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Primitive harmonic maps of finite type from a Riemann surface M into a k-symmetric
space G/H are obtained by integrating a pair of commuting Hamiltonian vector fields
on certain finite-dimensional subspaces of loop algebras. We will clarify and generalize
Ohnita and Udagawa’s results concerning homogeneous projections p : G/H — G/K, with
H C K, preserving finite-type property for primitive harmonic maps.

1. Introduction

It is well known (cf. [5, 10]) that harmonic maps from a Riemann surface M to a Rie-
mannian symmetric space G/K correspond to certain holomorphic maps, the extended
framings, into the loop group AG. An extended framing reveals intimate properties of the
corresponding harmonic map.

The simplest situation occurs when the Fourier series associated to an extended fram-
ing has finitely many terms; the corresponding harmonic maps are said to have finite
uniton number. All the harmonic maps in a domain of genus zero are of this kind. Again,
harmonic maps obtained via twistor construction have finite uniton number. The twistor-
theoretic construction of harmonic maps from holomorphic data accounts for all
isotropic harmonic maps from a Riemann surface into a sphere or a complex projective
space. In particular, all harmonic 2-spheres in §" or CP" arise in this way [7, 8, 9].

Harmonic maps of finite type correspond to extended framings which can be obtained
by integrating a pair of commuting Hamiltonian vector fields on certain finite-dimen-
sional subspaces of loop algebras. It was shown in [4] that any nonconformal harmonic
map of a 2-torus into a rank-one symmetric space G/K is of finite type. Burstall [3] gen-
eralized the notion of harmonic map of finite type to the case where the target manifold
admits a k-symmetric structure and proved that any weakly conformal nonisotropic har-
monic map ¢ of a 2-torus into S" or CP" can be lifted to a primitive harmonic map of
finite type into a certain k-symmetric space. The k-symmetric spaces form a class of re-
ductive homogeneous spaces that includes both symmetric spaces and generalized flag
manifolds.
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Ohnita and Udagawa [13] showed that given a primitive harmonic map v of finite
type of C into a generalized flag manifold G/H with its canonical k; -symmetric structure,
¢ =poy:C— G/K is also a primitive harmonic map of finite type for some choices of
K D H, where p: G/H — G/K is the natural homogeneous projection over the general-
ized flag manifold G/K with its canonical k,-symmetric structure. For example, CP" and
the corresponding k-symmetric spaces used to build the primitive lifts are generalized
flag manifolds and satisfy the conditions on K. Our main purpose in this paper is to clar-
ify these conditions on the closed subgroup K and give a generalization of Ohnita and
Udagawa’s result. The key observation which makes this possible is the following: what
underlies their algebraic computations is the existence of an isomorphism A,g — Ag, for
any inner automorphism 7 of order k in g, which we can construct explicitly in several
cases. Thus, clarifying this matter, we will be able to arrive at the following conclusions.

(a) The condition on the closed subgroup K admits a nice geometrical formulation.
G® acts transitively on any generalized flag manifold G/H with parabolic sub-
groups as stabilizers. A subgroup of GC is parabolic if it can be realized as the
stabilizer of some flag V, ¢ V, C -+ C V, = V, for some representation V of
G®. Hence, associated to the generalized flag manifold G/H with its canonical
ki-symmetric structure, there is a parabolic subgroup P. If we take another para-
bolic subgroup Q such that P C Q, we have a new generalized flag manifold G/K
with its canonical k,-symmetric structure, such that K O H. When GC is simple,
the conditions on the choice of K referred to above amount to the demand that
pPca.

(b) §" and the corresponding k-symmetric spaces used to build the primitive lifts
are not generalized flag manifolds. However, both symmetric structures arise in
a natural way from some parabolic subgroups P C Q. Our theorem concerning
homogeneous projections preserving finite-type property also holds for this kind
of k-symmetric space. Hence, one can prove directly that any harmonic two-torus
into §" which is covered by a primitive map of finite type is also of finite type.
Ohnita and Udagawa prove this result via a totally geodesic isometric immersion
into complex projective space.

2. Primitive harmonic maps

Let N = G/K be a k-symmetric space with automorphism 7 and associated eigenspace
decomposition

g = > ¢, (2.1)

jEZk

where g/ is the w’-eigenspace of T and w = e*"/k, We get a reductive decomposition g =
£ @ m by setting m = m® N g, where

mt= > g (2.2)
JEZK\{0}

Let ¢ : C — N be a smooth map and take a lift y : C — G with ¢ = 7 o y, where
7: G — G/K is the coset projection. Corresponding to the reductive decomposition is a
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decomposition of « = y~!dy, a = ap + am. Let am = oy, + o, be the type decomposition
of ay, into (1,0)-form and (0,1)-form of C. A map ¢ : C — N is said to be primitive if oy,
is g!'-valued. If k > 3, then any primitive map ¢ : C — N is harmonic with respect to any
naturally reductive metric on N (cf. [1]). Of course, when k = 2, all maps are primitive.
Following [5], we will talk about primitive harmonic maps whenever we want to avoid
treating the case of k-symmetric spaces with k = 2 separately, conscious of the fact that
the term “primitive” (resp., “harmonic”) is redundant when k = 2 (resp., k > 2).

Suppose now that ¢ : C — N is a primitive harmonic map and consider the loop of
1-forms

o =, +ae+ A7l (2.3)
Since a7, is g'-valued, we may view a; as a Ag,-valued 1-form, where
Ag, = {£:S' — g (smooth) : 7(£(1)) = &(wA) forany A € S'}. (2.4)

Further, d + o) is a loop of flat connections (cf. [5]). Conversely, suppose that ) is a loop
of g-valued 1-forms of the form (2.3), such that d + a, is a loop of flat connections and «y,
is g!-valued. Then, for each A € §!, there is a map v, : C — G such that y; 1dtm =y, and
then ¢ = 7 o y) will be an S'-family of primitive harmonic maps, with ¢; = ¢ (cf. [5]).
Moreover, ), is unique up to left translation by a constant. We may choose these constants
so that ¥, (z,) depends smoothly on A for some (and hence every) z, € C. Let AG; be the
infinite-dimensional Lie group corresponding to the loop Lie algebra (2.4):

AG; = {y:S' — G (smooth) : y(wd) = T(y(1)) forall A € S'}. (2.5)

Then, we can define a smooth map ¥ : C — AG; by setting ¥(z)(A) = ya(z). ¥ is called
an extended framing.

3. Extended framings of finite type

Let g be a compact semisimple Lie algebra, 7: g — g an automorphism of order k with
fixed set €, w = ¥’k the primitive kth root of the unity. Let t be a maximal torus of £.
Then, t* is a Cartan subalgebra of £¢. Fix a positive root system A*. For each X € g,
ad X is skew with respect to the Killing inner product on g, and so has purely imaginary
eigenvalues. Thus, any root « associated to {C belongs to V—1*, and so €* = £~% where
£* denotes the corresponding root space. Set

n= > & (3.1)

acAt

the nilpotent subalgebra given by the positive root spaces. Hence £¢ = t* @ n @ n, where
the complex conjugation is taken with respect to the real form g. Fixing b = /-1t @,
which is a solvable subalgebra of £¢, £€¢ = £ @ b is an Iwasawa decomposition of £* (cf.

[11]).
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Define the loop algebra
Agt =1{&:8! — g€ (smooth) : 7(£(1)) = &(wA) for any A € S'}. (3.2)

Aloop & € Agt has a Fourier decomposition &(A) = 3 ;7 A7, with each & € g© satisfy-
ing 7(¢;) = w/&;. Then,

Ag.={Eengt:§=¢ eyl (3.3)

Let d = 1 mod k. Define the finite-dimensional subspace A4, of Ag; by

Adr = {f: > &N € Agy: & =0 for | >d}. (3.4)

JEZ

For any map & : C — Ay, &4-1 is EC-valued. Corresponding to decomposition £¢ = t© &
n @, write 7 € £¢ as 4 = 1ic + 11, + 7w and corresponding to decomposition €€ =t & b,
write 7 € €€ as 7 = 1¢ + 17. It is then easy to check that (&;-1dz)e = r(&z-1)dz+r(&4-1)d2Z,
where r : €C — £C is given by 7(1) = 1n + (1/2)1¢c.

Take &, in Ay, and let £ : C — Ay be the unique solution of

dé = [ (Mgt r(E1))dz+ (W' E g+ r(Ea))dz], £0) =&, (3.5)

where z is the complex coordinate on C. For a such ¢,
o = (Ma+7(8a-1))dz+ (A6 a+r(8s-1))dz (3.6)

is a A,g-valued 1-form on C, since the A-coefficient &, is g'-valued, and a; is of the
form (2.3). It happens that d + o is a loop of flat connections (cf. [5]). Thus, we can
integrate to get an extended framing ¥ : C — AG; (where G is a connected, compact, and
semisimple Lie group with Lie algebra g), unique up to left translation by a constant loop,
with W5 'd¥) = a). We call the extended framings so-obtained extended framings of finite
type. Amap & : C — Ay, which satisfies (3.5) is called a polynomial Killing field.

4. Parabolic subalgebras

Let g© be a complex semisimple Lie algebra with Killing form denoted by B. Given a
subspace V' C g%, we will denote by V* the polar of V with respect to B. A subalgebra p C
g is said to be a parabolic subalgebra if p* is a nilpotent subalgebra of g¢. The relationship
between such subalgebras and root systems is given in the following theorem.

THEOREM 4.1 [12]. Let a be a Cartan subalgebra for g, A = A(gS;a) the set of roots, and
A™ a positive root system with simple roots «1,. .., ;. For each root a, denote by g* the corre-
sponding root space. Each subset I of {1,...,1} defines a “height” function n; on A by

nr(a) = > m (4.1)

iel
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fora = ZLI n;a;, and then

pr=ae > g (4.2)

nr(a)=0

is a parabolic subalgebra. Moreover, every parabolic subalgebra is conjugate to a p; for a
unique subset I of {1,...,1}.

Suppose that p C g€ is a parabolic subalgebra. Then, p makes g© into a filtered alge-
bra: set p(@ =p, pM) = p+, pE*D) = [pW p@] for i > 1, and p® = p~*D" for i < 0. The
nilpotency of p'!) assures us of the existence of k such that p® £ {0} and p**D = {0}.
Then

g(C _ p(*k) 2.--D p(k) ) p(k+1) = {0}, (4.3)

and for all i, we have p* = p(=#*D_Call k the height of p.

Let us consider the additional structure given by a compact real form g of g&. We
denote by & — & the complex conjugation on g€ with respect to the real form g. Set q = p
(which is also a parabolic subalgebra of height k) and

gi=p? g (44)

The subalgebra g N p contains a maximal torus t of g and t* is a Cartan subalgebra of
g¢ contained in p. Since p must have the form p; for some subset I of simple roots with
respect to t€, one can easily check that

o= > 5 (4.5)

ny(a)=r

and so

k
loig;] Cgivjp 85 = D g (4.6)
i=—k

Thus we are providing g© with the structure of a graded algebra. Since g© is semisimple

(and so every derivation is an inner derivation), we conclude that there is a unique & €

g¢ with adé = iv/—1 on g; for all i € {—k,...,k}. Following [6], we call £ the canonical

element of p associated to the compact real form g. Observe that ad € has values in g when

restricted to g. But g, being semisimple, has trivial center 3(g) = {0}, whence & € g. At

the same time, & centralizes b = p N p N g. So & belongs to the center of h in g, 3(h) C g.
We will need the following two lemmas.

Lemma 4.2. If g© is simple and p is a parabolic subalgebra with height k, then the center of
pt s just p®.

Proof. The inclusion p® C 3(p*) results directly from definitions. Now, since the action
of h on 3(p*) is irreducible when g® is simple (cf. [6, Proposition 4.3]), we must have
pH = 5(p"). O
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LeEmMA 4.3. Let p C p C g© be two parabolic subalgebras with heights k and k, respectively.
Fix a compact real form g. Then, with obvious notations,

giCo®gi® -7 (4.7)
for all j > 0. Further, if g* is simple, then
0k-j CEr @ %, ® - O h;_ (4.8)
forall j=0.

Proof. Fix a maximal torus t in b C f together with a positive root system A* with simple
roots ay,...,a; so that p = py and p = py. Since p C B, we havel c I c {1,...,1} and ny(a) <
nr(a). Hence, (4.7) follows from (4.5). Suppose g is simple. The adjoint representation of
a simple Lie algebra is irreducible, and so ad g¢ has a unique highest weight which is the
highest root 8. Observe that n;(6) = k and ny(0) = k. Since any irreducible g¢-module is
generated from the highest weight space by the action of vectors in the root spaces of the
negatives of the simple roots, we have for any root a,

g*=[o~, [....[g7%,¢%]... ], (4.9)
for suitable iy,...,i, and (4.8) follows from (4.5). O

Let G® be a connected semisimple complex Lie group with complex Lie algebra g©. A
parabolic subgroup of G is a complex Lie subgroup which is the normalizer of a para-
bolic subalgebra of g&. A generalized flag manifold is a homogeneous space of the form
G®/P with P a parabolic subgroup. The following facts are well known (cf. [14]): (a) all
parabolic subgroups are connected and a subgroup is parabolic if and only if its algebra is
parabolic; (b) if G is a compact real form of G, then G acts transitively on G/P so that a
generalized flag manifold is diffeomorphic to the real coset space G/G N P. Further, GN P
is connected and is the centralizer of a torus, while, conversely, if H is the centralizer of a
torus in G, then H = G N P for at least one parabolic subgroup P of Gt.

So let F = GY/P = G/H be a generalized flag manifold, p the Lie algebra of P, k the
height of p, £ the canonical element of p associated to the compact real form g (the Lie
algebra of G), and g; the i\/—1-eigenspace of ad&. Then, the Lie algebra of H=GN P is
given by h = p N p N g. Consider the inner k + 1-automorphism 7 : g — g€ defined by

2mé
T—Adexp(m>. (4.10)
Denote by w the primitive (k + 1)th root of the unity. The w'-eigenspace of 7 is given by
o' = gi ® gi_(k+1), in particular g° = hC. Hence, we are providing G/H with the structure
of an k + 1-symmetric space, called the canonical k + 1-symmetric structure.

5. Twistor fibrations giving primitive harmonic maps of finite type

The following lemma provides the key that we will use to prove the main result of this
paper.
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LemMA 5.1. Let g be a Lie algebra, T : g — g an automorphism of order s, and o : S' — Autg
a group homomorphism such that o(w) = 7, where w is the primitive sth root of the unity.
Then, the map T'; : Ag — Ag, given by T.(y)(A) = a(A)y(A%) is an isomorphism.

Proof. Given y € Ag,

[ (y)(wd) = o(wd)y(w’A?) = a(w)a(A)y(X°)

= 2oy () = 7(T (). 5D

Hence T';(y) € Ag;. To see that I'; is an isomorphism, note that a(1~%)y(1"*) does not
depend on the choice for the sth root of A if y € Ag,. Hence we can define a map I';!:
Ag: — Agby T71(y)(A) = a(A~V5)p(AV5), for which T, o T;! =T71 o T, = Id. O

Suppose that

(a) Gis a compact Lie group with Lie algebra g;

(b) p C P C g€ are two parabolic subalgebras of g¢ with heights k > 2 and k > 2, re-
spectively.

Let ¢ and ? be the canonical elements of p and P, respectively. Fix n;,n, € {0,1}, with
n =ny,andsets =k+n; ands = k+ 1. We can construct two automorphisms of g¢:

?—Adexp(z%g) (5.2)

7 = Adexp (2”£>,

s
of order s and 5, respectively. Associated to 7 and 7, we have two decompositions of g¢
into eigenspaces:

s—1 s—1
g“=>4g =279, (5.3)
i=0 i=0
where
o= > g §= > § (5.4)
j=imods j=imod¥
Now suppose that

(c) g¢ is simple.

In this case, Lemma 4.3 gives g_x C g_j and gx C gj; on the other hand, go =pNp C
B NP = Fo. Hence g° C §°. Further, since g° and §° are closed under conjugation, there
are subgroups K and K of G, with Lie algebras ¢ and E, such that K ¢ K, €€ = g%, and
FC = §°. In fact, we are providing G/K and G/K with structures of s- and $-symmetric
space, respectively. We observe that when n; = n, = 1, G/K and G/K are generalized flag
manifolds. With these definitions, we have the following theorem.

THEOREM 5.2. Assume (a), (b), and (c) above. Then if y : C — G/K is a primitive map
of finite type, sois poy : C — G/K, where p:G/K - G/K is the canonical homogeneous
projection.



3206  Primitive harmonic maps of finite type

Proof. Fix a maximal torus t of g which is contained in ¢ C £. Denote by A the set of roots
in g associated to the Cartan subalgebra t* and define the subset S C A by a € S if and
only if g* C p* N or g* C p* N gz S is nonempty and satisfies (i) SN —S = @; (ii) S
is closed. Any subset of A satistying these conditions can be extended to a positive root
system (cf. [2]). Let A* be such extension of S and let n be the subalgebra generated by all
the positive root spaces. According to our choices, we observe that

gl ng’na={0},
- N - (5.5)
g]ﬁgzzg]mg3: :glm‘gS’l ={0}.

In fact, since

g'ng’ni=(g1-NG0) ® (31N G)>

~i ~ o~ ~ ~ (5.6)
g ng =(mea-)n(@edis)=(1ng)e(gngs),

equalities (5.5) follow from (4.7) and (4.8).

Starting with the canonical elements £ and fN of p and P, respectively, we can define two
loops of automorphisms 0,5 : S' — Autg by

oA =e?) = Adexp(08),  F(A=e?) = Adexp(6¢). (5.7)

Note that o(w) = 7 and &(@) = 7. We also have o(1)g; = Adexp(6¢)g; = Mgj, and in

the same way o(A)g; = Adexp(@fN)ﬁj = Mg;. By Lemma 5.1, we have an isomorphism
I': A;g — Azg defined by

T(p)A) = 5o (A7) (A). (5.8)

We will also denote by I' : A;G — A3G the corresponding isomorphism between loop Lie
groups. Set v(A) = 3(1)a(A~%). Hence,

M=) ongingl, fori,j #0,
A7) onging®nn, fori#0,
@) ongingonm, fori#0,
Id on g’ N gl

() = (5.9)

Let now ¥ : C — A;G be an extended framing of y with associated Killing field 7 : C —
Nazr =2, j=dM j)tf , where d = 1 mod s, for the fixed Cartan subalgebra t* and positive
root system A*. For 1 <i<s—1and n € N, we have

5-1
V(A)WIAI(S/S) = Z Aj+ns(771)gin§j +Am(7’11)gimaoﬁn + 250 (ﬂl)gtmaOQﬁ) (5.10)
izl

where I = i+ ns. At the same time,

y(l)”]nsl(ns)(g/s) = ﬂnslng‘- (5.11)
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From (5.5), (5.10), and (5.11), we conclude that the top terms of (1) = I'()(A) are

)LENH’%NNH :A?NH(’,]d)glmah
. N ! (5.12)
ANien = /\SN{nd—l + (rld)glmaomn + Z (7’]i+(N—1)s)gim§0mu}a

i=1

where N € N is defined by d = 1+ Ns. So 7 € Ay, with d=/s)d—1)+1.
Now, defining Y= I'(¥), we have

G19, = 2(1) (P OT)W, (1))
= v\ (A4 +1(a-1))

(5.13)
= /\(’/Id)glnﬁl + (nd)glmﬁomn + T’(”]d—l)
= Mig+7 (7).
Then, we see that p o y is also of finite type. O

Example 5.3. Fix in C" the usual Hermitian inner product. Let I = {i; < -+ <i, = n} C
{1,...,n} be a multi-index. A flag of index I is a filtration of C" by subspaces V;, V; C
-+ CV, =", with dim V; = i;. Then, we find that

p=1{T esl(n,C): TV;CV; Vj} (5.14)
is a parabolic subalgebra of sl(n,C) = su®(n) for which
p = {T €sl(n,C): TV, C V;_; Vj}, (5.15)

where we set V; = {0} for j < 0. p has height r — 1. We may define mutually orthogonal
subspaces Ey,...,E, by E; = V;n V£,. Then

pnsu(n) ={T €su(n): TE; CE; Vj} Zs(u(i) X --- xu(n—1i_p)). (5.16)
The corresponding generalized flag manifold is therefore

_ SU(n)
i S(U@) x---xUm—iry))" (5.17)

Consider a new flag of index ] = {ji < --- < js=n} C{l,...,n}, W, C W, C--- C W, =
C", with s < r. Suppose that for each j € {1,...,s}, there is some i > j, withi € {1,...,r},
such that W; = V;. Then we find a new parabolic subalgebra of sl(n, C),

p={TeslnC): TW;c W; Vj} (5.18)

with height s — 1, for which p C p. The corresponding generalized flag manifold is now
F; and by Theorem 5.2, we conclude that a primitive harmonic map of finite type into F;
gives rise by projection to a primitive harmonic map of finite type into Fj.
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Remark 5.4. Burstall proves in [3] that any weakly conformal nonisotropic harmonic
map from the 2-torus to CP"! = SU(n)/S(U(1) x U(n — 1)) is covered by a primitive
map of finite type into a certain generalized flag manifold F;, with I = {i; < - - - <i, = n}
such that i; = 1. On the other hand, in [4] the authors proved that any nonconformal
harmonic map of a 2-torus into a rank-one symmetric space G/K is of finite type. Com-
bining these results with Theorem 5.2, we conclude with Ohnita and Udagawa that any
nonisotropic harmonic map from the 2-torus to CP"~! is of finite type.

THEOREM 5.5. Suppose that G is a compact semisimple Lie group. Let G/K and G/K be two
generalized flag manifolds associated to parabolic subalgebras p and p such that p C p and
p®  p®, where k and k are the heights of p and P, respectively. Then if y : C — G/K is a
primitive map of finite type, so is p o y : C — G/K, where p : G/K — G/K is the canonical
projection.

Proof. We observe that the condition “g® is simple” in Lemma 4.3 could be replaced by

the condition p® ¢ p® in order to ensure (4.8). Hence, the proof of Theorem 5.2 can
also be applied in this setting. O

Remark 5.6. Let G be a semisimple Lie group and let G/K be a generalized flag manifold
with the canonical k + 1-symmetric structure 7 and p the corresponding parabolic sub-
algebra. Pick a Cartan subalgebra and a positive root system A* so that p = q; for some
subset I. Let n be the subalgebra generated by the positive root spaces. Suppose that R
is a closed subgroup of G satisfying that (i) K C K and G/K is a generalized flag man-
ifold with the canonical k + 1-symmetric structure 7 for some 2 < k+1<k+ 1; (ii) the
canonical decomposition g = t @ fi is 7-stable and orthogonal; (iii) the eigenspace de-
composition of g€ with respect to 7, g€ = 3§/, with §° = €€, satisfies g! N7 C §' and
g/ Nng =0forj= 1,...,1;7 lands=j+ 1,...,%. In [13, Theorem 3.5], Ohnita and Uda-
gawa proved that under these conditions, the homogeneous projection p : G/K — G/K
transforms primitive maps of finite type in primitive maps of finite type. Consider the
parabolic subalgebra defined by

p=3e > nn (5.19)

j=1

We observe that the generalized flag manifold G/K is associated to p and that these con-
ditions on K imply that p € p and p® ¢ . Hence, Ohnita and Udagawa’s theorem is a
particular case of Theorem 5.5.

Example 5.7. Let V = R2#*1, (.,.) the usual inner product in V, and (-,-) its complex
bilinear extension. Fix r € N with r < n+ 1 and let F"(§*") be the bundle of isotropic flags
over $?" with fiber

FL(8*") = {w); C - - Cw, C TFS* : each w; is an isotropic j-plane}. (5.20)

Here, isotropy is with respect to the complexified metric on T¢S*". One can easily check
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that G = SO(2n + 1) acts transitively on F'($*") with stabilizers conjugate to

r times
~

\

SO(2) X - - - x SO(2) xSO(2n — 2r). (5.21)

Fix a base point (m,w; C - - - C w,) € F'(§*") with stabilizer H and let £, = spang {m}.

Orthogonalize to obtain isotropic lines #y,...,£, and a real subspace £, in T$S*" so that
r _ J

Ve = %C ® Z (fi ® ;) @ Lyt wj = Ze,- (5.22)

i=1 i=1

are orthogonal decompositions. Take k = 2r + 2. Let w be the usual kth root of unity and
define Q € O(2n+1) by Q = w’ on ¢;. Let 7 be the order k automorphism of SO(2n+1)
given by conjugation by Q. The identity component of the fixed set of 7 is precisely the
stabilizer H, so that F"(S$*") is a k-symmetric space. Consider the usual isomorphism
s0(2n+1) = AZR>L

(anb)(x) =(a,x)b— (b,x)a. (5.23)
The adjoint action of SO(2n+ 1) on A2R?*"*! is given by
Adg(anb) =g(a) A g(b). (5.24)

The associate reductive decomposition g = h) & m is given by

h( = Z (tint) e A1,
= - o (5.25)
m(c= Z (€,~/\€j)® Z (&/\Ej)ea Z (fi/\fj).
O<i<j<r+l O<i#j<r+l O<i<j<r+l
Moreover, the w/-eigenspace of T is
r—j+1
g =At D (GAL)® D (LinL)® > (ZINAN (5.26)
i=1 i+s=j;i<s i+s=j mod k;1<i<s
for j e {1,...,r},and
gl =G Al Y (Gal)e Y (GAL). (5.27)
i+s=r+1;i<s (i+s)=r+1;i<s

For j € {r+2,...,2r + 1}, we have g/ = g>*+27J. Let W be a maximal isotropic subspace
0f€,+1. Sot,, =W W.

Define Qs € O(2n+1) by Qs = —1 on ¢j, for every €; € {1,...,r +1},and Qs = 1 on
¢§. Let 7 be the order-2 automorphism of SO(2n + 1) given by conjugation by Qs. The
identity component of the fixed set of 7 is precisely the stabilizer K of m. Hence, $*" is a
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symmetric space. The associated reductive decomposition g = £ @ q is given by €€ = A2 v
and q€ = €5 AV, where V=3"_,(6; @) ®£,,,.
We now describe the structure of s6(2n + 1,C). Fix a Hermitian basis for VE,

V0> V15 s Vs Vet e s Vs Vit 15+ o5 Vans (528)

such that, v; = v;;, for each i € {1,...,n}, ¢; = spanc{v;} for each i € {0,...,r}, and W is
generated by {v,11,...,v,}. The subalgebra tC generated by the vectors H; = v; A v; with
1 <i < nisaCartan subalgebra of s0(2n+ 1,C). In the dual space (t*)*, consider the dual
basis {L;}: L;(H;) = &;;. The subset of roots

A+={L5+Lj} U{Lj_Li}

u{L} (5.29)

i<j i<j 1<i<n
forms a positive set of roots. Associated to L; + L;, we have the root space (v; A v;), i < j;
associated to L; — L;, we have the root space (v; A v;), i < j; associated to L;, we have
the root space (viAv), l <i<mn.Setayg =1L, and o; = Liy; — L forie {1,...,n—1}. So
®,...,0n—1 1s the set of simple roots associated with A*.
Define the subset I C {0,...,n— 1} by i € I if g% C m®. Note that
() Lj=ay+ar+---+a;1if 1 <j<n Son/(Lj)=jforl=<j<r, and ni(L;) =
r+1forj>r;
(11) L,'Jr]' —Li=a;+--- +(X,'+j,1. So n](LHj — L,) = ] for 1+] <r+1, T’lI(LH]' - L,) =
r+l—ifori+j>r+1,i<r+1,andn;(Lyy; —L;) =0fori=r+1;
(iii) ny(Li + L;) = ny(L;) +ny(L;).
Clearly, maxyea+ {n7(a)} = k. Consider then the height-k parabolic subalgebra p = p;. Let
¢ be the canonical element of p and g; the \/—1j-eigenspace of ad€. Then,

go = W/\W@X(Z‘/\fi),

i=1

g =tAWe D (&AL, (5.30)
i+s=r+1;i<s
Gr2=WAW;

and for 0 < j <r+ 1, we have

r—j
gi=t Ao Y (Linti)ob_jaAWe > (LiAL),
i=1 it+s=j;i<s (531)
Or+1+j = Z (ei A es) EBej AW

i,sEr+1its=r+14j;i<s

So it is now easy to check that 7 = Adexp(27&/k).

Define the new subset ] C {0,...,n— 1} by i € ] if g% C q°. Note that (i) ny(L;) = 1;
(ii) I’l](L,‘Jrj —L;) = 05 (iii) f’l](L,‘ +Lj) = n](L,-) + n](Lj) = 2. S0 maxXyep+ {n](oc)} = 2. Con-
sider then the height-2 parabolic subalgebra p = p;. Clearly, p C p. Let EN be the canonical
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element of p and §; the \/—1j-eigenspace of adi. Then,

1<i#j=<r i=1
r
ar=2 (& At e (e A W), (5.32)
j=1
0= (Gine)) @ (WAW).
I<i<j<r

One can easily check that 7 = Adexp(nEN ). Thus, F7($?") and $*" satisfy the conditions of
Theorem 5.2.

Remark 5.8. Burstall proves in [3] that any weakly conformal nonisotropic harmonic map
from the 2-torus to §" can be lifted to a primitive map of finite type into a certain gener-
alized flag manifold of the form F"(S"). On the other hand, in [4] the authors proved that
any nonconformal harmonic map of a 2-torus into a rank-one symmetric space G/K is of
finite type. Combining these results with Theorem 5.2, we conclude that any nonisotropic
harmonic map of 2-torus into a sphere S" is of finite type (when n is odd, we can view S"
as an equator of §"*!). In [13], Ohnita and Udagawa prove this same result by construct-
ing an embedding of so(n + 1) into su(n+ 1) such that for each j, the g/-subspace for
the k-symmetric structure of F"(S") is mapped into the g/-subspace for the canonical
k-symmetric structure on the generalized flag manifold over CP". Our treatment of the
sphere case is more direct and arises in a general setting.

Example 5.9. Let p C g© be a parabolic subalgebra of height k. Let F = G/H be the cor-
responding generalized flag manifold with canonical k + 1-symmetric structure denoted
by 7 and canonical element denoted by £. We can define an inner involution on g¢ by
7r = Adexp(n€), which induces a symmetric decomposition g¢ = £ & m®, where

€= > g, mt=>g. (5.33)

ieven iodd

Taking K = (G)SE, we get a symmetric space N(F) = G/K with H C K. For example,
F =S80(2n+1)/U(n) is a generalized flag manifold of height 2 and N(F) = $?". Let p:
F — N(F) be the homogeneous projection. Following [6], we call this map the canonical
twistor fibration associated to F. By Theorem 5.2 with k = 2, we see thatif y: C - Fisa
primitive map of finite type, so is p o ¢ : C — N(F). Observe that in general, N(F) is not
a generalized flag manifold.
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