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A g partial group is defined to be a partial group, that is, a strong semilattice of groups
S = [E(S);Se, @e, ] such that S has an identity 1 and ¢, . is an epimorphism for all e € E(S).
Every partial group S with identity contains a unique maximal g partial group Q(S) such
that (Q(S)): = Si. This Q operation is proved to commute with Cartesian products and
preserve normality. With Q extended to idempotent separating congruences on S, it is
proved that Q(pk) = pq(x) for every normal K in S. Proper ¢ partial groups are defined
in such a way that associated to any group G, there is a proper g partial group P(G) with
(P(G))1 = G. It is proved that a g partial group S is proper if and only if S = P(S;) and
hence that if S is any partial group, there exists a group M such that S is embedded in
P(M). P epimorphisms of proper q partial groups are defined with which the category of
proper g partial groups is proved to be equivalent to the category of groups and epimor-
phisms of groups.

Copyright © 2006 Hindawi Publishing Corporation. All rights reserved.

1. Introduction and preliminaries

One can easily observe that Clifford semigroups have been the object of extensive study
from both category and semigroup theorists. A Clifford semigroup is usually defined as
a regular semigroup with central idempotents. Whence many characterizations exist in-
cluding the structure theorem that characterizes them as semilattices of groups, or equiv-
alently as strong semilattices of groups. That is if S = [Y, Ss, @] is a strong semilattice Y
of groups S, then S is a Clifford semigroup with operation defined by

ab = (?a,aﬁa) (goﬁ,zxﬁb) (L.1)

fora € Sy, b € Sp.

Conversely, a Clifford semigroup S is a strong semilattice E(S) of groups S¢; S = [E(S),
S, @re] where E(S) is the semilattice (f < g © fg = f) of idempotents in S, S is the
maximal subgroup of S with identity f, and ¢, is the homomorphism Sy — S,, a — ag
if f > g. Here we observe that S may be viewed as a category with objects all Sy, f € E(S)
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(are objects in the category of groups) and arrows, also called morphisms, given for two
objects Sy and S, as follows: Hom(S¢,S,) = {@f,4} if f = g and Hom(Sy,Sg) = @ other-
wise.

If a: S — T is a homomorphism between Clifford semigroups, then clearly f = g in
E(S) implies a(f) = a(g) in E(T). Also a(Sy) C Ty(s). It follows that « is a functor be-
tween categories S and T, that sends the object Sy in S to the object Ty(y) in T and the
arrow @y, in S to the arrow @q(f)a(g) in T.

In the present work we are concerned with those Clifford semigroups S such that S is
also a monoid with identity e and ¢, f : Se — Sy is an epimorphism for all f € E(S), that
is, Sy = S, f for all f € E(S). We then call S a g partial group (or g Clifford semigroup,
etc.).

A partial group is defined in [3] as a semigroup S such that every x € S has so-called a
partial identity e, and a partial inverse x~! satisfying

(i) exx = xex = x and if yx = xy = x, then e,y = ye, = ey,

1 Lo xlo = x71,

(i) xx ' =x"'x = e, and exx™

(iii) ex, = exey and (xy)~! = y~'x~! for x,y € S. That is the map x — e, is a homo-
morphism and x — x ™! is antithomomorphism from § into S.

It turns out that a partial group S is precisely a strong semilattice of groups [E(S), Sy,

¢r¢l, that is, a Clifford semigroup. Also, it is proved in [3] that every partial group S is

A
embeddable in a partial group P (S,G) of partial mappings from S to a suitable group
G (see Theorem 1.1). Such sort of structure and representation has been the basis for
developing other kinds of “partial algebras” (see [1] for partial rings and [4] for partial

monoids). Here in this section we will observe that any such IAJ (S,G) is not just a par-
tial group but also a g partial group in the sense given above. Whence partial mappings
(between sets and groups) may be considered as natural sources of g partial groups.

In Section 2 we give some definitions and simple observations concerning g partial
groups. We introduce the Q operation in Section 3 and show that every partial group S
with identity contains a maximal g partial group Q(S) which is a nontrivial if and only
if §; is a nontrivial group, where S, is the maximal group in S with identity 1. This
holds obviously for any wide (full) subpartial group T of S. We show that the Q opera-
tion commutes with Cartesian products in partial groups with identities, and conclude
that the product of any family of g partial groups is a g partial group. In Section 4 we
extend the Q operation to the lattice C'(S) of idempotent separating congruences p on a
partial group S with identity and show that this operation preserves normality in S. We
introduce the notion of a g congruence on S in such a way that for any p € Ci(S),Q(p) is
the maximal g congruence contained in p and that Q(pn) = pqo(n), where N = kerp. This
allows to establish a complete modular lattice isomorphism between g normal subpartial
groups of S and g congruences on S. In Section 5 we are mainly concerned with those g
partial groups S for which certain conditions are satisfied, and call them proper g partial
groups. We show that associated to any group G there is a proper q partial group P(G), for
which (P(G)); = G, and give characterizations of different kinds of q partial groups S in
terms of P(S;). This allows to embed arbitrary partial groups (i.e., Clifford semigroups)
in proper g partial groups of the kind P(G). When morphisms in categories are restricted
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to epimorphisms in groups (G) and to a certain kind of epimorphisms (called p epimor-
phisms) in proper g partial groups (PQP), we show in Section 6 that these two categories
are equivalent. We also give certain characterizations of p epimorphisms in PQP.

Almost all notations used throughout the paper are standard. Otherwise full explana-
tions are accomplished. The notation 1s (or sometimes just 1) is used either to denote
the identity element of (the algebra) S or the identity mapping S — S, x — x. Its unique
meaning in a definite situation is determined by the case analysis. Some notations (sym-
bols) from logic may be used: for all, =, ¢ (in place of for all, implies, if and only if (iff),
resp.). References for different topics are as follows:

(i) semigroups, in general: [5, 8];
(ii) groups: [6, 9];

(iii) categories: [7].
Notations, definitions, and results appeared in [2, 3] and needed for our work are sum-
marized here for the sake of reference. A subpartial group of a partial group S is a sub-
semigroup K of S such that for all x € K, e, € K, x~! € K. A subpartial group K is wide
(or full) if E(S) c K. If S, T are partial groups, then a: S — T is a homomorphism of
partial groups if a(xy) = a(x)a(y) for all x, y € S. Monomorphisms, epimorphisms, and
so forth, and automorphisms are defined also as in semigroups. If «: S — T is a homo-
morphism of partial groups, then ey, = a(ey) and (a(x))™! = a(x™!) for all x € S. Thus
a(Se) C Ty forall e € E(S), where S, is the maximal group in S with identity e. Also Im«
(range «); that is, a(S) is a subpartial group of T.

If X is a (nonempty) set and G is a group, there is a partial group denoted IA) (X,G)
whose elements are all partial mappings f : X — G (i.e., domain f C X) with multi-

A
plications defined as follows. For f,g €P (X,G) say f:A— G, g:B — G (A,B C X),
fg is the partial mapping X — G with domain fg = dom f Nndomg =AnNB and fg:
AN B G, x — f(x)g(x) where f(x)g(x) is the multiplication in G. With this opera-

tion P (X,G) is a strong semilattice of groups (partial group) [Y,M(A,G),@a5], where
A
Y=1{es:ea:A— Gx— lg, AC X} is the semilattice of idempotents in P (X,G) [es <

A
ep ifand only if A C B], M(A,G) is the maximal group in P (X, G) with identity ey, that
is, the set of all mappings f : A — G, and for e4 > e, thatis, B C A, Pey,, (Or simply ¢45)
is the homomorphism ¢4 : M(A,G) — M(B,G), f — f|p where f|g:B — G is the re-

A
striction of f : A — G on B. As we declared above, P (X,G) is actually a g partial group.
That is for all B C X, ¢x: M(X,G) — M(B,G) is an epimorphism of groups. For we

have that 1% (X, G) has the identity element ex which is the identity of the maximal group
M(X,G), and given f € M(B,G), the mapping 7 € M(X,G) defined by 7(x) = f(x) if
x € Band f(x) = 1 if x € X — B satisfies px p(f) = f. Thus ¢x p is an epimorphism.
Let S be any partial group (i.e., Clifford semigroup). For each x € S, define §* = {y €
S:exy =y} (called the x-ball in S [3]). We have x,ex € S, C §* (Vx € ),
§* =8 ifand only if e, = ey,
SN =8§9.
Let G be the coproduct of the maximal groups S, , ex € E(S), that is, G = I1.,S,,. Then
for each e, € E(S), there exists an injection (monomorphism) i._:S,, — G, satisfying the
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desired universal property. For each x € S, define

Bi:S*— G bya— i, (xe,). (1.2)

N
Thus B €P (S,G) and BB, = fxy forall x,y € S [3].
We have the following theorem.

THEOREM 1.1 [3, the representation theorem]. Let S, G be as above. There exists a mono-
morphism (embedding) of partial groups

N
a:S—P(S,G), (1.3)

A
which sends each x € S to  €P (S, G).

Let S be a partial group. A subpartial group K of S is normal (denoted by K <1 S) if K
is wide (i.e., E(S) € K) and xKx~! C K for all x € S. Clearly E(S) is normal in S (it is the
trivial normal subpartial group of S). We have the following proposition.

ProrosrtioN 1.2 [2]. IfK is a normal subpartial group of S, then K., is a normal subgroup
of Se, forall x € S.

Let ¢ : S — T be a homomorphism of partial groups. The k-kernel of ¢ (simply k —
ker¢) is

k—ker¢ = {x €S: ¢(x) = e for some e € E(T)}. (1.4)

If S is a partial group and p is a congruence on S, then §/p is a partial group called the
quotient partial group induced by p. Moreover, ey, = exp and (xp) ! = x"!p forallx € S.

If ¢ : S — T is a homomorphism of partial groups, then ker¢ = {(x,y) € Sx S: ¢(x) =
¢(y)} is an idempotent separating congruence on S if and only if ¢ is idempotent sepa-
rating.

Let S be a partial group. Then, a congruence p is idempotent separating if and only if
xXpy = ex = ey.

Associated to every congruence p on S there is a unique idempotent separating con-
gruence on S denoted by p?, such that xp’ = xp N S, forall x € S.

THeOREM 1.3 [2]. Let K be a normal subpartial group of S. Define
pk ={(x,y) €SxS:ey=eyandxy ' € K}. (1.5)

Then
(i) px is an idempotent separating congruence on S and K = kerpx = k — ker(pj;), where
i+ S — S/p is the canonical epimorphism,
(ii) xpx = xK,, forallx € §,
(i) K = (E(S))pk = Uleapr : ex € E(S)}.

THEOREM 1.4 [2]. For every idempotent separating congruence p on S there exists a normal
subpartial group K of S with K = kerp = E(S)p and p = pk.
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If K is a normal subpartial group of a partial group S, the quotient partial group S/px
is denoted by §/K, where px is the unique idempotent separating congruence on S asso-
ciated with K (as in Theorem 1.4). We have the following.

ProposiTION 1.5 [2]. (S/K)«k,, = Se,/Ke, forall x € S.

ProposiTioN 1.6 [2]. If ¢ : S — T is a homomorphism of partial groups, then pr_er¢ =

(ker¢)'.

THEOREM 1.7 [2]. Let ¢ : S — T be a homomorphism of partial groups.
(a) There exists a unique homomorphism o : S/k—ker ¢ =S/ (ker¢)' — T such that ran(«)
= ran(¢) and the diagram

¢

S—=T

Phckero l / (1.6)

S/(ker¢)?

commutes.
(b) « is a monomorphism if and only if ¢ is idempotent separating.
(¢) ais an isomorphism if and only if ¢ is both an epimorphism and idempotent separat-

ing.

TaeorEM 1.8 [2]. Let ¢ : S — T be a homomorphism of partial groups. If K is a normal
subpartial group of S such that K C k — ker¢, then there exists a unique homomorphism
a:S/K — T such that ran(«) = ran(¢) and the diagram

¢

S——T

p;l / (1.7)

Sk

commutes.

Let S be a partial group. The set of all idempotent separating congruence on S is de-
noted by Ci(S). We have Ci(S) = {p': p is a congruence on S}, where p is the maximal
idempotent separating congruence on S such that p’ C p. We have p oo = g o p € Ci(S)
for all p,o € CI(S).

PropostTiON 1.9 [2]. (C(S),C,N,V) is a complete modular lattice with pV o = p o o for
all p,a € C\(S).

The set of all normal subpartial groups of S is denoted by N(S).

For M,N € N(S), MN = NM is the minimal normal subpartial group of S containing
M U N, thatis, MN = NM = (M U N) is the (normal) subpartial group of S generated by
M UN or the join M vV N of M and N.

ProrosritioN 1.10 [2]. If M,N € N(S), then ppyiaN = pm N PN; PMN = PM © PN-
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TaeOREM 1.11 [2]. (N(S),C,N, V) is a complete modular lattice and the mapping
¢:N(S) — Ci(S), K~— pk (1.8)
is a lattice isomorphism.

2. q partial groups

Throughout this section, S stands for a partial group with identity 1. Thus S is a strong
semilattice of groups [E(S);S¢, ¢ ¢] with E(S) having upper bound 1. We call the identity
1 of S proper if the maximal subgroup §; is not the trivial group, that is, if {1} is a proper
subset of S;. Otherwise, 1 is called improper. In the usual partial ordering of E(S), we then
have 1 = e for all e € E(S), and so we have a homomorphism of groups ¢, :S; — S, for
every e € E(S).

We call S a g partial group if ¢1 . is an epimorphism for every e € E(S). This is equiva-
lent to say that Sye = S, for every e € E(S), that is, every x € S, can be written as a product
ye for some y € S;. Since Sye C S, always holds, Sis a g partial group ifand onlyif S, C S;e
forall e € E(S).

If S is g partial group and e > f in E(S), we then have ¢.((S.) = S.f = (Sie)f =
Si(ef) = Si1f = Sy. It follows that in a g partial group S, every homomorphism ¢, ; is an
epimorphism. We observe also that in a g partial group S, S, - Sy = S5 for all e, f € E(S).
For, we have S, - Sy C S since S is a strong semilattice of its maximal subgroups, and if
x € S5, then x = yef for some y € Sy, which gives x = (ye)(1f) €S, - Sy.

Let T be a wide subpartial group of S. Then we can call T a g subpartial group of S if
the restriction ¢, on T} is an epimorphism for every e € E(S), that is, T is a q subpartial
group with the inherited operations from S. Trivially, every semilattice with upper bound
is a g partial group, and hence E(S) is a q subpartial group of S. If the identity 1 of S is
improper, we clearly have S = E(S), and so S reduces to a semilattice. The converse holds
trivially. Thus for any g partial group, we have S # E(S) if and only if 1 is proper, that is,
if and only if S; is not the trivial group. As we observed in the introduction, the partial

N
group P (X,G), for any set X and group G, is a q partial group with identity 1x : X — G,

A
x — 1g, the identity 1x is the identity of the maximal group M(X,G) in P (X, G). Clearly
M(X,G) is not the trivial group if and only if X is nonempty and G is not the trivial

A
group. Thus P (X, G) is a nontrivial q partial group if and only if X # @ and G # 0. We
close this section by one more simple observation.

LemMa 2.1. If S is a q partial group in which no two maximal subgroups are isomorphic,
then the kernels of the epimorphisms ¢, ., e € E(S), are all different.

Proof. Let N, denote the kernel of ¢y, e € E(S). Then N, = {y € S;: ye=e}. Ife # f in
E(S) and N, = Ny, we have by the first isomorphism theorem of groups

S, = S1/N, = $i/N; = S; (2.1)

which contradicts the hypothesis. O
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3. The Q operation

In the previous section we noticed that every partial group S with identity contains a triv-
ial g subpartial group, namely, E(S). In this section, we show that nontrivial g subpartial
groups of S exist whenever S is a nontrivial group. More precisely, a maximal g sub-
partial group of S always exists. This inherited to all wide subpartial groups T of S, and
hence defines an operation T — Q(T). In later work, we will show that the Q operation
preserves normality, and commutes with the operation of taking joins. In this section, we
show that it commutes with categorical products. Given a wide subpartial groups T of S,
the existence of Q(T'), the maximal g subpartial group contained in T can be verified by
the axiom of choice (e.g., Zorn’s lemma), but for later purpose we construct Q(T') explic-
itly. It is obtained simply by taking images of ¢; . on T for all e € E(S). Formally, we have
the following lemma.

LemMa 3.1. Let S be a partial group with identity and let T be a wide subpartial group of S.
There exists a q subpartial group Q(T') of S which is unique maximal such that Q(T) C T.
Moreover Q(T) is nontrivial (i.e., does not equal E(S)) if and only if T\ is a nontrivial group.

Proof. Since T is wide, it is a union of maximal groups indexed by E(S), that is, T =
[E(S), Te, ¢e,r] where T, is a subgroup of S, and ¢, : T} — T, is a homomorphism (x ~
xe) for every e € E(S). Define

Q)= |J Imgi.= |J Tie (3.1)

ec€E(S) e€E(S)

Q(T) is a disjoint union of groups (Q(T)). = Tie indexed by the semilattice E(S). In
particular, (Q(T)), = Im¢;,; = T) and the restriction of ¢; . on T gives an epimorphism
01,:(Q(T)) =T — (Q(T)), for every e € E(S).

It follows that Q(T) is q subpartial group of S contained in T.

Fore> f, @c5:Tie— T, f is given by xe — x f, (x € T}).

If K is g subpartial group of Swith K C T, then K; € T} = (Q(T)), and for all e € E(S),
K. = Kie C Tye = (Q(T)).. This proves the unique maximality of Q(T).

Finally, Q(T) # E(S) = (Q(T)). # {e} for some e € E(S) = Tie # {e} = T # {1},
conversely, if Ty # {1}, then (Q(T)), = Ty # {1}, and so Q(T) # E(S). O

Let us now consider partial groups as a part of universal algebra, that is as a variety
of algebras (defined by a set of identities). This implies that, as a category, partial groups
have all small limits and colimits (e.g., products, coproducts, etc.). This is also true for
partial groups with identities. In the rest of this section we consider categorical products
of partial groups (with identities) and show that the Q operation commutes with this
product which implies that product of any family of g partial groups is again a g partial
group. We start by characterizing products in the category of partial groups.

LemMA 3.2. Let {S;, i € I} be a family of partial groups and let S = [[;c; Si be the usual
Cartesian product. Then S is a partial group which is a categorical product with the usual
projections ;= S — S; (x;) — x;. If each S; has an identity 15, then (15,) is the identity of S.
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Proof. Define E(S) = [;c; E(Si). Then E(S) is a semilattice with (e;) < (f;) if and only if
e < fi, forallie I
We have

s=T1s=11 U ). = U TI).. (32)

iel i€l e;€E(S;) (e;)€E(S) i€l

Thus S is a disjoint union of groups [ [;c;(Si)e;» € € E(S;) with identities (e;);er, e; € E(S;),
indexed by the semilattice E(S). For (e;) = (f;) in E(S), there is a homomorphism

o] 1S — 118 (3.3)
i€l iel
given by
(x;) — ((peiyﬁxi)' (3.4)

Now we can easily verify that S is a categorical product, and that S has identity if each S;
has a one. O

THEOREM 3.3. Let {S;, i € I} be a family of partial groups, with identities. Then Q(I1;c; Si)
= Hie[ Q(Sy).

Proof. By Lemma 3.2, [[;c; S; is a partial group with identity (1,);c; which is a union of
maximal subgroups (I ];c; Si)(;) indexed by the semilattice E(S) = [[;c; E(S;). By Lemma
3.1, we have

o119+, (1),

il (e;)€E(S) \i€l
= U <n (Si)15i€i> = n( U (Si)lsiei> (3.5)
(e;)€E(S) \iel i€l \Ne;€E(S:)
= U <l—[ (Si)hiei) = HQ(Si)-
(e;)EE(S) \iel iel

O

By the definition of the Q operation, one can show that the product of any family of
q partial groups is again a g partial group. But if we notice that for any partial group S
with identity, S is a g partial group if and only if Q(S) = S, then the following is an easy
consequence of Theorem 3.3.

CoROLLARY 3.4. If{S;, i € I} is a family of q partial groups, then the product [ [;c;Si is a q
partial group.
4. Normality and g congruences

In this section we develop certain properties of the Q operation needed for further work.
We show it preserves normality in partial groups with identities. The notation of a g nor-
mal subpartial group will play an important role in later work, so we introduce the notion
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of a q congruence on a partial group S with identity in such a way that p is a g congruence
on Sifand only if kerp is a ¢ normal subpartial group of S. For any idempotent separating
congruence p on S we define Q(p) and show it is the maximal g congruence contained in
p. This extends the Q operation to the lattice of all idempotent separating congruences on
S, with the property that if S is a q partial group, then for any normal subpartial group N
of S, Q(N) is normal in S and Q(pn) = pq(v)- This allows to establish a complete modu-
lar lattice isomorphism between g normal subpartial groups of S and g congruence on S,
which is analogous to the classical result (see, e.g., [2]) known for idempotent separating
congruences.

We begin by a technical lemma showing that the join of any family of g subpartial
groups is again a g subpartial group. First, we need to recall some preliminaries.

Remark 4.1. 1f S is any partial group and X is any (nonempty) subset of S, the subpartial
group (X) generated by X is the intersection of all subpartial groups of S containing
X. Actually, (X) is the set of all finite products x;'x;” - - - x;* with x;; € X, nj = 1. If
X NS, # O forall e € E(S), then (X) is also wide. The elements of X are the generators of
(X). If s € (X), say s € ({X)), for some e € E(S) (i.e., es = ), then s may be represented

by a finite product
§ = Xi\Xiy* * * Xig» (4.1)

with x;; € S, forall j = 1,...,k, (just multiply each generator in the typical expansion of s
by e).

LemMa 4.2. Let S be a partial group with identity and let {S;, i € I} be a family of q sub-
partial groups of S. Then {U;er Si) is a q subpartial group of S.

Proof. Clearly (U;c; Si) is a wide subpartial group of S. Let e € E(S) and let s € ({U;<1 Si))e-
By the above remark (and since each §; is a subpartial group of S), we have

S =Xi\Xiy * ** Xigs (4.2)

with Xij € (Sij)e: ] =1,...,k.
Since S;; is a q subpartial group of S,

(Sij), = (Sij)es j=1,....k. (4.3)
Therefore
s=(s;s---sx)e€ <<US,>> e. (4.4)
il 1
This gives

<<UIS>>: <<,-L€J,S">)f’ (4.5)

and the result obtains. O
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Now we show that the Q operation commutes with the join operation on wide sub-
partial groups.

LemMA 4.3. Let S be as in Lemma 4.2, and let {S;, i € I} be a family of wide subpartial
groups of S. Then Q({Uic; Si)) = (Uicr Q(S))-

Proof. By Lemma 4.2, (U;c; Q(S))) is a q subpartial group of S, which is clearly contained
in (U;e; Si). Thus it is sufficient to show that it is maximal with respect to this property.
For this, let T be a q subpartial group of S with T C (U;;Si), and let t € T, say t €
T, = Tye, for some e € E(S). Thus t = se, for some s € Ty, and since T1 C ({U;e; Si))1, we
obtain

S =X Xiy t 0t Xigs (46)
with Xij € (Sij)l’ ] =1,...,k.
This gives
t=(x;x; - x;)e
_ (4.7)
= (xi€) -+ (xie) € (Q(Si)) .~~~ (Q(Sy)),> since (Sij) e = (Q(Sy)),-
Therefore
te <UQ(S,»)>. (4.8)
i€l
This proves maximality, and the proof is complete. O

Given a partial group S with identity, then clearly, a normal subpartial group of S need
not be a g subpartial group. For a trivial example, take S such that 1, is improper, and
S # E(S). Then Sis normal in S but not a g partial group. This is also the case even if S is
a q partial group, for example, take S such that 1; is proper, S, # {e}, for some e € E(S)
and let T < S be such that T} = {1} and T, = S, otherwise. On the other hand, the Q
operation preserves normality in g partial groups. This is our next result.

LemMA 4.4. Let S be a q partial group if N is a normal subpartial group of S, so is Q(N).

Proof. Lets€ S, x € Q(N),says € Sy and x € (Q(N)),, for some f,g € E(S).
We have

(Q(N)), = (Q(N)),g (4.9)

and so x = yg, for some y € (Q(N));. By the definition of the Q operation and the nor-
mality of N, we have

y€ (Q(N)), =N; <8, (4.10)

Also s € Sy = Si f, say, s = 51 f for some s; € S;.
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Thus

slas = (s1f) " (9)(s1f) = (57'y5) (fg) € Nifg = (QIN)) ;, CQIN).  (4.11)
(]

Before introducing q congruences on a partial group S with identity, we consider the
set of all g normal subpartial groups of S and show it is a lattice whenever S is a g partial
group. We know, in the lattice N of all normal subpartial groups of a partial group S, the
join and meet are given by M VN = MN = (M UN) and M AN = M N N, respectively.
For g normal subpartial groups M, N, if § has an identity, then (M U N) is already a ¢q
normal subpartial group of S (Lemma 4.2). However, M N N need not be a g (normal)
subpartial group of S, even if S is a q partial group, because the homomorphism ¢, . need
not be one-to-one for arbitrary e € E(S). Here is a simple example.

Example 4.5. Let X ={a,b} and G=Z, = {0,1}, and let S=P(X, G) be the corresponding
q partial group of partial mappings (see Sections 1, 2).

A
Then P(X,G) is the union of 4 maximal groups, P (S,G) = M(X,G) U M({a},G) U
M({b},G) U {z}, where z represents the empty mapping ¢ — G, and is the zero element

ofIA) (S,G). Let Ty = {(a,b) —~ (0,0),(a,b) — (1,1)}. Then Tj is a subgroup of M(X,G)
consists of just two mappings.
Let R, = {(a,b) — (0,0),(a,b) — (1,0)}. Let e, be the mapping {a} — G, a — 0, and let
ep be the mapping {b} — G, b~ 0.
Denoting Tie, by Ty, and so forth, we have
T,=Tie,={a~ 0,a~ 1},
Ty, =Tiep = {b~ 0,b— 1},
T, =Tz ={z},
R,=Rie; ={a~ 0,a~ 1},
Ry =Riep ={b—0,b~ 1},
R, =Rz = {z}.
Let T=TyUT,UT,UT, and R =R; UR, UR, UR,. With the induced operation
from §, both T and R are g normal subpartial groups of S.
But TnR = {(a,b) — (0,0)} U{a— 0,a— 1} U{b~ 0,b~ 1} U {z} is a (normal)
subpartial group of S, which is not a g subpartial group.

Let S be a g partial group and let QN(S) denote the set of all g normal subpartial
groups of S. In view of Lemmas 3.1, 4.2, and 4.4, we easily obtain the following result.

LemMA 4.6. QN(S) is a complete modular lattice with meet and join defined by
MAN=QMnN), MVN=MN = (MUN). (4.12)

The notion of a ¢ normal subpartial group of a partial group S with identity is nothing
but an idempotent separating congruence on S that satisfies certain condition. Here we
give the definition.

Given a partial group S with identity, we call an idempotent separating congruence p
on S a g congruence on S if for all x,y € S, xpy implies x = sy, for some s € (kerp);, that
is, for some s € §; with sp1.
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We observe that, if p is g congruence, then xpy implies (also) x = ys, for some sp1.
The following consequence follows at once from the definition. (Recall that px is the
congruence whose kernel is K.)

LemMa 4.7. Let S be a partial group with identity, and let p be an idempotent separating
congruence on S. Then p is q congruence if and only if K = kerp is a q normal subpartial
group of S. Equivalently, for any subpartial group K of S, K is a q normal subpartial group
of S if and only if px is a q congruence.

Let S be a partial group with identity and Ci(S) the lattice of all idempotent separating
congruences on S. Recall that, for p,a € CI(S), the join and meet are given by p o o =
ogop=pVo(eg,[2],Lemma5.1)and p A 0 = p N o, respectively.

Again, the intersection of two g congruences on S needs not be a g congruence (e.g.,
apply Lemma 4.7 to Example 4.5). So we define a Q operation on p € C(S) as follows:

Q(p) = {(x,y) : xpy, x = sy(or x = ys), for some s € S with sp1}. (4.13)
Equivalently, Q(p) is the unique maximal g congruence on S contained in p.
Lemma 4.8. Let S be a q partial group and let p € C\(S). Then,
Q(p) = pov)y, where N = kerp. (4.14)

Proof. By definition, N = {x € S: xpe for some e € E(S)}, and p = py. By Lemma 4.4,
Q(N) is normal in S. Now, let (x,y) € Q(p) = Q(pn). Then xpy and x = sy, for some
s € Swith sp1, that is, for some s € (kerp); = N;. We have e, = ¢, (since p is idempotent
separating), and xy~! € N,..

By definition of the Q operation

(Q(N)),, = Nies, (4.15)
and so
xy~!=(sy)y~" = sex € Niex € Q(N), (4.16)
whence
(x,¥) € pouv)- (4.17)
Thus
Q(p) C pov)- (4.18)

Conversely, let (x, y) € poav). Thus
ex=¢, xy ' €(QIN)), =Niex (4.19)
That is

xy ! =se, forsomeséE Nj. (4.20)
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Thus
xy ' €N, x=syforsomesée N; = (kerp)i, (4.21)
and so
(%) € Qlp) = Qlpy). (4.22)
Therefore
Q(p) = Qlpn) = paw)- (4.23)
O

For a g partial group S, let QC'(S) denote the set of all g congruences on S. We have
the following theorem.

TueorREM 4.9. QCY(S) is a complete modular lattice, with meet and join given by

pAra=Q(pnoa),
_ (4.24)
peoc=cop=pVao, respectively.

Moreover, the mapping
¢:QN(S) — QC'(S), N—py (4.25)

is a lattice isomorphism.

Proof. Tt is easy to see that po o € QCL(S), if p,o € QCI(S), and that QCI(S) is a lattice.
The mapping ¢ is well defined by Lemma 4.7, and clearly is one-to-one and onto. By
Lemmas 4.6 and 4.8, we have for N,M € QN(S)

¢(N AM) = 9(QIN N M)) = paivemy = Qlpnam)

(4.26)
=Q(pn Npm) =pn Apm = 9(N) A o(M).
Likewise,
o(N v M) = p(N) v (M), (4.27)
O

5. Developing certain representations

Given a g partial group S, there is an isomorphism of groups S;/N, = S,, for every e €
E(S), where N, = ker ¢, .. On the other hand, given a (nonzero) group G, we can (and do)
generate a q partial group P(G), such that (P(G)); = G and every maximal group in P(G)
is a quotient G/N, for some normal N in G. In this section, we develop the connection
between particular types of g partial groups S, and their associated q partial groups P(S;).

N
Naturally, partial groups of partial mappings P (X, G) are g partial groups. This allows to



14  On semilattices of groups whose arrows are epimorphisms

embed arbitrary partial groups (i.e., Clifford semigroups) in a g partial groups of the kind
P(G).

Let G be a (nontrivial) group and let N be the set of all normal subgroups of G. We
define a partial ordering < on N by

M<N<NCM. (5.1)

We have a semilattice (N, <,A) with M AN = (M UN) = MN, for all N,M € N.
N has an upper bound 14 (and lower bound {G}). If N is indexed by a set I, we have a
bijection
I—N, i— N, (5.2)

This bijection is a semilattice isomorphism if we define < on I by i < j if and only if
N; < Nj;ifand only if N; CNj, for all i,j € L. i A j = ij = k if and only if N;N; = N. In
this case, we have the following lemma.

LEMMA 5.1. Let G be a group, and let N = {N; :i € I} be the semilattice of all normal
subgroups of G defined as above. Let

P(G) = JG/N,. (5.3)

iel
Then P (G) is a q partial group with multiplication
xNj - yN;j = xyNiN; = xyNij, (5.4)
identity element 1 = 1¢, and zero element z = G/G.
Proof. For N; > N; (equivalently, i > j, N; C N;), define
¢ij: G/Ni — G/Nj, xN;— xN;. (5.5)

We have x;N; = x,N; = x;x; ! €N, C N; = x1N;j = x;N;, and hence ¢, ; is well defined.

For x1N;,xoN; € G/N;,
§0i,j (XlN,' XZN,‘) = (Pi,j (X1X2Ni) = XleNj (5 6)
= XlN]‘XZNj = (Pi,j (xlNi)goi,j (XzN,'). '

Thus ¢; ; is a homomorphism of groups which is clearly an epimorphism. Identifying
i € I with the identity of G/N; (for all i € I), we have for all i € I an epimorphism
@1, - G/{IG} =G— G/Ni, X — xNi. (5.7)

Clearly, ¢;; is the identical automorphism, and @;x o ¢;; = @i, for everyi> j > kin L.
Thus P(G) is a g partial group with

XNinj = §0i,iiji . ¢j,iijj = xN,-j yNij = X)/Nij = xyNiNj. (58)

The identity 1 of P(G) is the identity of the maximal group (P(G)); = G/{1¢} = G which
is 1¢, and it has a zero z = (the identity of) G/G. O
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Our next technicality holds for any arbitrary partial group.

LemMMA 5.2. Let S be a partial group, and let {Ty } be a family of (pairwise disjoint) groups
indexed by a semilattice {€' : e € E(S)} isomorphic to E(S), such that corresponding groups
are isomorphic. Then T = UT, is a partial group isomorphic to S.

Proof. We have a semilattice of groups
S = [E(S),Ses pe s ]. (5.9)

Let E(T) denote the semilattice {e’ : e € E(S)} isomorphic to E(S), with e — ¢’. For each
e € E(S), there exists an isomorphism of groups

te:Se — To. (5.10)
Fore' = f"in E(T), e = f in E(S), and we define
Qo i Te — Ty, (5.11)
by
Pe.f = OfPefa; - (%)

It is easily seen that ¢ ;- is a well-defined epimorphism of groups, that ¢, . is the iden-
tical automorphism of T, and that ¢ o - @o ;' = oo forall e’ > f' = ¢’ in E(T). In
other words, T is a semilattice E(T) of groups T, , and we identify e’ with the identity of
Ty for each ¢’ € E(T). Thus E(T) is the semilattice of idempotents in T. We now extend
the isomorphism

E(S) — E(T), e—¢ (5.12)

to an isomorphism S — T. Define a: S — T as follows: for any x € S, say x = x, € S, for
some e € E(S), set

a(xe) = ae(xe). (5.13)

Thus « is a well-defined mapping (since S,,e € E(S) are pairwise disjoint) with restric-
tion, an isomorphism «, : S, — Ty, for each e € E(S). For arbitrary x, y € S, say, x = x, €
Se;y = yr € Sy, wehave xy € S.¢. Thus

a(xy) = a(x.yr) = alxeyref) = der(Xeyref). (5.14)

Using (), and since e — ¢’ is isomorphism, we also have

a(x)aly) = a(x.)a(ys) = ae(xe) ay(yy)

Pe e f (e(xe)) o @pepr(ap(yr))

= s (Poer ;' (ae(xe))) o s (9p,er ' (af(y5))) (5.15)
= tef (Peef (%)) o der (@f,er (7))

= e (Pees (%) 9r.ef (yr)) = e (xeyref).
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It follows that a(xy) = a(x) a(y). Thus « is a homomorphism of partial groups which is
clearly one-to-one, onto T, and the proof is complete. O

Now we discuss particular kinds of g partial groups.
Let S be a g partial group and let N, be the kernel of ¢, ., e € E(S). Let S satisfy the
condition

e# f inE(S) = N.# Ny. (5.16)
Thus
E(S) — N={N.:e€E(S)}, e—N, (5.17)

is a bijection, which is an isomorphism of semilattices, where < is defined on N by

N, <Ni=e<f, (5.18)
which gives for all ¢, f € E(S)
N, ANf = N,y. (5.19)
Here we observe
N, <Ny = Ny CN,, (5.20)

equivalently, e < f = Ny C N,, (for we have x € Ny = xf = f = xe = x(ef) = (xf)e =
e=>x€N,).

Lemma 2.1 gives a sufficient condition for (5.16), that is a g partial group S satisfies
(5.16) if the maximal groups in S are pairwise nonisomorphic.

Remark 5.3. Partial mappings provide concrete examples for g partial groups satisfying
(5.16).
Let X be a nonempty set, G a nontrivial group, and let

A
S=P(X,G) (5.21)

be the corresponding g partial group of partial mappings (cf. Section 1). We have that
S1 = M(X, G) is the group of all mappings from X into G, and

E(S)={es:A— G, x— 1g; AC X} (5.22)
is the semilattice with e4 < ep if and only if A C B. For all e4,ep € E(S), we also have
€A N\ eB = €ANB. (523)

The identity 1 of S is the identity of S, that is, 15 is the mapping ex : X — G, x — 1g, (here
1¢ is the identity element of the group G). Forall A C X,

P1e, : M(X,G) — M(A,G) (5.24)
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is (the epimorphism) given by f — f|4, (the restriction of f on A). Thus,
N, =kergi,, = {f € M(X,G): fes = ea}
(5.25)
= {f EM(X,G) :f|A = eA}.
Evidently, for all A,B C X
A=B < ey =ep. (5.26)

Now forall A,B ¢ X, N, = N,, = forall f € M(X,G), f|la=esifandonlyif flg=ep &
A =B ¢ ey = ep. It follows that

eA 7é eB = NeA # NeB) (5'27)

as we claimed.

LemMA 5.4. Let S be a q partial group satisfying (5.16), and let N be the semilattice isomor-
phic to E(S) given by (5.17). Then

T= J Si/N. (5.28)
ecE(S)

is a partial group, and
a:S— T, xe — xN, (5.29)

is a partial group isomorphism.

Proof. For each e € E(S), there exists an isomorphism

0.:8/N, — S, (5.30)
given by
0. (xN.) = @1.x, Vx€S. (5.31)
That is,
0.(xN.) = xe. (5.32)

Observe that ¢, is an epimorphism, and so every element in S, is xe, for some x € §;.
Thus for every e € E(S), we have an isomorphism

o :Se — S1/N,, (5.33)
given by

a. =01, thatis a.(xe) = xN,. (5.34)
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Applying Lemma 5.2 (with N, = ¢’), it follows that T is a partial group with homomor-
phisms

ONN; = Af Pef ;1 S1/Ne — Si/Ny, VN, = Ny(ie,e> f in E(S)). (5.35)
Thus, for arbitrary xN, € S,/N.,
oN.N; (XNe) = af ger ;' (xN,) = xNy. (5.36)

Actually, ¢y, v, is an epimorphism. Using (5.19), multiplication in T is given as follows:
for arbitrary xN,, yNy € T(x, y € §;)

xNe - yN¢ = QNN XNe - 9NN, YNf = XNef = yNef = xyNef. (5.37)
a

LEmMA 5.5. Let S, N be as in Lemma 5.4. Then,
Ve,f €E(S), N.CNy=e=f (5.38)
if and only if
Ve, f €E(S), N =(N,UNs)=N.N. (5.39)
Proof. Suppose (5.38) holds. Then, by using (5.20), we obtain for any e, f € E(S)
e>f < N, >Ny < N, CNy. (5.40)

Thus the partial ordering of N is completely given by set inclusion in a reverse manner.
Since (N, UNy) = N.N¢ (= N¢N,) is the least upper bound of N, and Ny with respect to
C, it follows that, it is the greatest lower bound of them with respect to < in N. That is
N ANy = N.Ny. This and (5.19) give (5.39).

Conversely, suppose that (5.39) holds, and let N, C N¢(e, f € E(S)). Then

Nef = N.Ny = Ny, (5.41)

which gives, by (5.16), ef = f,andsoe = f. O

Let S be a q partial group satisfying (5.16) and the equivalent conditions (5.38) and
(5.39). We call S proper if also

for NCS;, Nisnormalin S, onlyif N = N, for some e € E(S), (5.42)

(recall that N, = ker¢, ). By (5.16), if S is proper and N <1 §;, then N = N, for a unique
e € E(S).

A typical example of a proper g partial group is the g partial group P(G) associated to
a (nonzero) group G (as in Lemma 5.1). Partial groups in general and (proper) g partial
groups in particular can be represented by proper g partial groups of the kind P(G). We
devote the rest of this section for such representations.
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THEOREM 5.6. Every q partial group S that satisfies (5.16) and the equivalent conditions
(5.38) and (5.39) is embeddable in its associated proper q partial group P(S)).

Proof. By Lemma 5.4, there exists an isomorphism
a:S— T, xe — xN,, (5.43)
where

T= J SN, (5.44)
ecE(S)

and N, < Ny ifand only if e < f. Using (5.38), we obtain
N, <Nj<>N; C N,. (5.45)

It follows that E(T) is isomorphic to a subsemilattice of E(P(S;)). Since each maximal
group S;/N, is a maximal group in P(S;) (with identity N,), it follows by Lemma 5.2 that
T is a subpartial group of P(S;). Hence o embeds S in P(S;). O

COROLLARY 5.7. Let S be an arbitrary partial group and let M be the group M(S,G) of all
mappings from S into G, where G is the coproduct of all maximal groups in S. Then S is
embeddable in P(M).

Proof. By the representation theorem (Section 1), there exists a monomorphism
A
p1:S—P(S,G). (5.46)

A

The partial group P (S,G) satisfies (5.16) (see the previous remark), and it is easy to
see that all these partial groups (of partial mappings) satisfy (5.38) as well. Hence by
Theorem 5.6, there exists an embedding

Bo:P (5,6) — P(P(5,6)), = P(M(S,G)). (5.47)

B231 is the required embedding. O
The proof of the following lemma is routine and omitted.

LemMa 5.8. Let S and T be partial groups with identities, and let y : S — T be a homomor-
phism.
(i) If Sis a q partial group and y maps E(S) onto E(T), then Imy is a q subpartial group
of T. In particular, if y is an epimorphism, then T is a q partial group.
(ii) If y is an isomorphism, then T is proper if (and only if) S is proper.

COROLLARY 5.9. A g partial group S is proper if and only if S is isomorphic to P(Sy).

Proof. Sufficiency follows from Lemma 5.8(ii). Necessity is a special case of Theorem 5.6
with T = P(S)). O
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Nonzero groups and nontrivial commutative bands with identities are obvious exam-
ples of g partial groups which are not proper. Eventhough, it is true that g partial groups
that satisfy (5.16) and (5.38) (equivalently (5.39)) need not be proper. A simple example
is given by a group G that has a proper normal subgroup N. For instance, let S = §; U S,
with indexed semilattice 1 > 2, where S; = Zs and S, = Z¢/{0,3}. Then S is a g partial
group satisfying (5.16) and (5.38) but does not satisfy (5.42). This can also be illustrated
by partial mappings.

Example 5.10. Let X be a nonempty set and let G be as above, that is, 1 # G is a group
with a normal subgroup 16 # N # G, (e.g., G = Zg). Let

T={feMX,G): f(X)CN}, (5.48)

A
clearly T is a normal subgroup of M(X,G) =P (X,G);. Also T # M(X,G), since N # G.
Let A C X be fixed but arbitrary. We have (by definition)

N, =Kker @ey e, = {f € M(X,G): fla=eal. (5.49)

Recall that e, is the identity of the maximal group M(A,G), thatis, e4 : A — G,x — 1g.
Thus

No, = {f:X —G: f(A) = {16} . (5.50)

IfA=,then N, = M(X,G) # T.
If A + @, choosea € A, p e N and defineg: X — G by

p ifx=a, (5.51)
X — .
l¢ ifx#a.

Then g € T, but g € N,. Thus T # N,,. Since A is arbitrary, it follows that T #
A
ker ¢, ,, for every idempotent e4 in P (X, G). Hence condition (5.42) does not hold, that

is IAJ (X, @) is not proper.

A proper g partial group S has (up to an isomorphism) a “local” quotient group /N,
at every point e € E(S). These can be integrated into a whole quotient partial group de-
scribing S. Formally, we have the following theorem.

THEOREM 5.11. Every proper q partial group S is isomorphic to some quotient partial group
T/N, with N # E(T) if 1s is proper. Explicitly, T is a strong semilattice E(S) of isomorphic
copies of Si.

Proof. By assumption, the set of all normal subgroups of S; is (the semilattice)
N ={N, =ker g1, : e € E(S)}, (5.52)
with

e>f < N,>=Ny < N, CNy. (5.53)
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Let {T,}ccks) be disjoint isomorphic copies of S;, with isomorphisms of groups
a:S — T, for every e € E(S). (5.54)
Let T = U,cg(s) Te- Forall e > f in E(S),
$op:Te — Ty, (5.55)
given by
Q. =ara;’, (5.56)

clearly induce a semilattice of groups T = [E(S); Te,gog, f]. For each e € E(S), there exists
an isomorphism

e : S1/N; — T./N,, XN, — a.(x)N,, (5.57)

where N is the image of N, under «,. Define N, > N} ifand only if e = f in E(S). Let
N = U.eg(s)Ne- Then N is a normal subpartial group of T and the quotient partial group
T/N has maximal groups

(T/N)e = Te/Ne = $1/Ne (e € E(S)). (5.58)
By Lemma 5.2, T/N is isomorphic to P(S;), whence by Corollary 5.9, S is isomorphic to
T/N. The other assertion of the theorem follows immediately. O
6. Two equivalent categories

We use previous results to show that proper g partial groups together with certain kind
of epimorphisms are a category equivalent to the category of groups and epimorphisms
of groups.

LemMa 6.1. If a:S — T is an epimorphism of q partial groups, then the restriction ols, on
S1 is an epimorphism S — Ty of groups.

Proof. a(1s) =€’ for some e’ € E(T). Since « is epimorphism, a(e) = 11 for some e €
E(S). Thus

11 = ale) = a(lse) = a(ls)ale) = a(ls) 17 = a(ls). (6.1)

It follows that a(S;) C T;.
If y € Ty, there exists s € S, say s € S, for some e € E(S), such that a(s) = y. Since S is
a q partial group, s = xe for some x € ;. Thus

Ir = e, = eq(s) = a(es) = afe). (6.2)
Therefore
y=ua(s) = a(x)ale) = a(x)17 = a(x), (6.3)

whence y € a(S;). The result follows. O
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From now on, we use symbols to denote terms as follows: groups in general (are de-
noted by): G, H, K, ...,
(proper) g partial groups: S, T,R,...,
epimorphisms of g partial groups: &,3,7;...,
restrictions of epimorphisms @: S — T, f3,..., of proper g partial groups on max-
imal groups Si,..., are denoted by « : §; — T1,f5,..., (see Lemma 6.1).
Given a group G,

N(G) = {NCcG:N <G} (6.4)
For a g partial group S,
N($)) ={NCS:N<S}. (6.5)
In particular, if § is a proper g partial group,
N(S;) = {N, =kerg;.:e € E(S)}. (6.6)

Unless stated otherwise, N(G) is a semilattice with M < N if and only if N ¢ M.
In particular, if S is a proper g partial group, N(S) is the semilattice for which

e<f<N,<Nf<= NfCN. (Ve,f €E(®S)) (cf. Section 5). (6.7)
We call an epimorphism @: S — T (of proper q partial groups) a p epimorphism if
a(N,) = Ny, foreverye € E(S). (6.8)
In other words, & is p epimorphism if
a(kerg.) =kergigze foreverye € E(S). (6.9)

The next result which gives a characterization of p epimorphisms is independent of later
work. First we recall some definitions. A partially ordered set (P, <) is said to satisfy
the maximal condition if any nonempty subset of P contains a maximal element. This
is equivalent to say that P satisfies the ascending chain condition: there does not exist an
infinite properly ascending chain x; < x, <..., in P.

The minimal condition and the descending chain condition are defined dually. A group
G satisfies the maximal condition on normal subgroups if (N(G), C) satisfies the maximal
condition (the partial ordering here is set inclusion). This property is identical with the
ascending chain condition on the normal subgroups. Minimal and descending chain con-
ditions on normal subgroups are defined dually.

As we mentioned above, where N(G) (or N(S)) is written without any further mention
of partial ordering, we always mean the semilattice (N(G),<), M < N if and only if N C
M. Otherwise the partial ordering is written explicitly. Thus, for instance, if S is a proper
q partial group, then E(S) satisfies the maximal condition if and only if N(S;) satisfies the
maximal condition; if and only if (N(S;), C) satisfies the minimal condition; if and only
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if §; satisfies the minimal condition on normal subgroups; if and only if there does not
exist an infinite properly descending chain Ny D N, D - - - in N(§;).

LemMA 6.2. Let S, T be proper q partial groups and let @ : S — T be an epimorphism.
(i) If ais p epimorphism, then the following condition holds:

ale) =a(f)=a(N,) = a(Ny) (e, f €E(S)). (6.10)

(ii) If (6.10) holds and T\ satisfies the maximal condition on normal subgroups (i.e., E(T)
satisfies the minimal condition), then & is p epimorphism.

Proof. (i) Trivial.

(ii) Let eg € E(S) be fixed but arbitrary. Clearly, a(Ng,) C Ng(e,) (x € Ng, = xep = €9 =
a(x)a(ey) = a(eg) = a(x) € Na(ep))- If a(Ne,) = Nag(,) the result obtains. Otherwise, we
have Ng(e,) < T1 = Na(ey) = a(Ne,) C Ng(e,) for some e; € E(S) (since S, T are proper and
« is epimorphism). If Ng(e,) = Na(e,)> then a(eyp) = a(e;) (by condition (5.16)) and so by
(6.10), a(Ng,) = (N, ) = Ng(¢,) and the result follows. Otherwise and having chosen e,
there exists ex+1 € E(S) with Ng(,) = a(Ne,,,) and so Ng(e,) C Na(e,,,)- This would give an
infinite chain Nﬁ(eo) C NR(el) c---C Na(ek) C N&(ekﬂ) Ce--.

By the maximal condition, we must have Ng(,;) = Ng(e;,,) for some j > 1. Thus a(e;) =
a(eji1), which gives by (6.10), a(N;) = a(Ne;,,) = Nate;) = Nate; ) = Nate;) = alej) =

a(ej_1). Repeating the process, we obtain a(e;) = a(ej_1) = - - - =a(e1) = a(ep). Thus by
(6.10)

a(N,) = a(N,,) = Ng(ep)» (6.11)
and the proof is complete. O

LEMMA 6.3. Let G,H be groups. Then every epimorphism o : G — H is uniquely extended
to a p epimorphism a* : P(G) — P(H) given by xN — a(x)a(N) (x € G,N < G).

Proof. We have P(G) = [Uyen G/N is a proper g partial group with

onum:G/N — G/M, xN— xM, ifN=M (ie,N CM, see Lemma 5.1),
(6.12)

since « is epimorphism, we have N(H) = {a(N) : N < G} and it is easy to see that o™ :
P(G) — P(H), xN ~ a(x)a(N), (x € G,N < G) is a well-defined epimorphism, and the
restriction of «* on (P(G)); = Gisa: G — H. For any N < G we have by the definition of
a*, a*N = a(N). Thus

a(kergin) = a(N) = ker ¢y on) = ker gy« N. (6.13)
Hence a* is p epimorphism. If * : P(G) — P(H) is a p epimorphism, then by Lemma 6.1,
the restriction of f* on (P(G)), = G defines an epimorphism f: G — H, x — x', and for

any xN € P(G), we have

B*xN = B(x)B*N. (6.14)
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Since f3 is a p epimorphism, we have
B(N) = B(kergin) = kerg;g«n = f*N. (6.15)
Thus, if f = «, we have for any N < G,
a(N) = B(N) = kerg; g«n = B*N. (6.16)

Therefore f* = a*. O

In view of Lemma 6.3, we may define an operation * on epimorphisms of groups
which sends every epimorphism & : G — H to its unique extension p epimorphism o* :
P(G) - P(H), xN — a(x)a(N). Some properties of * is given in the following lemma,
whose proof is trivial and omitted.

LemMA 6.4. (i) For any group G, 1§ = 1g.
(ii) Given a pair of epimorphisms o : G — H and : H — K, then, (fa)* = f*a*.

Given an epimorphism @ : S — T of proper g partial groups, its restriction a: S, — T
is an epimorphism of groups (Lemma 6.1) and so extended uniquely to a p epimorphism
a* 1 P(S;) = P(T1), xN — a(x)a(N). Recall also that, for any proper g partial group
S, there is an isomorphism ag: S — P(S1), xe = xN,, x € 1, e € E(S) (see Lemma 5.4,
Theorem 5.6, and Corollary 5.9).

LEMMA 6.5. Let a: S — T be an epimorphism of proper q partial groups. Then & is p epi-
morphism if and only if @ = a7 a* as.

Proof. By Lemma 6.3, a* is p epimorphism. Thus for each e € E(S), a*xN, = a(x)a(N,).
Suppose & = arla*ag, letx € Sy, e € E(S),and let a(N,) = N, (for some e’ € E(S)). Then,
a(x)a(e) = a(x)ale) = a(xe) = ar'a*as(xe) = ar'a*xN, = ar'a(x)a(N,) = ar'a(x)Ny
= a(x)e’. Thus a(e) = ¢’ (since a(x) € T1), and we have

a(kerg,) = a(N,) = Ny = kergy =ker 1 5. (6.17)

Hence « is p epimorphism.
Conversely, if @ is p epimorphism, then for all e € E(S), a(N,) = Ng(e). Thus forx € Sy,
e € E(S), we have

arla*as(xe) = ar'a*xN, = az! (a(x)a(N,))
(6.18)
= a7 (a(x)Ng(e)) = alx)a(e) = a(xe).

Therefore, oc}loc* as = a. O

We notice that given p epimorphisms@:S — T and: T — R, fa: S — Risa p epimor-
phism (by the definition or Lemma 6.5). Also 15:S — S, x — x is clearly p epimorphism.
Thus we can define a category:

PQP: objects are all proper g partial groups S,T,..., and morphisms Hom(S,T) =
(possibly empty) set of all p epimorphisms from S onto T.
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Let G be the category of all groups with morphisms of all epimorphisms of groups.
Thus for any two groups G, H, Hom(G,H) = (possibly empty) set of all epimorphisms
from G onto H.

Recall that two categories C, D are said to be equivalent if there exist functors

F:C-D, G:D-C, (6.19)
and natural isomorphisms
n:GF = I, e:FG=1Ip, (6.20)

where I¢ and I are the identity functors.

THEOREM 6.6. G and PQP are equivalent categories.

Proof. Define P: G — PQP on objects by G — P(G), where P(G) is the proper q partial
group associated to G (as in Lemma 5.1) and on morphisms by

a:G— H— a*:P(G) — P(H), (6.21)

where a*is the unique p epimorphism extension of & on P(G), defined as in Lemma 6.3.
By Lemma 6.4, P is a functor (actually is full and faithful). Define R : PQP — G on objects
by S — S, and on morphisms by

a:S—T—a:5 — T, (6.22)

where « is the restrection of @ on S (see Lemma 6.1). Clearly R is a functor and RP = I.
In other words, there exists a natural isomorphism 7 : RP = I given by for any object G
in G,RP(G) = G and #¢ : RP(G) — G is the identity 15,x — x. Next for each object S in
PQP, PR(S) = P(S). Define €5 : PR(S) — I(S), that is, &5 : P(S;) — S by xN, — xe, that is,
s = a5 . Thus &5 is an invertible (isomorphism) in PQP and for any morphism @: S — T
in PQP we have a diagram

£s=¢x§1

PR(S) =P(§;)) ————=I1(S) =S

Pla)=a* I(a™)=a" (623)

ST:a}l

PR(T) =P(Ty) ——  _[(T)=T
Applying Lemma 6.5, we have
qes = dag! = (apla*as)as! = arla* = era*, (6.24)

and the above diagram is commutative. This gives a natural isomorphism ¢: PR = |
whose components are &5 = ag ' and the proof is complete. O
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