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1. Introduction

The connections between variational inequalities and optimization problems is well
known, and many investigators have discussed them along many years; see, for instance,
[1, 8, 10, 13]. This last article, which was authored by Giannessi, in particular, is one of
the main works that study these connections in the finite-dimensional context. In recent
years, the interest in the investigation on the relationships between these two classes of
problems has increased, resulting in several different conditions for the existence of so-
lutions for many variational-type inequalities (e.g., [5, 16, 19, 20]). Connections among
variational inequalities and vectorial optimization problems have also been studied in
[11, 18, 25], for instance.

By using a variational-like inequality, Lee et al. [19] obtained some results of exis-
tence of solutions for nonsmooth invex problems, which are generalizations of those ob-
tained by Chen and Craven [4] for differentiable convex problems. Recently, Giannessi
[11] showed the equivalence between efficient solutions of a differentiable and convex
optimization problem and the solutions of a variational inequality of Minty type. He also
proved the equivalence between weak efficient solutions of a differentiable convex opti-
mization problem and solutions of a variational inequality of weak Minty type.

Following this last line of investigation, Lee [17] was able to establish the equivalence
between the solutions of the inequalities of Minty and Stampacchia types for subdiffer-
ential (in the convex analysis sense) and efficient solutions and weakly efficient solutions,
respectively, in the case of vectorial nonsmooth convex optimization problems. More-
over, using these characterizations, he proved a theorem on existence of weakly efficient
solutions for the vectorial nonsmooth convex optimization problem, under hypothesis of
compactness.
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2 Efficient solutions

In this work, we extend the results obtained early by Lee [17] for the nonsmooth invex
context.

This paper is organized as follows. In Section 2, we fix some basic notation and termi-
nology. In Section 3, we prove some connections between efficient solutions and vectorial
optimization problems; in Section 4, we consider the case of weakly efficient solutions. Fi-
nally, in Section 5, we use the results of the previous sections to show an existence result of
the weakly efficient solutions of nonsmooth invex vectorial optimization problem, under
weak hypothesis of compactness.

2. Preliminaries

In this section we recall some notions of nonsmooth analysis; for more details, see, for
instance, Clarke [6].

Let R" be the n-dimensional Euclidean space and R” its nonnegative orthant. In the
sequel Q will be a nonempty open subset of R”. A function f : Q — R is said to be Lips-
chitz near x € Q if, for some K >0,

lf(y)- f(2)| <Kly-zl, 2.1)

for all y, z within some neighborhood of x. We say that f is locally Lipschitz on Q if f is
Lipschitz near any given point of Q. The generalized directional derivative of f at x in the
direction v, denoted by f O(x,v), is defined as follows:

FOlv) = limsup L[f(y+ ) — F(»)]. (2.2)

y—x t
tlo

The generalized gradient of f at x, denoted by df (x), is the subset of R" given by
f(x) ={&E€R": fOx,v) = (E,v), Vv € R}, (2.3)

where (-, -) is the usual scalar product in R". The set df(x) is nonempty when f is Lips-
chitz near x € Q.

Let X be a nonempty subset of R”. The distance function related to X is the function
dx : R" — R, defined by

dx(x) =inf {llx— yll : y € X}. (2.4)

The distance function is not differentiable everywhere but is globally Lipschitz.

Let x € X; a vector v € R” is said to be tangent to X at x if d%(x,v) = 0 and the set of
the tangent vectors to X at x is called Clarke tangent cone and denoted by Tx (x). This set
is a closed convex cone in R”. The Clarke normal cone to X at x can be defined by polarity
with Tx(x):

Nx(x) ={E€eR": (&,v) <0, Vv e Tx(x)}. (2.5)
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Suppose that f is a locally Lipschitz function on Q) and attains a minimum over X at
x. Then,

0 € f (X) + Nx(x). (2.6)

We say that x € X is a Clarke stationary point of f over X if (2.6) holds.
Hanson [14] considered the differentiable functions f : R” — R such that for all x, y €
R™, there exists n(y,x) € R" such that

F() = fx) = (Vf(x),n(p,5)). (2.7)

Nowadays, such functions are generally known as invex functions due to Craven and
Glover [7], who first named them so. This invexity notion generalizes the concept of
convexity and allows to extend sufficient conditions of optimality and duality results to
nonconvex optimization problems (see, e.g., [2, 12, 21]). Invexity has now been extended
to nondifferentiable locally Lipschitz functions. See, for example, Craven and Glover [7],
Reiland [23], and Phuong et al. [22]. We use the definition provided in [22]: let X be a
nonempty subset of Q) and suppose that f : QO — R is a locally Lipschitz function on Q.
We say that f is invex on X if, for every x, y € X, there is #(y,x) € Tx(x) such that

f) = fx) = fO(xn(y,x)). (2.8)

The above notion of invexity is very powerful because it allows to treat smooth and
nonsmooth constrained problems, in the presence of an abstract constraint. In later sec-
tions we will deal with this subject.

An important result obtained by Phuong et al. is the following invexity characteriza-
tion; see [22].

ProposITION 2.1. Let X be a nonempty subset of Q. A locally Lipchitz function f is invex
on X if and only if every Clarke stationary point of f over X is a global minimum.

3. Efficient solutions and variational-like inequalities

Let X be a nonempty subset of R” and let f;: R" — R, i = 1,..., p, be the given functions.
We consider the following vectorial optimization problem:

minimize f(x):= (fi(x),...,fp(x)) subjecttox e X. (P)

As it is well known, differently from the case of scalar optimization problems, there
is not a unique concept of solution for vectorial optimization problems. Amongst the
numerous definitions of solutions for such problems existing in the literature, we will
consider the followings.

Definition 3.1. A point y € X is said to be
(i) an efficient solution of (P) if there is no other point x € X such that f(x) < f(y),
or equivalently,

f) - fly) € -RIN{0}, VxeX; (3.1)
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(ii) a weakly efficient solution of (P) if there is no other point x € X such that f(x) <
f (), or equivalently,

f(x)— f(y) ¢ —intR%}, VxeX; (3.2)

(iii) a properly efficient solution of (P) if it is efficient and if there exists M > 0 such that
for each i,

f(x) f(y)
Hn—fim =M

for some j such that f;(x) > f;(y), when x € X and fi(x) < fi(y)

(3.3)

Remark 3.2. Some authors call the efficient solution as Pareto optimal solution. Also,
weakly efficient solutions are also called weak-Pareto optimal solution or weak minimum.

Remark 3.3. Kuhn and Tucker noted that some efficient solutions presented an unde-
sirable property with respect to the ratio between the marginal profit of an objective
function and the loss of some other functions. To these solutions, they introduced the
concept of the noninferior proper solution. Subsequently, Geoffrion [9] modified the
concept slightly and defined the properly efficient solutions.

Now, we assume that f; are locally Lipschitz and invex functions on X with respect to
#. We consider in this section the following variational-like inequalities.

Minty-type vectorial variational-like inequality (MVLI). Find y € X such that for each
x€Xandanyé €dfi(x),i=1,...,p,

(& n(ey),. . n(x, ) € R\ {0}, (3.4)

Stampacchia-type vectorial variational-like inequality (SVLI). Find y € X such that for
each x € X there exist & € dfi(y), i = 1,..., p, such that

(&0 p)e 6 n(xy)) & REN {0}, (3.5)

ProrosITION 3.4. Assume that X is a nonempty subset of R” and f;i: R" —= R, i=1,...,p,
are invex locally Lipschitz functions on X with respect to n. If y € X is a weakly efficient
solution of (P), then it is a solution of MVLI.

Proof. Let y € X be an efficient solution of (P). Then, for any x € X, we have
fx) = f(y) & -R}\ {0} (3.6)
Since f; is invex with respect to 7, £ (x,7(y,x)) < fi(y) — fi(x); therefore,

En(y,x) < f2(xn(y,x) < fily) - filx), V&€ dfi(x). (3.7)

From (3.6) and (3.7), we obtain that y € X is a solution of MVLI. O
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THEOREM 3.5. Let X be a nonempty subset of R" and f;: R" — R, i = 1,...,p, are invex
locally Lipschitz functions on X with respect to y. If y € X is a solution of SVLI, then y is an
efficient solution of (P).

Proof. Let y € X be a solution of SVLI. Then for each x € X, there exist & € dfi(y), i =
1,..., p, such that

(& (e y),. . n(x, ) & R\ {0} (3.8)

Since the functions f; are invex, we have for each x € X,

fix) = i) = 2 (ronxy)) = Enx, p). (3.9)

Hence, from (3.8) and (3.9) we obtain

(i) = Ao fp(0) = fp(p)) € REN {0, (3.10)

and so y € X is an efficient solution of (P). O
From Proposition 3.4 and Theorem 3.5, we have the following corollary.

COROLLARY 3.6. Let X be a nonempty subset of R" and f;: R" — R, i = 1,..., p, are invex
locally Lipschitz functions on X with respect to n. If y € X is a solution of SVLI, then y is a
solution of MVLI.

Thus, SVLI is a sufficient condition for efficiency in (P). However, this condition is
not necessary (see, e.g., [17, page 172]). We will show that it is a necessary condition for
proper efficiency in (P). To prove the last assertion we will make use of the following
result due to Jeyakumar [15].

LemMa 3.7. Let T be an arbitrary set, Y a Hausdorff topological vector space, D a compact
subset of Y, and F : T X D — R a function such that F(x,-) is concave and upper semicon-
tinuous on D for each x €T fixed and F(-,y) is convex, for each y € D fixed. Then,

infmaxF(x,y) = 0 <> supinf F(x,y) = 0. (3.11)
xel yeD yeD xel

ProrosITION 3.8. Let X be a compact subset of R" and f; : R" — R, i = 1,..., p, are invex
locally Lipschitz functions with respect to y on X. Consider the following assertions:
(a) y € X is a properly efficient solution of (P);
(b) there exist A; >0, i = 1,..., p, such that y is a solution of the following scalar varia-
tional-like inequality: find y € X such that there exists & € 0fi(y), i = 1,..., p, such
that for each x € X,

A&+~ +Apfp)Tr1(x,y) > 0; (3.12)
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(c) thereexistA; >0,i=1,..., p, such that y is solution of the following scalar variational-
like inequality: find y € X such that for each x € X, there exists & € ofi(y), i =
L,...,p, such that

ME+- - +2,8,) n(x,y) = 0. (3.13)

Then (a) and (b) are equivalent, and if (-, y) is linear for each y € X, then (a), (b), and (c)
are equivalent.

Proof. (a)=(b).If y € X is a properly efficient solution of (P). It follows from the invexity
of the functions f; on X that there exist A; >0, i = 1,..., p, (see Brandao et al. [3]) such
that y € X is a solution of the scalar optimization problem:

minimize Ay fi(x) + - - -+, f,(x) subjecttox € X. (SP)
We observe that the function A, f; + - - - + 1, f, is invex and thus
p p
0€8<z}tifi)(y)+NX(y)CZ/\iaf,-(y)+NX(y). (3.14)
i=1 i=1
Then, there exist 4 € Nx(y) and §; € 9fi(y), i = 1,..., p, such that
p
0=[4+Z)L,‘Ei. (3-15)
i=1

On the other hand, #(x, y) € Tx(y), for all x € X and, furthermore,
(n(x,y)) <0, VxeX. (3.16)
From (3.15) and (3.16) follows Zf;l A&, 1(x,)) = 0, for all x € X, that is,

W&+ +4p8) Tn(xy) = 0. (3.17)

Hence, (b) is proved.

(b)=(a). We assume that there exists y € X such that§; € dfi(y), i = 1,..., p, such that
foreachxe X (L& +--- +Apfp)Tl1(x,y) > 0 is verified. We will assume that it is not a
properly efficient solution of (P) and then exhibiting a contradiction. Suppose y is not a
solution of the following scalar minimization problem (see [9]):

minimize A fi(x) + - - - +1,f,(x), subjecttox € X (3.18)

that is, there exists x € X such that Zf;l Aifi(x) < Zf;l Aifi(y) and, furthermore,

P

D A filx) = fily)) <o. (3.19)

i=1
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Now, using the invexity of the functions f;, we obtain

P p p
SV(f) = F)) = D Nif () = > MiEFn(x,y) = 0, (3.20)

i=1 i=1 i=1
which contradicts (3.18). Hence, y is a properly efficient solution of (P).

(b) e (c). We suppose that y € X and that there exist A; > 0 such that there are §; €
9fi(y), i=1,...,p, such that, for each x € X, (A& + - - - +1,&,)Ty(x, y) = 0 is verified.
Equivalently,

Jmax inf (g +2,6,) n(x,y) = 0. (3.21)
Define
P
D:=[Tofi(y),
rl: X, (3.22)

F(,8) 1= (WM& +- -+ +4,,) (%, y).

The function F satisfies the hypotheses of Lemma 3.7. In fact, for x € I' fixed, F(x, ) is
continuous on D (because it is a linear form defined between finite-dimensional spaces
and, in particular, is upper semicontinuous). Moreover, F(x, -) is simultaneously concave
and convex. Consequently, (3.21) is equivalent to

o ME+-+ApEy) () 20 3.23
;releigJa‘;)((y)( 16 P&'P) "I(X }/) ( )

and this last inequality is exactly the statement (b). Thus, (b) and (c) are equivalent. O
From Proposition 3.8, we get the following theorem.

THEOREM 3.9. Let X be a compact and nonempty subset of R" and f; : R" — R, i=1,...,p,
are invex locally Lipschitz functions on X with respect to n. If y is a properly efficient solution
of (P), then y is a solution of SVLL

Proof. 1f y is a properly efficient solution of (P), then using Proposition 3.8, there exist
Ai>0,&€0fi(y),i=1,...,p, such that

ME+---+1,8) n(x,y) =0, VxeX (3.24)
In fact, assume that there exists x € X such that for each & € 9fi(y), we have

(En(x,y),... & n(x, ) € —RE\ {0} (3.25)
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and we show a contradiction. Since A; are all strictly positive, we conclude

(hi&) " n(x,p) <0, (3.26)

M~

i=1

which contradicts (3.24). Hence, y is solution of SVLIL. O

4. Weakly efficient solutions and variational-like inequalities

In this section, we will consider variational-like inequalities of weak Minty and weak
Stampacchia types, which we formulate as follows.

Weak Minty variational-like inequality (WMVLI). Find y € X such that, for each x € X
and each §; € dfi(x), i = 1,...,p, we have

(€T n(x )& n(x,y)) & —intRY. (4.1)

Weak Stampacchia variational-like inequality (WSVLI). Find y € X such that for each
x € X, there exist §; € 9fi(y), i = 1,..., p, such that

(€T n(x )& n(x,y)) & —intRY. (4.2)

Under certain hypotheses, it is possible to show that the solutions of WMVLI and
WSVLI are equals. Before, we prove this, will recall the following definition: given the
function #: S X S — R" where S is a nonempty subset of R”, we say that S is invex with
respect to 7 at x € S if for each y € Sand each t € [0, 1], we have x + tn(y,x) € S; we say
that S is invex if it is invex for all x € S.

TaEOREM 4.1. Let X be a nonempty subset of R", invex with respect to 1 and f; : R" — R,
i=1,...,p, are invex locally Lipschitz functions with respect to .
(1) If y is a solution of WMVLI, then y is a solution of WSVLL
(2) Assume that the function 3 is antisymmetric (i.e., §(x,y) = —3(y,x), Vx,y € X) and
that y € X is a solution of WSVLL Then y is a solution of WMVLIL

Proof. (1) We suppose that y € X is solution of WSVLI. Then, for each x € X, there are
& e dfi(y),i=1,...,p such that

(€T n(x )&y n(x,y)) & —intRY. (4.3)

Let a € dfi(x), i=1,...,p. We claim that (§; — gi)Tn(x,y) <0,i=1,...,p. In fact, from
the antisymmetry of 77 and (4.3), we have

(&—&) n(x,y) = Em(x,y) = Emx,y) = En(x, y) + En(y,x). (4.4)
Also, since f; is invex,
&noy) < £ (o) < fix) = i), i=1....p,

AT (4.5)
& n(y,x) < f20n(yx) < fily) = filx), i=1...,p,
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and adding (4.5), we obtain
E-&) "y <0, i=1,..p, (4.6)

that is, for each x € X and each f, € dfi(x),i=1,...,p, we have

(ﬁTq(x,y),...,f;Tn(x,y)) > (&) Elnx,y) € —intR]  (4.7)

and, consequently,

~T ~T
<€1 1% 9)5-58p n(x,y)> ¢ —intRY; (4.8)

thus, y is a solution of WMVLL
(2) We will prove the statement (2). For that, we suppose that y € X is a solution of
WMVL. In this case, for each x € X and each §; € 9fi(x), i = 1,..., p, we have (flTn(x,y),
.,qu(x,y)) ¢ —intR%. For z € X fixed, we consider the sequence (ax) C (0,1], with
ax — 0 when k — o and we define z; := y + ax#(z, y). Since X is invex with respect to 7,
then the sequence (zx) belongs to X. The set df;(zx) is nonempty and therefore we can
take f,k € dfi(zk),i=1,...,p, for each k € N. But y is a solution of WMVLI and therefore

€0 p) 8 (xy) & —intRE. (4.9)

Without loss of generality, we can suppose that all the functions f; have the same Lip-
schitz constant K. Since f € 9dfi(zx), for each k, we have ||£ Il <K, fori=1,...,p. For
each i, (f )keN is a bounded sequence in R"” and we can assume that E - El when k — oo,
for some E, e R". Also, E € dfi(zx) for each k and zx — y and since the set-valued map-
ping df; is closed (see [6]), we obtain f, € dfi(y), i=1,...,p. Taking k — oo in (4.9) and
observing that the set (—int R?)¢ is closed in R?, we obtain

AT AT
<fl nx 9.5 n(x,y)) ¢ —intRY. (4.10)

Hence, y € X is a solution of WSVLI. O

THEOREM 4.2. Let X be a nonempty subset of R", invex with respect to 1 and f; : R" — R,
i=1,...,p, invex locally Lipschitz functions with respect to y on X. Then
(1) if y € X is a solution of WSVLI, then y is a weakly efficient solution of (P);
(2) if y is antisymmetric, then y € X is a weakly efficient solution of (P) if and only if y
is a solution of WSVLL

Proof. Initially suppose that y € X is not a weakly efficient solution of (P). Then there
exists z € X such that

£ > fi(2), i=1,..,p. (4.11)
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Let & € 3fi(), i = 1,..., p. Since the f; are invex, we have
&'n(z,y) < f2(y.1(2,9)) < fil2) = fily). (4.12)
Thus,
fie) = fily) 2 & n(zy), VE&eafiy) (4.13)
and, from (4.11) and (4.13), we have
(&En(z,p);....6, (2, y)) € —intRYE. (4.14)

Consequently, y is not a solution of WSVLIL.
Now, we suppose that y € X is not solution of WSVLL In this case, there exists x € X
such that for each & € 9fi(x),i = 1,..., p, we have

(EnE®y),....En(xy) € —intRY. (4.15)
Let &; € 9fi(x). Since the f; are invex,

i) - @ = L @&(,%) = En(y,%), i=1,...,p, (4.16)

and consequently

&n(y,%) = fily) - fi(x). (4.17)

The function # is antisymmetric and from (4.17), we have
Enxy) = fi(®) = fi(y), i=1...,p. (4.18)
Thus y is not a weakly efficient solution of (P). O

Next, we will show results as in Proposition 3.8 for a weakly efficient solution of (P). To
do this, we will use the following result that is an alternative theorem for invex functions,
its proof can be seen in [3].

LemMA 4.3 (invex Gordan’s theorem). Let C be a nonempty closed subset of Q). Suppose that
fi:Q—R,iel=/{1,...,m}, are locally Lipschitz functions and invex on C, for a common
n. If f(x) = max{ fi(x) : i € I} reaches a minimum on C, then either

(i) there exists x € C such that f;(x) <0, forallie I;

(ii) there exist \; = 0, i € I, not all zero, such that Y ;e i fi(x) = 0, for all x € C;
but never both.

Naturally, under the hypotheses of Lemma 4.3, if C is compact, then f(x) reaches a
minimum on C.
Next, we state the following result.

ProrosiTION 4.4. Let X be a compact, nonempty subset of R" and f;: R"— R are invex
locally Lipschitz functions with respect to 1 on X. Assume that for each y € X, the function
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n(-, ) is linear. Then, the following statements are equivalent:
(a) y € X is a weakly efficient solution of (P);
(b) thereexistA; = 0,i=1,..., p, not all zero, such that y € X is a solution of the following
scalar variational-like inequality: find y € X such that there exist § € dfi(y), i =
L,..., p, such that, for each x € X,

ME+ - +2,8) 7(x,y) = 0; (4.19)

(c) thereexistA; = 0,i=1,..., p, not all zero, such that y € X is a solution of the following
scalar variational-like inequality: find y € X such that for each x € X, there exist
& € dfi(y) such that

ME+- - +2,8,) n(x,y) = 0. (4.20)

Proof. The equivalence between (b) and (c) is proved similarly as in Proposition 3.8.
(a)=(b). We assume that y € X is a weakly efficient solution of (P). Since f; are invex,
the functions ¢,

¢i(x) :fi(x)_fi(y)a x€X, (4—21)

are also invex with respect to # on X. By hypotheses, it does not exist an x € X such that
¢i(x) <0,i=1,...,p. Consequently, from Lemma 4.3, there exist A; > 0, i = 1,..., p, not
all zero and such that Zf): 1Aigi = 0, for all x € X. Or equivalently, y is a solution of the
scalar problem (SP’):

p
minimize Zkifi(x) subjectto x € X (SP’)
i=1
and hence
14 p
Oea(z/\iﬁ>(y)+NX(y)Czaf,-(y)JrNX(y). (4.22)
i=1 i=1

Thus, there exist y € Nx(y), & € dfi(y), i = 1,...,p, such that 0 = y + Zle/\,-f,-. Since
n(x,y) € Tx(y), for all x € X, we obtain

P
0= (un(xy) == Ailkn(xy), VxeX, (4.23)

i=1

that is,

ME+ - +2,8) n(xy) = 0; (4.24)

that is exactly the statement (b).
(b)=(a). We assume that there exist A; > 0, i = 1,..., p, not all zero, & € dfi(y) such
that

M&+- - +1,8,) () =0, VxeX. (4.25)
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If y is not a weakly efficient solution of (P), then y is not a solution of the weighted scalar
problem associated to A, that is, there exists x € X such that Zle Ai(fi(x) = fi(y)) <0.On
the other hand,

p p P
0>> (i) = fiy) = 2 Af (1n(x9)) = > & n(x,y)
= i=1 i=1 (4.26)
= (W& +- -+ 2,8) 1(x,y) = 0
which is absurd. 0

From Theorems 4.1 and 4.2 and Proposition 4.4, we easily obtain the following theo-
rem.

THEOREM 4.5. Let X be a compact, nonempty subset of R", invex with respect to 1, and
fi:R"= R, i=1,...,p, are invex locally Lipschitz functions with respect to y on X. Let the
function 1 be antisymmetric and such that y(-, y) is linear for each y € Y. Then, the follow-
ing assertions are equivalent:
(1) y € X is a weakly efficient solution of (P);
(2) y € X is a solution of WMVLIL;
(3) y € X is a solution of WSVLIL;
(4) there exist A; = 0, i = 1,..., p, not all zero, and such that y € X is a solution of the
following scalar variational-like inequality: to find y € X such that there exist §; €
ofi(y), i=1,...,p, such that for each x € X,

(M&i+- - +0,8) n(x,y) = 0; (4.27)

(5) there exist A; = 0, i = 1,..., p, not all zero, and such that y € X is a solution of the
following scalar variational-like inequality: to find y € X such that for each x € X,
there exist & € of(y), i = 1,..., p, such that

M&+ - +4,8,) (e y) = 0. (4.28)

Note that the hypotheses applied on 7 in the last theorem are trivially satisfied when
the function f; are convex; in effect, in this case, 7(x, y) = x — y. See [24].

5. Existence of weakly efficient solutions

We begin this section by recalling a fixed point theorem for set-valued mappings which
is a generalization of the classical fixed point theorem of Fan-Browder, and which proof
can be found in Park [21].

LemMA 5.1 (fixed point theorem). Let X be a convex, nonempty subset of a Hausdorff
topological vector space E and K a compact nonempty subset of X. Let A and B: X = X be
two set-valued mappings satisfying the following conditions:

(1) Ax C Bx, forallx € X;

(2) Bx is a convex set, for all x € X;

(3) Ax # @, forallx € K;
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(4) A‘ly = {x € X :y € Ax} is an open set, for all y € X;

(5) for each N finite subset of X, there exists Ly compact, convex, nonempty subset of X
such that Ly D N and for eachx € Ly \ K, Ax N Ly # @.

Then, there is a x € X such that X € BX.

We will use the results of the previous section, together with Lemma 5.1, to establish a
result about the existence of weakly efficient solution for the nonsmooth invex vectorial
problems under weak compactness hypothesis on the feasible set X.

THEOREM 5.2. Let X be a nonempty subset of R", invex with respect to 1 and f; : R"— R,
i=1,...,p, are invex locally Lipschitz functions with respect to 1. Assume that n is an anti-
symmetric function and such that y(-, y) is convex and continuous, for each y € X. Suppose
also that there exists a compact, nonempty subset K of X such that for each finite subset N of
X, there exists a compact, convex, and nonempty subset Ly of X, such that Ly O N and for
allx € Ly \ K, there is z € Ly such that there exist & € 0fi(z), i = 1,..., p, satisfying

(Efﬂ(z,x),...,fgn(z,x)) € —intR’. (5.1)

Then, (P) has a weakly efficient solution.

Proof. We use a concise notation to make the proof clearer. We denote by df(x) the set
0fi(x) X - -+ X dfp(x), x € X. Let s = (s1,...,5p), where s; € R", i = 1,..., p. Let sTn(x,y)
be the vector

(slTn(x,y),...,s;q(x,y)) € R?. (5.2)
Let A and B : X =2 X be two set-valued mappings given by

Ax:={zeX:3te af(z),tTn(z,x) IS —int[Rf},
(5.3)
Bx:={zeX:Vsedf(x),s"n(zx) € —intRY}.

We will prove (using Lemma 5.1) that there exists y € K such that Ay = @ or, equiva-
lently, y is a solution of WMVLI and by Theorem 4.2, it is sufficient to prove our result.
Initially, we will prove that the set-valued mappings A and B satisfy the conditions (1),
(2), (4), and (5) of Lemma 5.1 and that B does not have a fixed point. So, Lemma 5.1 will
imply the existence of y € K such that Ay = .

Next, we will show that the condition (1) of Lemma 5.1 holds: let x € X and z € Ax.
Then there exist t = (&1,...,&,) € df(2) such that

(En(z,x),....E n(z,x)) € —intRE. (5.4)

Lets = (&,... ,fAP) € df (x). Using the invexity of functions f; and the antisymmetry of #,
we have, for eachi=1,...,p,

En(zx) < f2(xn(z%) < fi2) - filx) = —(fix) - fi(2))

(5.5)
< —&n(x,2) = &z, x).



14  Efficient solutions

From (5.4) and (5.5), we obtain

(fl 1(z,x), fpr] z,x)) —intR%, (5.6)

where z € Bx.
Now, we will see that the second condition of Lemma 5.1 holds. Let x € X, z1,2, € Bx,
and A € [0,1]. Then, for each s = (&,...,&,) € df (x), we have

(flTn(zl,x),...,EPTn(zl,x)), (firi’](Zz,x),...,fgl’](sz)) € _inth- (5-7)

For each j = 1,...,p, we consider &; = E . ,E ) E eR, n1(x,y) = (mxy),...,
1a(%, ), 1k(x, y) € R. Then, from the convexity of ik and (5.7), we obtain

n

ijﬂ(/\Zl +(1=A)z2,x) Z Az + (1= 1)zp,x)

< z /171]( 21,X +(1 _A)ﬂk(ZZ) )] (58)
k=1

/\f n(z1,x) + 1—/1){ n(z2,x) <0, j=1,...,p.

Hence, Az; + (1 — A)z; € Bx.

The fourth condition is proved as follows: we prove that, for all z € X, the set (A~'z)°
is closed. To do this, we consider a sequence (x,,) C (A~'z)¢ and such that x, converges to
x. Then, x, € A7z, foralln € N. Let t = (£,,...,&,) € 9f (2), such that

(Eirrl(zrxn)r--)51];7’](2,36}1)) & —int[RIJ:. (59)

Since 7(+,z) is continuous and antisymmetric, we have that #(z, -) is also continuous and
antisymmetric; (—int RY)e being closed, taking n — o in (5.9), we obtain

(ffn(z,x),...,fgn(z,x)) ¢ —intR? (5.10)

and thus x € (A7 1z)c.
By our hypotheses, condition (5) of Lemma 5.1 holds.
However, B does not have a fixed point, because if there is a fixed point, it would exist
some x € X such that for each s € f (x), sTn(x,x) =0 € —int R?, which is absurd.
Consequently, from Lemma 5.1, there exists y € K such that Ay = @. O

CoOROLLARY 5.3. Let X be a nonempty subset of R", invex with respect to n and n antisym-
metric such that n(-, y) is convex and continuous. If

K = {x€X: (f(20,1(20,X))s- .. fy (20,1 (20, %) )) & —intRE} (5.11)

is compact for some zy € X. Then, (P) has a weakly efficient solution.
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Proof. Let N be a nonempty and finite subset of X. We define Ly := ¢o(N U K) (where co
denotes the closed convex hull of A). Then, for each x € Ly \ K € X \ K, we have

(f2(20,1(20,%) )5 £ (20,71 (20,%) ) ) € —intR%. (5.12)

Letz:=zy € K C Ly, & € 0fi(z), we have

E'n(z0,x) < f2(20,7(20,%)),  i=1,...,p. (5.13)
Thus, from (5.12) and (5.13), we obtain
(En(z,%),...,E n(z,x)) € —intRL, (5.14)

Therefore, the hypotheses of Theorem 5.2 are verified and, consequently, (P) has a weakly
efficient solution. O

6. Conclusions

In this paper, we studied the equivalence between solutions of vectorial variational-like
inequalities of (weak) Minty and Stampacchia type and the (weak) efficient solutions of
the nonsmooth invex vectorial optimization problem. We used an approach analogous to
those used by Giannessi [11], generalizing the results proved by Lee in [17].
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