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We establish Hardy-type inequalities for the Riemann-Liouville and Weyl transforms as-
sociated with the Jacobi operator by using Hardy-type inequalities for a class of integral
operators.

1. Introduction

It is well known that the Jacobi second-order differential operator is defined on ]0,+oo[

by

1 d

Agpu(x) = —a,ﬁ(x) I

<Aa,¢;(x)%) +p%u(x), (1.1)
where
(i) Agp(x) = 22 sinh™*" (x) cosh? " (x),
(i) ,,fER;a = > -1/2,
(iii) p=a+ B +1.
The Riemann-Liouville and Weyl transforms associated with Jacobi operator A, are,
respectively, defined, for every nonnegative measurable function f, by

Rap(f)(x) = jo ka6 ) f (1) dy,

Wep(P)0) = | eslo) f (941, "
where k, g is the nonnegative kernel defined, for x > y >0, by
kg 7) = 27032 (o + 1)(cosh(2:23— co.sh(zzlfz))%U2
VAl (a+1/2) cosh® " (x) sinh“* (x) (1.3)
X F(oc +B,a—Ba+ %; COSh;tls_hc(zjh(y) )
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330 Hardy-type inequalities

and F is the Gaussian hypergeometric function. Such integral transforms have many ap-
plications to science and engineering [3, 4].

These operators have been studied on regular spaces of functions. In particular in
[19], the author has proved that the Riemann-Liouville transform R, g is an isomorphism
from &, (R) (the space of even infinitely differentiable functions on R) on itself, and that
the Weyl transform W, is an isomorphism from D4 (R) (the space of even infinitely
differentiable functions on R with compact support) on itself. The Weyl transform has
also been studied on Shwartz space Sy (R) [20].

This paper is devoted to the study of the Riemann-Liouville and Weyl transforms on
the spaces

LP([0,00[,Agp(x)dx) 1<p<oo (1.4)

of measurable functions on [0, o[ such that

00 1/p
i (jo |70 | Aag()dx) < (15)

The main results of this work are Theorems 4.2 and 4.4 in Section 4.
To obtain those results we use the following integral operators:

1,1 = [ o(5) o,
1@ = [ o(%)swduto),

X

(1.6)

where
(i) v is a nonnegative locally integrable function on [0, co[,
(ii) du(t) is a nonnegative measure, locally finite on [0, co[,
(iii) the following is a measurable function satisfying some properties [10, 12, 18]:

¢:10,1[ — 10, 0]. (1.7)

Both operators Ty and T are connected by the following duality relation: for all non-
negative measurable functions f and g we have

j: Ty (f)(x)g(x)du(x) = j:fu)T; (©()()dy. (1.8)

In this paper, we give some conditions on the functions ¢, v and the measure du so
that the operator T, and its dual T satisfy the following Hardy inequalities: for all real
numbers p, g satisfying

I<p=<g<oo, (1.9)
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there exists a positive constant C, 4 such that for all nonnegative measurable functions f
and g we have

1/q p

(J, Toren™duc)) = Coa( |, (1001 se0e)

( J: (12 (g)(x))"’v(x)dx) "o, ( j

0

(1.10)

[

, 1/q'
(g(x))* dﬂ(x)) ,

where p’ and g’ are the conjugate exponents, respectively, of p and g.

In [5], we have studied inequalities (1.10), in the case 1 < g < p < co. The inequalities
obtained below for the operators T, and T will allow us to obtain the main results of
this paper.

This paper is arranged as follows.

In Section 2, we consider a continuous nonincreasing function

¢:10,1[ — ]0,00[ (1.11)
for which there exists a positive constant D satisfying

Vx,y €10,1[, ¢(xy) < D(p(x)+¢(p)). (1.12)

Then we give necessary and sufficient conditions such that the operators T, and T satisfy
the inequalities (1.10).

In Section 3, we suppose only that the function ¢ is nondecreasing and we give the
sufficient conditions such that the precedent inequalities hold.

In Section 4, we use the results obtained below to study and to establish the Hardy
inequalities for Riemann and Weyl operators associated with Jacobi differential operator
Agp.

2. Hardy operator T, and its dual T} when the function ¢ is nonincreasing on ]0, 1[

In this section, we consider a measurable positive and nonincreasing function ¢ defined
on ]0,1[ for which we associate the operator T, and its dual T defined, respectively, for
every nonnegative and measurable function f, by

* t
Vx>0, T,(f)x)=| o=)f®)vt)dt,
¢ JOOO (X) (2.1)

viso, 15N = [ o(%) foduco

X

where v is a measurable nonnegative function on ]0, co[ such that

Va0, Jv(t)dt<oo (2.2)
0

and du(t) is a nonnegative measure on [0, o[ satisfying

b
Vo<a<b, J du(t) < o, (2.3)
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The main result of this section is Theorem 2.1.

THEOREM 2.1. Let p and q be two real numbers such that
1<p<q<+oo. (2.4)

Let v be a nonnegative measurable function on 10,+oo[ satisfying (2.2), and du(t) a nonneg-
ative measure on 10,+oo[ which satisfies the relation (2.3). Lastly, suppose that

¢:10,1[ — ]0,+oo] (2.5)

is a continuous nonincreasing function so that

(i) there exists a positive constant D such that

Vx,y€]0,1[, ¢(xy) < D(p(x)+¢(y)), (2.6)

(ii) for all a > 0,

Ja¢(£)v(t)dt< oo, 2.7)

0

Then the following assertions are equivalent.

(1) There exists a positive constant C, 4 such that for every nonnegative measurable func-

tion f,
(J: (Tl £)(0) du)) s cp,q(J: (7)) (0)dt) ” (2.8)
(2) The functions
T IR ) L
([ o{g) ) ([0
are bounded on ]0,+oo [, where
P—— (2.10)

p-1

The proof of this theorem uses the idea of [10, 13, 14, 18] and is left to the reader.
To obtain similar inequalities for the dual operator T, we use the following duality
lemma.

LemMma 2.2 [12, 18]. Let p, q, p’, g be real numbers such that

I<p<qg<+oo, l-i‘i,:l, l+i,=1 (2.11)
p 9 9
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let u be a o-finite measure on ]0,+o[ and v a nonnegative locally integrable function on
10, +0c0[. Then the following statements are equivalent.
(1) There exists a positive constant C, 4 such that for every nonnegative measurable func-
tion f

1/q 1/p

(J:(Tq,(f)(t))qdy(t)) st,q<J0w(f(t))Pv(t)dt> . (2.12)

(2) There exists a positive constant C, 4 such that for every nonnegative measurable func-
tion g

1/p’

(j: (17 (g)(t))f"v(t)dt) < cp,q(f (g(t))q'dy(t)) " (2.13)

A consequence of Theorem 2.1 and Lemma 2.2 is the following.

TaEOREM 2.3 (dual theorem). Under the hypothesis of Theorem 2.1, the following assump-
tions are equivalent.
(1) There exists a positive constant C, g such that for every nonnegative measurable func-
tion g

1/q

(Loo (1 (g)(x))"v(x)dx) < CMU: (g(x))pdy(x)> ” (2.14)

(2) Both functions

o () (o2 )

o0 r P’ 1/p' r 1/q (2'15)
= (], #(5) ) (], o)
r X 0
are bounded on ]0,+oo].
3. Integral operator T, and its dual when the function ¢ is nondecreasing
In this section, we suppose only that the function
¢:10,1[ — 0, +00] (3.1)

is nondecreasing, we will give a sufficient condition, which permits to prove that the
integral operators T, and T satisfy the Hardy inequalities [1, 8, 15, 16].

TaEOREM 3.1. Let p and q be two real numbers such that
l<p=g<o (3.2)

and p" = p/(p—1), 4 = q/(q—1). Let v be a nonnegative function on 10,+co[ satisfying
(2.2), and du(t) a nonnegative measure on ]0,+oo[ which satisfies the relation (2.3). Finally,
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let
¢:]0,1[ — 10,400 (3.3)

be a measurable nondecreasing function.
If there exists 5 € [0,1] such that the function

([ o ) (L))

is bounded on 0, +co|, then there exists a positive constant C, 4 such that for every nonneg-
ative measurable function f,

1/q

([ e au) = Cuu( [ () 0d) (35)

Proof of Theorem 3.1. Let h be the function defined by

h(y) = (J:<p(;)“wy(z)dz) e (3.6)

By Holder’s inequality, we have
Ty = | o2

) i) wny) 67)

(
(L6 ) ")

Let

1@ (o(2) 1) "vra. ()

If we replace h(y) by its value, then we obtain

J(x) = r <,0<Z>P,(1_ﬁ) ( Jy <p(5) (l_ﬁ)p,v(z)dz> _P,/(p,wv(y)dy. (3.9)

0 \x 0o \y

Since the function ¢ is nondecreasing and € [0,1], we have
7\ 0P —p'/(p'+q) y g\ PP —p/(p'+q)
VO0<y<ux, (J q)<7> v(z)dz) < (J ¢(,) v(z)dz) .
0o \y 0 \x
(3.10)

Therefore
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and if we put

2\ 1=P)p
£@=0(2) 1o (312)
from the hypothesis, the function
z — g (2)v(2) (3.13)
belongs to L!(]0,+o0[,dz) and
x y -p'/(p’+q)
1) = | (], sentaid) &(y)dy. (3.14)
Since
- P, (3.15)
ptq ptq

then, from [16, Lemma 1], we deduce that

J: (Lygx(Z)V(Z)dZ) 7p//(p’+q)gx( yv(y)dy = <p ;

therefore inequality (3.14) involves

q) ( I:gx(z)v(z)dzy/(p,w); (3.16)

J(x) < <p;q)h(x)‘1. (3.17)

From inequalities (3.7) and (3.17), we obtain

= ([ (o2 o) o) s

(p; q)q/p (Jo (¢( ) S y>) v(y) dy) /ph<x)‘12/f”

(3.18)

IA

so, we obtain
([ o)

< (550)" ([ 11 (Y morsimesm o) an)

Since g/p = 1, then, from Minkowski’s inequality [17], we deduce that

(3.19)

1/p

() ([ G s ) ) o0
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So

1/p

. . B q p/q
X( L ( L (q,(%) h(x)W> d,u(x)> (h(y)f(y))PV(y)dy)

On the other hand, from the hypothesis, the function

T (Lw¢(£>ﬁqd“(’c))l/q”orw(f)mmv(x)dx) vy

is bounded on ]0,+0o0 [, we denote

© e\ Pa Vq o or r oo\ P (=P) 1/p’
Mpq = SUP<J 4’(‘) dy(x)) (J <p<—) v(x)dx) ,
>0 r X 0 r

then

0

which means that

. o Ba -p'/(q(p’'+q))
h(x)sM;,’,q/@*‘”(J o(%) duo)) .

From inequalities (3.21) and (3.25) we obtain

’ l/p'
+ 7
I < (P : Q) Mgfép +q)

(3.21)

(3.22)

(3.23)

* a=pw V) S © Pa ~p'/(q(p'+q)
(J <P<§> v(z)dz) sMg,;(P +q)(J <p<§) dy(z)) (3.24)

(3.25)

<[ omon (7o) (o) ) ™ o) ]

Since ¢ is nondecreasing, we have

’ 1/p’
+ ’
I< (p . q) Mg{;p +q)

[ womon (72 (o) o) ™)

r/q

(3.26)

1/p
v(y)dy
(3.27)
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From [16, Lemma 1], we have again

o2 ()7 o(2) at0) " - £ ([ o(2) i)

(3.28)
so, we get
’ 1/p’ ’ 1/q ,
s (200)7 (2a) g
” o [° (7 pp'/(p'+a)q Vp (3.29)
< [ omon ([ o(2) )™ sy |
y
On the other hand, from the relation (3.23), we deduce that
© ry\Pl g Yo\ PP ~a/p
J (p(—) dy(z)sMM(J go(—) v(z)dz) : (3.30)
y z 0 \y
consequently
o0 Bq pp'/((p'+q)q) o B
(J (p(%) dy(z)) < MEEP M (1)) ", (3.31)
y

From inequalities (3.29) and (3.31), we deduce that for every nonnegative measurable
function f, we have

. 1/q o 1/p
(] @ due) < (| GoNmd) L 63
where
p/+q 1/p’ pl+q 1/q
and M, 4 is the constant given by (3.23).
This completes the proof of Theorem 3.1. O

From Lemma 2.2 and Theorem 3.1 we obtain the following result.

THEOREM 3.2 (dual theorem). Under the hypothesis of Theorem 3.1 if there exists 5 € [0,1]
such that the function

(o) )" ()" )" o

is bounded on ]0,+oo[, then there exists a positive constant Cy, 4 such that for every nonneg-
ative measurable function g

[eY]

(J: (Ty (g)(X))qV(x)dx) Y Cw(J (g(x))pdﬂ(x)) v (3.35)

0
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4. Riemann-Liouville and Weyl transforms associated with Jacobi operator

The Jacobi operator stated in the introduction has been studied by many authors [2, 6, 7,
19, 20]. In particular, we know that, for every complex number A, the differential equation

Ay pu(x) = —Au(x),

4.1
u(0) =1, u'(0)=0 1
admits a unique solution gojf’ﬁ (x) given by
q)g’ﬂ(x) = F(%(p +id), %(p —id);a+1; —sinhz(x)), (4.2)

where F is the Gaussian hypergeometric function [9, 11]. Furthermore the function (p;’f’ﬁ
has the following Mehler integral representation:

Vx>0, gog’ﬁ(x) = L kop(x,y)cos(Ay)dy, (4.3)

where k, g is the nonnegative kernel given by the relation (1.3).

Many properties of harmonic analysis associated with the operator A,z have been
studied and established (convolution product, Fourier-transform, inversion formula,
Plancherel and Paley-Wiener theorems).

On the other hand, the following integral transforms are defined for the Jacobi opera-
tor.

Definition 4.1. (1) The Riemann-Liouville transform associated with Jacobi operator is
the integral transform defined, for every nonnegative measurable function f, by

Rag(F)) = | gl 1)y 49

(2) The Weyl transform associated with Jacobi operator is defined, for every nonneg-
ative measurable function f, by

Wap(£)03) = | ka0 f () Aug()d, 5)

where k, g is the kernel given by the relation (1.3).
Those integral operators are linked by the following duality relation: for all nonnega-
tive measurable functions f and g,

|| Rep(DEIZAa0IE = | Wap@)) f2)d. (4.6)
As mentioned in the introduction, those integral transforms have been studied on
spaces of regular functions.

Our purpose in this section is to study those operators on the spaces L?([0, 0],
Agp(x)dx), 1< p < oo,
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THEOREM 4.2. For —1/2< B < a, a > 1/2, and p > 2+ 2, there exists a positive constant
Cp.ap such that

(1) forall f € LP([0,00[,Aqp(x)dx),
||sz,ﬂ(f)||p,a,ﬁ = Cp,ot,ﬁ”f”p,(x,ﬁ: (4.7)

(2) forall g € LP ([0, o0[, Agp(x)dx),

1
L w, )H < Cpagllglly s 438)
HAa,ﬂ(x) ﬁ(g pap pepliglphaf

where

r_ P
p_p—l' (4.9)

The proof of this theorem needs the following lemma.

Lemma 4.3. For a > 1/2 and —1/2 < 3 < a, there exists a positive constant aq g such that

Vx>y>0, 0<Kkap(x,y)<anps(x— y)"‘_m;. (4.10)
w/Atx,ﬁ(x)

Proof of Lemma 4.3. (i) It is clear that k,p(x, y) = 0.
(i1) From mean value’s theorem we deduce that

(cosh(2x) — cosh(2y))0‘_1/2 < 29712 (x — )@ 125inh® V2 (2x), (4.11)

Therefore from the relation (1.3) and the facts that § < @ and

sinh(2x) = 2sinh(x) cosh(x), (4.12)
we have
kep(%, y) < 2*V2M, gT(a+ 1) sinh™* 2 (x) cosh B12() =N g
’ ’ [a+1/2)ym
where
1
M“’ﬁ_oir}?f?z F(oc+ﬁ,oc—[3,oc+ E,t) ‘, (4.14)
hence
(x _ y)a—l/Z
0 < kop(x,y) < 22%B32 0 sT(a+1) . (4.15)
ey f JAwpo)T o+ 1/2) 7
We obtain the result by setting
22(x+ﬁ+3/2M“ T(a+1
op = pllatl) (4.16)
[(a+1/2)ym
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Proof of Theorem 4.2. Let Ty, and Ty be the Hardy-type operators defined, respectively,
by

(4.17)

where
p(t) = (1-1)*12,
v(t) = Ayg (1), (4.18)
du(t) = @ VDAL (1t

(i) Since & = 1/2, the function ¢ is continuous and nonincreasing on ]0, 1[. Further-
more for all a,b € ]0,1[ we have

l—-ab<(1-a)+(1-b), (4.19)
then by using the inequality
(u+v)P <max(1,20") (P +vP), u,v=0, (4.20)
we deduce that
(1-ab)* V2 <D((1-a)* 2+ (1-b)*1?), (4.21)

where D = max(1,24%2). That is,
¢(ab) < D(¢(a) +¢(b)). (4.22)
(ii) The function v is locally integrable on [0,+oo[. In fact we have
(t) = Ai;f’(t) =~ 2212 D=p) (4 . (). (4.23)

Since p >2a+2, then for all a > 0,

Iav(t)dt < oo,

0

a t a (424)
J q)(—)v(t)dtsj Y(t)dt < oo.
0 \a 0
(iii) It is clear that the function
t— tP(a—l/Z)A;jﬁP/z(t) (4.25)

is continuous on ]0, co[. Consequently the measure du(t) is locally finite on ]0, co].
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(1) Now we will prove that the operator T, defined latterly satisfies the sufficient con-
dition of Theorem 2.1. Then we must show that the functions

o= [aw) ([ o(2)) )"

o r P 1/p r 1/p’ (4‘26)
6= (], (o(F)) duw) " (], woar)
r 0
are bounded on ]0, co[. We put
00 1/p 00 1—p/2 1/p
I(r) = (J dy(t)) - (J a1 g1 P (t)dt) :
; vp (4.27)
107 = (| woar)
0
Since
Vte]0,1[, o) <1, (4.28)
then
Vr>0, F(r)<I(r)](r),
Vr>0, G(r)<I(rJ(r). (4.29)
Now, we have
tp(a—l/z)A;jﬂP/Z(t) — 2p(2-p)2atl-p Cosh(lﬁ*-l)(t)(l*P/Z)(t)
¢ (2a+1)(p/2-1) (4.30)
(sinh(t))
and since p >2a+2 > 2, we deduce that
Vi>0, VDAL < Pt (4.31)
and consequently
1 P ara-py
s a+2-p)/p
Vr>0, I(r) < (p_m_2> r . (4.32)
Furthermore, we have
r 1/p’ r 1=y 1/p’
107 = (| vodr) = (| ard wae) (4.33)
0 0
Since
1-p ' / £\ g
Ayl () = 2P () cosh V0P, (434)
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then
Aug () < (Re0-p), (4.35)
Thus, we deduce that
1 v ((a+1)(1—-p)+1)/p’
Vr>0, ](F)S<(2(x+1)(p’—1)+1) r 4 P, (4.36)

From the relations (4.32) and (4.36), we obtain

Vr >0, (Jm dy(t)) v ( j v(t)dt) BT

0
= (p—zla—z>l/P<(za+1)(;'—1)+1)1/P
(4.37)

and from the relations (4.29), it follows that both functions F and G are bounded on
10, 0o [. Therefore from Theorem 2.1, there exists a positive constant D), g such that, for
every nonnegative measurable function g, we have

[eY)

(| T3t du9) " = Dy ]

Let T, g be the operator defined, for every nonnegative measurable function f, by

1/p
(g(x))” V(x)dx) : (4.38)

l X
Vx>0, Tup(f)(x) = —— J (= ) 2 f(y)dy. (4.39)
A Aa,ﬂ(x) 0

Then the operators Ty p and T, are connected by the following relation: for every non-
negative measurable function f, we have

Vx>0, Ty(g)(x)= xl/z_"%lAa,ﬁ(x)T(x,/;(f)(x), (4.40)
where
g(%) = F(x) (Ap(x))” ", (4.41)

So the relation (4.38) implies that

© 1/p 0 1/p
(| (s Aap)dx) < Dpag( [ (£ Aupl)ix) (442)
and from Lemma 4.3 we deduce that there exists a positive constant C; 4 g such that for
every nonnegative measurable function f, we have

1/p

(] Ras ) Aup)x) = Cag( | (f(x))"Aa,ﬂ(x)dty/p. (4.43)
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Now we consider f € LP([0, o[, Aqg(x)dx); then from the relation (4.43) we have

(| Rep7D00 A1) " = Coa( [ (17 Augton) <o
(4.44)
Hence the function
x — Rap(1f1)(x) (4.45)
is finite almost everywhere. Then the function
x — Rap(f)(x) (4.46)
is defined almost everywhere, and
| Rap(f)(x)| < Rap (I f1)(x); (4.47)

therefore

(J: | Rag(f)(x) |7 Aa,ﬁ(x)dx) v < Cp,a,ﬁ(f: (| f)] )PAa,ﬁ(x)dx> l/p. (4.48)

This completes the proof of Theorem 4.2(1).
(2) From Theorem 2.3, we deduce that there exists a positive constant Dy, , s such that
for every nonnegative measurable function h, we have

/p’ ) , /p
= Dp,a,ﬁqo (h(x))” dy(x)> . (4.49)

(| st v
0
Let g be a nonnegative measurable function, by setting

() = te=002-0 g G20 (g r) (4.50)

and using the inequality (4.49), we deduce that

([ (i grtons) st

1/p’

= Dpas ( J: (50" Aus (x)dx> " ’(4 1)
5

where

[eY)

wp(@)(x) = J (t— x)“‘l/zg(t)A;fﬁ(t)dt (4.52)
X
is the dual operator of Tg.
Furthermore for every nonnegative measurable function g, we have

Wa,ﬁ(g)(x) = aa,ﬁT‘zﬁ(g)(X)) (4.53)
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where a,p is the constant given by Lemma 4.3. Hence both inequalities (4.51) and (4.53)
involve that there exists a positive constant C, 4 such that, for every nonnegative mea-
surable function g, we have

(] (Aa;(x)wa,ﬁ(gxx))ﬁAa,ﬁ(x)dx)

1/p’ 0o , 1/p’
< CP’“’ﬁ(Jo (g(x))pAa,ﬁ(x)dx) )

(4.54)

For g € L¥ ([0, [, Agp(x)dx), we complete the proof as the first assertion. O

THEOREM 4.4. For —1/2<f <a<1/2, a4+ >0, and p > max(2a+2,(4a+4p+4)/(4a +
2 +1)), there exists a positive constant C, o such that

(1) for every function f € LP(]0,00[,Aqp(x)dx),
||Roc,ﬁ(f)||p,a,/5 = Cp,a,ﬁ”f”p,oc,/}) (4.55)

(2) for every function g € L¥ (]0, 00 [,Agp(x)dx),

1
Aupl) =C P> 4.56
HAa)ﬁ(X) Ot,ﬁ(g)' ’p',tx,ﬁ = Cpap ”g”p a8 ( )

where

- (4.57)

p-v
The proof of this theorem needs the following lemma.

LemMA 4.5. Forall -1/2<f <a<1/2, and a+f3 >0,

1

cosh®P (x)sinh® 2 (x)’

)a—1/2

Vx>y>0, 0<kyp(x,y)<baplx—y (4.58)

where

I'(a+1)
Pra+12)yn’

1
F<oc+ﬁ,oc—ﬁ;oc+ E;t) ’

ba,ﬁ =2M,
(4.59)

My p = max
k 0<t<1/2

Proof of Lemma 4.5. from relation (1.3) and the fact that § < « we deduce that

Vx>y>0, 0<kap(x,y)
2—(X+3/2Ma)ﬁl"((x+ 1)

T(a+1/2) 7 (4.60)
1

cosh®P(x) sinh?* (x)

X (cosh2x — cosh2y)*~V/?
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On the other hand
cosh(2x) — cosh(2y) = 2(sinh(x) — sinh(y)) (sinh(x) + sinh(y))
> 2sinh(x) (sinh(x) — sinh(y)). (461)
From mean value’s theorem and the fact that « < 1/2, we have
(sinh(x) — sinh())*"? < (x — y)* V% (4.62)
by using the inequalities (4.60), (4.61), and (4.62) we deduce that
kap(,y) = 2Mayp %(}C e cosh®(x) iinh"‘”/ *(x)
| (4.63)
= bop(x—y)*" cosh™ (x) sinh™ V2 (x)
which proves the Lemma 4.5. O

Proof of Theorem 4.4. In this proof, we consider the functions ¢, v and the measure du
defined, respectively, by

o(t) = (1—1)*"2,
w(t) = Ayl (1), (4.64)

du(t) = 2@V ginh?* P2 (4 cosh2PHIPEHR) (1) gy

(i) Since —1/2 < & < 1/2, the function ¢ is increasing on ]0, 1[.
(ii) For p >2a+2, Jy ¥(t)dt < oo for all a > 0.
(iii) jabd‘u(t) <o for0<a<b< .

We will prove that the operator T, satisfies the sufficient conditions of Theorem 3.1,
that is, there exists A € [0, 1] such that the function

o= ([ o(2) ) ([of2) ) s

is bounded on ]0, oo [. In fact we denote

0= ([ () o)

Jr) = (Jrfp(xy’(u)v(x)dx) 1/17’.

0 r

(4.66)

Since & < 1/2 and p > max(2a+2, (4a+4f+4)/(4a+2B+1)), we deduce that

(1) = Mg, j:o h(x)dx, (4.67)
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where

( ( sinh(x) >Z“H_P(a+m) cosh2B1-Patp) (x))

Myp,p = max [sup p

[0,1]

sup coshZB1-pletp) (x) sinh2¢t1-plat1/2) (x)e(p(2a+,8+1/2)7(2a+2/3+2))x) } ,
[1,00]

r (a—1/2)Ap
(1,,> x2otl-p, O0<x<1,
X

(a=1/2)Ap
(1 — f) e(2a+2/3+2—p(2(x+ﬁ+1/2))x) 1<x.

(4.68)

So if we pick A in Jmax(0,(1 — p(1/2 + «))/p(1/2 — «));min(1,1/p(1/2 — «))], we can
prove that there exist C;(a, 3, p) >0 and Cy(a, 3, p) > 0 such that

I(r) < Cy(a, B, p)r2t2=pVp,

J(r) < Cala B, p)r o1 1=# 1/ (469

This involves that the function F is bounded on ]0,o0[. Then from Theorems 3.1 and
3.2, we know that there exists a positive constant C; ., such that for every nonnegative
measurable function g, we have

(L“ (T<p(g)(x))de(x)) v <C (J: dt) l/p’
(Lm (qu(g)(x))ﬁv(x)dx) l/p < Cpa[j(J: >l/p"

Let K g be the integral operator defined by

(4.70)

1
 cosh®P(x)sin

Vx>0, Kaup(f)(x) R L (x =) V2 f(y)dy (4.71)

and its dual defined by
Vx>0, Ki(f)x)=| (t—x)2f()sinh> () cosh®*V(t)dt.  (4.72)
wp
The operators T, and Ko, respectively, T,f and K/ s are connected by the relation

Vx>0, Ty(g)(x) = x"2%cosh®" (x)sinh®"*(x)Kup () (x), (4.73)
where

Vx>0, @i(x) = f0)(Aap(x)’ (4.74)
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respectively,

Vx>0, T3(g)(x) = Kig(f)x), (4.75)

where

©(x) = f(x)xP=D12=0) ginh (P=DI2%0) () o5 (P=D(EHF) (), (4.76)

The relations (4.70), (4.73), and (4.75) imply that for every nonnegative measurable func-
tion f, we have

1/p 1/p

< Dy ( J: ( f(x))pAa,ﬁ(x)dx> ,

1/p

(f <Ka,ﬁ<f>(x>)PAa,ﬂ(x)dx>

( J: (@K%(f)(@) p’Aa,p(x)dx> <Dyap ( Loo (f(x))P’Aa,g(x)dx> l/p’.

(4.77)

We complete the proof of Theorem 4.4 by the same way as Theorem 4.2 and using
Lemma 4.5. O
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