SOME CHAIN CONDITIONS ON WEAK
INCIDENCE ALGEBRAS

SURJEET SINGH AND FAWZI AL-THUKAIR

Received 19 March 2005 and in revised form 12 July 2005

Let X be any partially ordered set, R any commutative ring, and T = I*(X,R) the weak
incidence algebra of X over R. Let Z be a finite nonempty subset of X, L(Z) = {x € X :
x < zforsome z € Z}, and M = Tez. Various chain conditions on M are investigated.
The results so proved are used to construct some classes of right perfect rings that are not
left perfect.

1. Introduction

Let R be a commutative ring and X a partially ordered set. Let T = I*(X,R) be the
set of all functions f : X X X — R such that f(x,y) = 0, whenever x £ y, and {(x,y) :
f(x,y) # 0and x < y} is finite. Then T is an R-algebra under the operations defined as
follows. Forany f,ge T,x,y € X,andr € R, (f +g)(x,y) = f(x,¥) +g(x, ), fg(x,y) =
szzsy f(x,2)g(z,y),and r f(x,y) =r - f(x,y). The algebra T is called weak incidence al-
gebra of X over R. For a locally finite partially ordered set Y, the concept of incidence al-
gebra I(Y,R) is well known [6]. It can be proved on similar lines as for incidence algebras
that for any two partially ordered sets X, Z and any two indecomposable commutative
rings R, S, I*(X,R) and I*(Z,S) are isomorphic as rings if and only if X and Z are iso-
morphic and R and S are isomorphic [5]. It has been seen in [1, 5] that weak incidence
algebras can be used to construct rings whose left and right maximal rings of quotients
need not be isomorphic. Here we give some more such applications. If X is infinite, ob-
viously T is neither left nor right artinian or Noetherian. In the present paper we study
chain conditions on a specific one-sided ideal of T. Let Z be a finite nonempty subset of
X,L(Z)={xe X:x<zforsomez e Z}, and M = Tey, where for any subset Y of X,
ey € T is such that ey (x,x) = 1 for every x € Y, and ey (x, y) = 0 otherwise. Theorem 3.5
shows that M is an artinian left T-module if and only if R is artinian and L(Z) satisfies
dcc and has no infinite antichain. Theorem 5.2 gives a similar result for M to be Noe-
therian. In Section 4, the construction of partially ordered sets satistying dcc but having
no infinite antichains is studied. In Section 6, perfect rings are studied, as an application;
Theorem 3.5 is used to construct a class of right perfect rings that are not left perfect.
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2. Preliminaries

Throughout, all rings have identity element 1 # 0. Let X be a partially ordered set and
R a commutative ring. A subset S of X is called an antichain in X if no two members of
S are comparable [6]. We will apply the terminology for incidence algebras given in [6]
for weak incidence algebras. As usual, for any x < y in X, ey, denotes the corresponding
matrix unitin T = I*(X,R). Now K*(X,R) = {f € I*(X,R) : f(x,x) = 0 for each x € X}
is an ideal K*(X,R) contained in its lower nil radical, and T/K*(X,R) = I1,cxR,, with
each R, = R. The following is immediate.

LemMaA 2.1. Let M be an artinian (Noetherian) left module over T = I*(X,R) such that
K*(X,R)M = 0, then for some finite subset Z of X, (1 —ez)M = 0. In particular, if M is
artinian, then M has finite composition length as an R-module.

3. Artinian modules

A partially ordered set X is said to satisfy strong dcc if it does not contain an infinite
sequence Xi,X,...,Xp,... such that x; } x; whenever i < j. Let Z be a finite nonempty
subset of X and M = Tey = >, Texr. Now 1M is artinian if and only if Te,, is artinian
for every x € Z. A finite union of subsets of X satisfies strong dcc if and only if each of the
subsets satisfies strong dcc. Suppose M is artinian. Then R is artinian. Suppose L(Z) does
not satisfy strong dcc. Then there exists an xo € Z such that L(x) does not satisfy strong
dcc. Therefore there exists an infinite sequence in L(xo) : X1,X2,...,Xp,... such that x; } X;
whenever i < j. Forany n > 1, let N, = >t Texx,. Then Nyty C N, © M, which contra-
dicts the assumption that M is artinian. Hence L(Z) satisfies strong dcc. We now discuss
the converse of this result. Henceforth we assume that R is artinian and L(Z) satisfies
strong dcc. Suppose M is not artinian. Without loss of generality we take Z = {xy} and
M = Tey,y,. There exists an infinite properly descending chain of T-submodules of M :
NiDN;D+--+DN,D---.Foreachi>1 andeL(xo),letA,(f) = {a € R:aeyx, € Ni}.
Lemma 3.1. (i) AY ¢ A(yi whenever y < xin L(xp).

(i1) For any x € L(xo) 0 c wheneverj <i

(iii) Ifo C Ay , then elther] <iorx < y.

(iv) IfAY gAy , then either y £ x ori < j.

Proof. (i) and (ii) are obvious.
(i) Suppose j & i. Then i< j,and AY ¢ AP c AV If x < y, then A} c AV < AY),
which is a contradiction. ' ' ' ' ' '
(iv) Suppose y < x. Then AY ¢ A(y] B ; j < i, then AD < AV therefore AY < A(y] &
which is a contradiction. O

Let S be the set of all AY with x € L(xg) and i > 1. Let A € S. For some x € L(x)
and an i, A = AY. As L(xo) satisfies dcc, by keeplng i fixed we can find x minimal with
respect to the pair (A,7). If for some j >i, A = AY, then we can find minimal x’ < x for
which A = A(J ). Hence we can find an x € L(xo) and a positive integer ¢ such that A = AY
such that if for some u > tand y < x, A = Ay , then x = y. Keeping this in mind, a triple
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(A, t,x) is called a critical tripleif A€ S, A = A(t) and if for some u >t, y <x, A= Ag,“),
then y = x. For any subset V of S, the set of those x € L(xy) such that (A,#,x) is a critical
triple for some A € V and t > 1 is called the L(xo)-co-support of V.

LemMa 3.2. (a) Let A,B € S. If for some positive integer i, (A,i,x) and (B,i,y) are critical
triples and x # y, then one of the following holds: (i) x < y and B C A, (ii) y <x and A C B,
and (iii) x and y are noncomparable.

(b) If (A,i,x) and (B, j, y) are two critical triples with A and B noncomparable or equal,
and x < y, then j <.

Proof. (a) is immediate. (b) Now B = A(J ) ¢ A;(cj ) Ifi < j, then Aij ) ¢ AY = A, therefore
A=B= Ai]) and (A, j,y) is a critical pair. But also A = Aij), hence x = y, which is a
contradiction. Hence j < i. O

LemMA 3.3. Let Y < S be an antichain. Then Y is finite.

Proof. Let Z be the co-support of Y. For any i, let Y (i) = {A € Y : (A,i,x) is a critical
triple for some x € Z}. Let Z; be the set of those x € L(xp) such that (A,i,x) is a critical
triple for some A € Y (i). It follows from Lemma 3.2(a) that Z; is an antichain, so Z; is
finite. If for some A,B € Y(i), (A,i,x) and (B, i, y) are critical triples and A # B, clearly
x # y. Hence Y (i) is finite. Let Z; be the set of minimal members of Z. Fix an x € Z,
and a critical triple (A, k,x). Consider any critical triple (B,i, y) withx < y and B € Y. By
Lemma 3.2(b), i < k. Let Y, = {B € Y : there exists a critical triple (B,i, y) with x < y}. It
follows that Y, = Ui-‘:l(Yx N Y (i)) is finite. As Z; is finite and Y = U, Y, we get Y is
finite. O

LEmMMA 3.4. S is finite.

Proof. For any A € §, the set Sy of all those B € S which are minimal with respect to
A < B is finite by Lemma 3.3. Also the set Y} of minimal members of § is finite. After this
by using the fact that R has finite composition length, we get S is finite. O

THeOREM 3.5. Let T = I*(X,R), where X is any partially ordered set and R is a commutative
ring. Let Z be a finite nonempty subset of X and M = Tez. Then M is an artinian left T-
module if and only if R is artinian and L(Z) satisfies strong dcc.

Proof. As remarked earlier it is enough to take M = Te,,,. Suppose that L(xo) satisfies
strong dcc and R is artinian. Suppose M is not artinian. So M has an infinite properly
descending chain of T-submodules: Ny D N; D -+ DN, D - We use the notations
given above this result. Let A € S. Fix an x € L(xo) Suppose A= Ax for some i. Then
either there exists a smallest positive integer s(,4) such that A = AY for every j = S(y,a) or

there exists a largest positive integer k() such that A = A¥) et Z, be the set of those
x € X for which A admits the positive integer k(y,4). Suppose there is no upper bound on
k(x,4) as x ranges over Z,. So there exists an infinite sequence: X1,X2,...,Xy,... in Z4 such
that k(y, 4) > k(x;,4) whenever i > j. Then x; £ x; whenever i < j. This contradicts the as-
sumption that L(x,) satisfies strong dcc. Hence there exists a positive integer k4 such that
kx,a) < ka for every x € Z4. As S is finite, we can find a positive integer u such that for
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any A € S, x € L(xp), s(x,A) < u and k(x,4) < 4, whenever s 4) or k(x4 is defined. Con-
sider N,,. If for some A,(c”), A,(cu) ) Ai““), then for A = Ai““) we have k(y,4) >k or S(x,4) > U,
which is a contradiction. Hence Agc") = A;(C”H). This proves that Ny = N4, which is also a
contradiction. Hence M is artinian. O

Remark 3.6. Let X be a partially ordered set satisfying strong dcc, and R an artinian com-
mutative ring. It follows from the above theorem that for T = I*(X,R), any finitely gen-
erated left ideal contained in A = >, cx Tex, satisfies dcc. As the ideal K*(X,R) = {f €
T: f(x,x) =0 forevery x € X} < A, and it is nil, K* (X, R) is right T-nilpotent. However
this ideal need not be left T-nilpotent. For example, let N be the set of natural numbers
with usual ordering. Then for any field F, K*(N, F) is not left T-nilpotent.

4. Partially ordered sets

We now prove some results that can help in constructing partially ordered sets satisfying
strong dcc.

ProrosiTioN 4.1. A partially ordered set X satisfies strong dcc if and only if it satisfies dcc
and it has no infinite antichain.

Proof. 1f X satisfies strong dcc, obviously it cannot have an infinite antichain. Conversely,
let X satisfy strong dcc and have no infinite antichain. Suppose there exists an infinite
sequence {x;} in X such that x; # x; whenever i < j. These x; are distinct. Let A be the set
of these x; and § the set of minimal members of A. Then § is a finite nonempty set. So
there exists an x; € S such that x; < x; for infinitely many values of j. As a consequence,
we can find a k > i such that x; < x¢, which is a contradiction. Hence X satisfies strong
dec. O

THEOREM 4.2. Let X and Y be two partially ordered sets satisfying strong dcc, then the
partially ordered set Z = X X Y with the ordering given by (a,b) < (¢,d) if and only ifa < ¢
and b < d satisfies strong dcc.

Proof. That Z satisfies dcc is obvious. Suppose Z has an infinite antichain S. Let A; and
A, be sets of X-components and Y-components respectively of the members of S. As Y
does not contain an infinite antichain, for any fixed x € A,, there are only finitely many
y € A, such that (x,y) € S. Also, the number of minimal members of A, is finite. So
there exists a minimal member x; € A; such that T} = {(x, y) € S: x; < x} is infinite. Fix
an (x1, y1) € S. If (x, ¥) € Ty, then either y < y; or y and y; are noncomparable. Thus T}
satisfies one of the following conditions.

(i) There are infinitely many (x, y) € T; such that y < y;.

(ii) There are infinitely many (x, y) € T; such that y and y; are noncomparable.

Suppose (i) is satisfied. Then S; = {(x,y) € T : y < 1} is infinite. As for S, we can

find an (x2, y2) € Sy such that T, = {(x, ) € $; : x; < x} is infinite. Now y, < y;. Suppose
T, also satisfies (i), that gives rise to a subset S, analogous to S;. Continue the process,
and this gives a descending chain in Y. As Y satisfies dcc, this process must end after
a finite number of steps. Thus we get a subset V; of S; and an element (u;,v;) € V3
such that V, = {(x,y) € V :u; <x, yand v, are not comparable} is infinite. Thus for
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any infinite antichain S in Z, there exists a (u,v) € S, such that T = {(x,y) € S:u <
X, y is not comparable with v} is infinite, so T satisfies (ii). Suppose for some #n > 2, we
have constructed infinite sets V; in S, for 1 <i < n, (u;,v;) € Vi, for 1 <i<n—1 with
Vis1 = {(x,y) € Vi:u; < x, v; and y are noncomparable}. Now V,, has an element (u,,v,)
such that V41 = {(x,y) € V,, : u, < x, v, and y are noncomparable} is infinite. This in-
ductive process gives an infinite set L = {(u;,v;) :i = 1} < S such that u; < u;; for any
i>1,but B= {v;:i> 1} is an infinite antichain in Y. This is a contradiction. Hence Z
satisfies strong dcc. O

Example 4.3. For any finite collection of well-ordered sets, their direct product as defined
in the above theorem satisfies strong dcc.

Definition 4.4. Let X be a partially ordered set satisfying dcc. For any nonnegative integer,
define s;(X) as follows. Firstly, so(X) is the set of all minimal elements in X. For any i > 0,
an x € si41(X), if it is minimal with respect to the property that for some y € 5;(X), y < x.
Define By (X) = U2 i(X).

Lemma 4.5. Let X be any partially ordered set satisfying dcc.
(i) Every si(X) is an antichain. In addition if X satisfies strong dcc, then every s;(X) is
finite.
(ii) If for some i > 0, an x € s;{(X), then there exists a sequence xo < x1 < - - - < x; = X such
that x; € sj(X) for0 < j <i.
(iii) Let x € si(X) for some i, y € s;(X) for some j > i. Then y £ x.

Proof. (i) is immediate from the definition and Proposition 4.1.
(ii) follows by using induction on i.
(iii) Suppose y < x. By using (ii) we have y;_; < y < x. By Definition 4.4, y = x. At the
same time, as j > i, by (ii), there exists z € s;(X) such that z < y. This contradicts
(i). Hence the result follows. O

Definition 4.6. Let X be a partially ordered set satisfying dcc. For any ordinal «, de-
fine By(X) as follows. By(X) = &, the empty set, if « = f+ 1, then By(X) = Bg(X) U
By (X\Bg(X)). If a is a limit ordinal, then By(X) = Up<o Bg(X).

Lemma 4.7. Let X be any partially ordered set satisfying strong dcc.
(1) Bi(X) is countable.
(i) For any two ordinals B < a, if & = B+, then B4(X) = Bg(X) U B, (X\Bg(X)).
(iii) X = B4(X) for some ordinal .
(iv) Suppose X = By(X) for some smallest ordinal a. If for every < &, By (X\Bg(X)) is

linearly ordered, then X is linearly ordered.

Proof. (i) is immediate from Lemma 4.5.
(ii) follows from Definition 4.4 by using transfinite induction on y.
(iii) If X = B1(X), there is nothing to prove. Suppose X # B;(X). Then B;(X) is
countably infinite. It follows from the definition of a Bg(X) that if X # Bg(X),
then [Bg(X)| = |B]. Now there exists a smallest ordinal 8 such that |B] > [X].
Then X = Bg(X). Finally (iv) is obvious. O
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Remark 4.8. Let X be a partially ordered set satisfying strong dcc. If X is infinite, then
each s;(X) is nonempty and B, (X) is countably infinite. So, the given ordering on B;(X)
can be extended to a linear ordering such that B;(X) becomes isomorphic to the set of
natural numbers. Now extend the ordering on X as follows. Let x, y € X. If x € B4(X)
and y € Bg(X) such that « < 8 and y & B,(X), then set x < y. For any ordinal «, extend
the ordering on B;(X)\B4(X), such that it embeds in the set of natural numbers. This
makes X a linearly ordered set satisfying dcc. The order on any partially ordered set can
be extended to a linear order, [3, Chapter 1]. Here, we see that X can be made into a well-
ordered set. Let (Y, <) be any linearly ordered set with the following properties. (i) For
some ordinal &, Y is a union of an ascending chain of subsets { Y} g<q, with each Y1\ Yp
embeddable in the set of natural numbers. (ii) For any limit ordinal 8 < &, Yg = U, 3 Y'y.
(iii) Forany y € Y\Ygand x € Y, x < y. Then Y satisfies dcc. For each 8 < &, consider any
ordering <g on Y1\ Y under which Y1\ Yp satisfies strong dcc and the given ordering
on Yg,1\ Yy extends <g. This defines an ordering <’ on Y that for each 8 < a coincides
with <g on Y41\ Y and equals < otherwise. Then (Y, <) satisfies strong dcc.

5. Noetherian modules

Let X be a partially ordered set. X is said to satisfy strong acc if it does not contain an
infinite sequence x1,%2,...,%Xy,... such that x; ;{ x; whenever j > i.

As in Section 3, we consider M = Tez, where Z is a finite nonempty subset of X. If M
is Noetherian, it follows on similar lines as in Section 3 that R is Noetherian and L(Z)
satisfies strong acc.

To prove the converse of the above remark, throughout we take R to be Noether-
ian, Z = {xp}, and xy € X such that L(x) satisfies strong acc. Let N be a submodule
of M. For each x € L(xp), set Ay = {a € R: aey, € N}. Each A, is an ideal of R and
N = > cr(x) Axexx,- For x < y in L(xg), A, S A,. Let S be the set of all Ay, x € L(xo).
Consider any subset K of S. For any A € K, as L(xo) satisfies acc, we can find x € L(x)
maximal with respect to the property that A = A,. Let Z(K) be the set of all such maximal
elements of L(xg).

LemMa 5.1. Let Y < S be an antichain. Then Z(Y) is an antichain and Y is finite.

Proof. Letx,y € Z(Y) such that x < y. For some A,B€ Y, A = A and B = A,. However
A, c Ay, 50 A= B. As x is maximal with respect to A, we get x = y. Hence Z(Y) is an
antichain, so Z(Y) is finite. For each A € Y, there exists an x € Z(Y) such that A = A,.
Thus there exists a mapping of Z(Y) onto Y. Hence Y is finite. O

THEOREM 5.2. Let T = I*(X,R) where X is a partially ordered set and Z is a finite nonempty
subset of X. Then M = Tey is a Noetherian T-module if and only if R is Noetherian and
L(xo) satisfies strong acc.

Proof. Without loss of generality we take Z = {x¢}. We use notations given above Lemma
5.1. Let R be Noetherian and L(xy) satisfy strong acc. Let N be a T-submodule of M. As R
is Noetherian, Y; ={A €S: A is maximal in S} is nonempty and no two members of Y;
are comparable. Set Z; =Z(Y}). Consider Ny = > ., TAxexy,. Let y <x with x€ Z;, then
A, c Ay, therefore A, = A, and Aje,y, = e)x(Arery,) S N1. Hence N1 = 3 cp(7,) Axerx,-
Suppose, for some n > 1, we have already defined subsets Z,,25,...,Z,, V, = UL, Z;, and
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N, = > sev, TAxexy, such that the following hold. (i) N, = > ,cp(v,) Axexx» (ii) for any
y € L(V,), there exists an x in V), such that y <x and A, = A, and (iii) for any y €
L(x0)\L(V,), there exists x € Z, such that A, < A,. Set S,y; = {A € S: A = A, for some
x € L(xg)\L(V,)} and Y, the set of all maximal members of S,..;. Set Z,,.1 = Z(Y,.11),
Vius1 = Va U Zyi1, and Nyqy = X ey, TArery,. The above three conditions are obviously
satisfied by N. Suppose they are satisfied by N,, for some n. Suppose y € Z,4; and x € X
such that x < y. Then A, € A,. If x & L(V,), Ax = A,. If y € L(V,,), by (ii) there ex-
ists z € V,, € Vyy1 such that y <z and A, = A,. Hence Nyy1 = 2 cp(v,,,) Axexx- Thus
N1 satisfies (i), (ii), and (iii). For each i for which Z; is non-empty, fix an x; € Z;. If
an L(Z;) # S, obviously Zi;1 # @. For i< j,as L(V;) N Z; = &, x; £ x;. As L(xo) satisfies
strong acc, it follows that there exists an n such that Z, # @ but Z,; = &. Consequently,
L(xo) = L(V,), N, = N. As V,, is finite, each A, is finitely generated as an R-module, and
N = > cv, TAxe,, it follows that N is a finitely generated T-module. Hence M is Noe-
therian. O

Remark 5.3. Let X' be the dual of a partially ordered set X. For any commutative ring
R,set T" =I*(X',R) and T = I'*(X,R). These two algebras are naturally anti-isomorphic.
Let Z be a finite nonempty subset of X, M = ez T,and U(Z) = {x € X : x = z for some z €
Z}. By using the anti-isomorphism between T and T” and Theorems 3.5 and 5.2, we get
the following results:

(i) Mr is artinian if and only if R is artinian and U(Z) satisfies strong acc;

(ii) My is Noetherian if and only if R is Noetherian and U(Z) satisfies strong dcc.

Remark 5.4. Let X be a locally finite partially ordered set, and T = I(X,R) the incidence
algebra of X over a commutative ring R. Suppose R is artinian and for some x; € X,
L(xo) satisfies strong dcc. As L(xp) has finitely many minimal elements, L(xp) is a finite
set, s0 M = Tey,y,, being a finite direct sum of copies of R, is trivially an artininian left
T-module. Hence M is an artinian left T-module if and only if R is artinian and L(x)
satisfies strong dcc.

Now suppose R is Noetherian, L(x) satisfies strong acc, and N is a T-submodule of
M. As in the proof of Theorem 5.2, we have Y; and Z; = Z(Y;). Consider N, as defined
in the proof of Theorem 5.2. Now Ni = > ez T'Ayexy,. For any x € Zy, let G, = {by; :
1 < j < nyt generate A, as an R-module. Consider any f € Ny with Dy = {z € L(xo) :
f(z,x0) # 0} = L(Z,). Let z € L(Z;). Then for any x € Z;, A, = A, whenever z < x. So
f(z%0) = Xo<x 2751 Taxjbyj> where x € Z1. Then the formal sum gy = Y.\ 7exjes € T
and f = >z, z;’;lngbxjexxo € Ni.Hence Ny = {f € Ny : Dy < L(Z;)}. Inductively, one
can prove that for any n > 1, N, = {f € N: Dy < L(V,,)}. Each N,, is finitely generated.
Hence as in Theorem 5.2, we get that N = N,, for some n, hence N is finitely generated.
This proves that M is a Noetherian left T-module if and only if R is Noetherian and L(xo)
satisfies strong acc.

6. Perfect rings

A partially ordered set X is said to locally satisty strong dcc, if for any finite subset
S of X, L(S) satisfies strong dcc. Throughout, R is an artinian, commutative local
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ring, X is a partially ordered set locally satisfying strong dcc, and T = I*(X,R). Let
T' = R+ K*(X,R). Then T’ is a local ring. We will prove that T" is right perfect. We
will write K for K*(X,R).

LEMMA 6.1. Any finitely generated left ideal of T’ contained in K* is artinian.

Proof. Let tC be any artinian module. By Lemma 2.1, C/K*C is of finite composition
length over R. Let A = >, T'b; be a finitely generated left ideal of T’ contained in
K*. Then B = Y!"| Tb; is a finitely generated left ideal of T contained in K*. Let A =
Aj2A;,2---2A,2 - be adescending chain of left ideals of T’. As B is artinian,
there exists a positive integer m such that K*A; = K*A,, for any i > m. Let B; = TA,.
Then K*B; = K*A;. Now B; is an artinian left T-module. It follows that for any i > m,
Bi/K*B; is of finite composition length over R. Therefore there exists an n > m such that
Aj/K*A; =Aj/K*A, = A,/K*A, for any j > n. Hence A; = A, for any j > n. O

THEOREM 6.2. T is a local, right perfect ring.

Proof. Ttis enough to prove that T" satisfies dcc on principal left ideals [2, Theorem 28.4].
Let Ay 2 A;2---2A,2 - be a descending chain of principal left ideals of T'. In
view of Lemma 6.1, we take A; = T’ (oI + b;) for some «; # 0 in R and b; € K*. Then
aiv1] +biyy = (Bil +¢;) (il + b;) for some B; € R, and ¢; € K*. This gives ajy; = fio; and
anng(a;) € anng(air1). As R is Noetherian, there exists a positive integer m such that
anng(a;) = anng(aiy) for any i > m. Therefore f; is a unit for any i > m and ;[ +¢; is a
unit. Hence A; = A,, for any i > m. O

The dualization of the above result gives the following.

THEOREM 6.3. Let X be a partially ordered set such that for any finite nonempty subset Z
of X, U(Z) satisfies strong acc, R is an artinian commutative ring, and T = I*(X,R). Then
T' = R+ K*(X,R) is left perfect.

Examples of rings that are right perfect but not left perfect are well known (one such
example is the dual of example given in [2, Exercise 2, page 322]). By using the above
theorem, we end this section by constructing a class of right perfect rings that are not left
perfect.

Example 6.4. Let X be any partially ordered set that locally satisfies strong dcc, but has
a finite, nonempty subset Z such that L(Z) is not finite. As L(Z) satisfies strong
dcc, L(Z) has a subset V isomorphic to the set of natural number. Any infinite well-
ordered set not embeddable in the set of natural numbers is such a set X. Thus V is
given by elements: x; < x; < --- <x, < ---. Let R be a local artinian ring, and T" =
R+ K*(X,R). By Theorem 6.2, T’ is right perfect, however {ey,T"}i>2 is an infinite,
nonterminating descending sequence of principal right ideals in 7". Hence T" is not left
perfect.
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