Haukkanen’s theorem [8], we get

1 ifn=1,
I"(n) = (U I)(n) =y (M) (n) = { ) (3.20)
0 otherwise,

and so I" € €. O

REMARK 3.4. Corollary 3.3 is false if the assumption f € € is dropped as seen from
the following two examples.

(1) Take f as the Mobius function p # I and 7 = —1. We know that (see [2]) u~! is the
unit function u, u(n) =1 (n > 1), that is, u=! € €.

(2) Take f = |u| = u2 # I and r = —1. Hence, |u|~! is the Liouville function A € €
(see [2]).

4. Logarithms. Since any two of the three known logarithms are the same except at
n = 1, then we may use any of them whichever appropriate. We start by observing a triv-
ial fact that if f is multiplicative, then its Rearick logarithm Log f is not multiplicative
because (Log f)(1) =log f(1) =0.

A mnatural question to consider here is that of finding a necessary and sufficient condi-
tion for the Carlitz-Subbarao logarithm B f to be (completely) multiplicative for a given
f € . This proves to be a difficult task, and we have the following partial result.
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THEOREM 4.1. Let f € « with f(1) = 1. Then its Carlitz-Subbarao logarithm Bf €
% < for distinct primes p1,...,px and positive integers ni,...,ny, there holds

FP - pd) = oy mi) £ (p1)™ - - F(pr) ™, 4.1)

where
> 1
x(ny,...,n z T— r(ny,...,ng), (4.2)
I, (ny,...,nx) =>%1; 3* denotes the sum taken over nonnegative integers nii,...,n,1;

Mk, -.., Nk SUCh that

Niyp+---+Ny1 =N1y.., N+ - - + Ny = Ny,

4.3)
np+---+n>0,...,mp1+---+n,>0.

PROOF. Put g = Sf. Then g(1) = Bf(1) = 1. Assuming g = Bf € €, by [4, Theorem
4.28 and equation (1.2)] of Carlitz and Subbarao, we see that for m > 1,

=1
fm)=> = > glar)---g(ar) = gm)c(m), (4.4)
r=1 ap---ar=m
a;#1(i=1,..,r)
where
c(m):ii > 1 (4.5)
r! ’ )
r=1 ay---ay=m
a;i#1(i=1,..,r)
Writing m as a unique prime factorization, m = p{” s p,t”‘, we have

> 1=>1. (4.6)

The sum > * depends only on ¥, n,...,n, but is independent of p,...,px; we call
it I, (ny,...,nk). Thus the function

c(py-- 2

l r(ny,...,ng) (4.7)
7l

depends only on7 and ny,...,ng, butis independent of p1,..., pk, so that we may rewrite
it as «(nq,...,ng). Such a function c(m) is known as prime-independent arithmetic
function (see [9, page 33]). Since f(p) =g(p)c(p) =g(p), then

Fp %) = a(ny,.om)g(p)™ - - g(pe)™
(4.8)

as to be proved.
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Conversely, from g = Bf, we get (see [4]) f = yg; that is,

SLos ga)-ga)

ay-ar=pl-p] (4.9)
=f(pr" - pt) = an,mi) f(p)™ - f (i)™

Specializing k = 1 = n;, we get g(p) = f(p).
Thus

ar-ear=p! ooop! (4.10)

Nk

We now show that g(p?) = g(p)* for each prime p and i € N.
Taking k = 1 and n; = 2 in (4.10), observing that «(2) = >, (1/r)I,(2), we have

1 1 1 1
19 + 50 = «@g(p)? = 3+ 5 ), (.1

that is, g(p?) = g(p)>.
Assuming g(p’) = g(p)’ for all j < i, and using induction in (4.10), we obtain

1 ; I ) )
19" +g(p)l§2 (D) = x(Dg(p)'. 4.12)

As observed earlier, (i) is just the sum of the coefficients of the g’s on the left-hand
side and this yields g(p?) = g(p)* as desired.

Next, we show that g(piq’) = g(p)ig(q)’ for distinct primes p, g and i, j € N. Taking
k=2,p1=p,p2=q,and n; =n, =1 in (4.10), we get

x(1,1)g(p)g(a) = %g(vg)w(v)y(q). (4.13)

Again since x(1,1) is the sum of the coefficients of the g’s on the right-hand side, we
deduce that g(p)g(q) = g(pq). Next, using g(p?) = g'(p)" and induction on i+ j, we
deduce that g(p'q/) = g(p)ig(a)’. Finally, g(p}' - - - p*) = g(p1)" - - - g(py)'* follows
by induction on k. O

5. Applications. Our first application is related to one of our earlier results in [11]

which states that for f € M, x € R\ {0,1}, if f* = u_f and f satisfies condition (NE),
then f € %. Here condition (NE) reads: if « is a negative even integer, then

fp=* Y = f(p)~* for each prime p. (5.1)
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A similar result to the one above but without condition (NE) is the following proposition
easily deduced from [11, Theorem 1.2].

PROPOSITION 5.1. Let f € M and x € R\ {0}. Then
04 a a 1 24 “
fete o (p) = palp®) (170 5.2)

for all primes p and all a € N, where L denotes the Hsu's generalized Mobius function.

Our second application is related to the notion of totients (see [7]).
Recall that f € o is a totient if it is of the form

f=rfixft (5.3)

where f; (integral component) and f, (inverse component) are both in 6. Those totients
belonging to 6 are characterized in the next proposition which is an easy consequence
of Corollaries 2.2 and 2.3.

PROPOSITION 5.2. (i) Let f = f; x f;;! be a totient. Then

feb= fo=Iorf,'(p)+fi(p)=0 (5.4)

for all primes p.
(i) Let f = frx f;' and g = gc x g;' be two totients. Then

f*gisatotient <= f;(p)gi(p) =0= f,(p)gv(p) (5.5)

for all primes p.

Another related concept is the following: f € s is said to be a rational arithmetical
function of degree (v,s) (see, e.g., [7]) if it is of the form

f=g1%gax---xgrkxhi'xhy' %---xh;!, gih;€e. (5.6)

Again by Corollaries 2.2 and 2.3, we have, for example, the following characterization
which can be evidently generalized.

PROPOSITION 5.3. (i) Let f = g1 * g2 * h{' be a rational arithmetical function of
degree (2,1). Then

f is a totient < g1(p)g»(p) =0 (5.7)

for each prime p.
(ii) Let f = g1 * hi' % h3! be a rational arithmetical function of degree (1,2). Then

f is a totient <> hy(p)h2(p) =0 (5.8)

for each prime p.
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Our last application is related to the concept of specially multiplicative functions.
Recall that an arithmetic function F is said to be specially multiplicative (see [16]) if
there is a completely multiplicative function f4 such that

FomFm)= 5 F(Z2
dl(mmn) (dZ

)fatab. (5.9)

It is also known that each specially multiplicative function is a product of two com-
pletely multiplicative functions.
A straightforward consequence of Corollary 2.3 is the following result.

PROPOSITION 5.4. Let F = f x g be a specially multiplicative function with f,g € 6.
Then

Fe¢= f(p)gp)=0 (5.10)

for all primes p.
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