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We give a sharp estimate on the rate of convergence for the Bézier variant of Bleimann,
Butzer, and Hahn operators for functions of bounded variation. We consider the case
when a > 1 and our result improves the recently established results of Srivastava and
Gupta (2005) and de la Cal and Gupta (2005).
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1. Introduction

Bleimann et al. [3] introduced an interesting sequence of positive linear operators defined
on the space of real functions on the infinite interval [0, o) by

u k
Ln(f,x>=k§)bn,k<x>f(n_k+l), xe[0,0), neN, (L)
where
n\ xF
by (x) = (k) T+ (1.2)

The Bézier variant of these operators for « > 1 is defined in [6] as

k
n—k+1

Lua(fo) = > Q) (x) f(

), x€[0,0), neN, (13)
k=0
where Q) (x) = J&4 (%) = J% 1 () and Ju(x) = 3 by (%)

As a special case & = 1, L, o( f,x) reduce to the operators L, (f,x) = L,(f,x), defined
by (1.1). Some approximation properties of the Bleimann, Butzer, and Hahn operators
were discussed in [1, 2], and so forth. Very recently, de la Cal and Gupta [4] and Srivastava
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2 Approximation by a Bézier variant of the BBH operators

and Gupta [6] studied the rate of approximation for the Bleimann, Butzer, and Hahn
operators and its Bézier variant (« > 1), respectively.
We recall the Lebesgue-Stieltjes integral representation

Lua(fox) = jo F(O)d (Kna(x,1)), (1.4)
where

> Qf:‘,i(x), 0<t< oo,
Ko a(x,t) = 4 k=(n—k+1)t (1.5)
0, t=0.

In this paper, we give a different and improved estimate on the rate of approximation
for functions of bounded variation on the Bézier variant of Bleimann, Butzer, and Hahn
operators.

2. Auxiliary results

In this section, we recall two lemmas, which are essential for our main theorem.

LEmMA 2.1 [6, Lemma 3]. Forallx € (0,0), a > 1, and k € N, there holds

(@) a(l+x)
Qi (%) < abyi(x) < TR (2.1)
LemMma 2.2 [5, Lemma 3]. For x € (0, ),
1 11— x| -3/2
> buk(x) — = o). (2.2)

K/ (n—k+1)>x 6v2m(n+1)x

3. Rate of convergence
Our main result is stated as follows.

THEOREM 3.1. Let fbe a function of bounded variation on every finite subinterval of [0, o).
Let f(t) = O(t") for somer € N as t — oo. Then for x € (0,), a = 1, and for n — co,

| Lyo(f>x) =27 f(x+) = (1 =27%) f(x—) |

9“ 1+x) x+x/f OC|1 _
< i) 2 PNV m'ﬂ’”) Feal G
F LD o f ) - Fam)| +0(n),

w/2enx
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where

l.fx(n+1)

en(x) = THx
0, otherwise,

e N,

f) = fx=), ifo<t<x, (3.2)

fx(t) = 0, lft =x,
f@) = f(x+), ifx<t<oo,

and VY (f,) is the total variation of f. on [a,b].

Proof. We have
FO =27 (x) = (1-27) f(x—)
= fe(0) +27(f (x+) = f(x=))sign'” (¢ - x) (3.3)
+ () =27 F (o) = (1= 27%) f(x=)) 8u(),
where

2¢ -1, ift>x,

1, ifx=t,
sign@ (¢ — x) := 10, ift=x,  O(t) = { (3.4)
0, ifx#t
-1, ift<x,
Therefore, we can write
|Ln,(x(f>x) - z_af(x"') - (1 - z_a)f(x_) |
< |Lpa(foox) | + | 27%(f(x+) = f(x=)) Lpa(sign® (¢ — x),x) (3.5)

+[f(x) =27 f(x4+) = (1 =27%) f(x=) | Lna(85>%) |5
and our first estimates are

Lua(sign®(t—x),x) =2% > QW(x) - 1+e,(x)QY (x)
k>(n—k+1)x

=2“< > b,,,koc)) ~1+e,QN(x), (36
k>(

n—k+1)x

Lia(85,%) = ex(x)Q\% (x).



4 Approximation by a Bézier variant of the BBH operators

Then we have
= [27%(f(x+) = f(x—))Lya(sign®(t — x),x)
F ) =27%f(x+) = (1= 27%) f(x=) | Lna(8x,x) |

= '2“"(f(x+)— f(x—>>[2“ > Qﬁ,’fﬁ(x)—l} +(f(0) = f(x=))en(x) QL% (x) .

k>(n—k+1)x
(3.7)
Using the mean value theorem, we get
« - -1 _
> QAW -2 =al@u)| X bu@-27 (38)
k>(n—k+1)x k>(n—k+1)x

where &, i (x) lies between 27! and - (,_k+1)x bk (x). Because of Lemma 2.2, it is easily
seen that the intermediate point &, x(x) is close to 27! for sufficiently large 7. Then we can
write &, x(x) = (2+¢)~! for each £ > 0. Thus, we have

Ex()) T =2re)l <1 (3.9)

for each a > 1. By using (3.9) and Lemma 2.2 in (3.8), we obtain

LA g
k><nzk+1 Qi) =27 = g F O (3.10)
Hence, by using (3.10) in (3.7) and Lemma 2.1, we obtain
6\/% | flx+) = flx=)| + (x\(/li en(x) | f(x) = f(x=)| +O(n2).
(3.11)

On the other hand, to estimate L, ( fx,x), we break the Lebesgue-Stieltjes integral into
four parts as follows:

sttt ([ st

then, by proceeding along the lines of [6], we get

< 906(1+X)2 x+x/f
[nalfox) | = g 2 V0l () + 007, (3.13)

Using (3.11) and (3.13) in (3.5), we get the desired result. This completes the proof of
Theorem 3.1. |

Notice that for the case 0 < « < 1, these results can be found in [5].
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