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Sufficient conditions are obtained for the existence of at least one positive periodic solu-
tion of a periodic cooperative model with delays and impulses by using Mawhin’s contin-
uation theorem of coincidence degree theory.
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1. Introduction

In 1974 May [10] suggested the following cooperative species model [3]:

x1(t) = Tlxl(t)[l - #(122(0 - 61X1(t)],
(1.1)
xxﬂ=hm0{1*£f%£KBmeUﬂ,

where a;, b;, and ¢;, i = 1,2, are positive constants. Recently, paper [11] has studied the
existence of positive periodic solutions of the following system:

. _ x1(t) _
x“”‘””““”b‘;ﬁﬁ?ﬁ@ﬁ;ﬁ qunmw} .
L x(t) _ '
xxn—nunxﬂb—aﬂﬂ+m0Md” qanxo}

where a;, b;, and ¢; (i = 1,2) are nonnegative w-periodic continuous functions. It is well
known that more realistic and interesting species models should take into account both
the seasonality of the changing environment and time delays [4, 8, 9], and that the birth
of many species is not continuous but occurs at fixed time intervals (some wild animals
have seasonal births), in the long run; the birth of these species can be considered as an
impulse to the system [1, 2, 5, 7]. To describe this phenomenon exactly, we proposed
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2 Positive periodic solution of a cooperative model

the following periodic cooperative species model with delays and impulses, which is a
generalization of (1.1) and (1.2),

d.?ﬁ(f) X1 (t— T]l(t))
TR n(t)xl(t)[l T D+ b Ox(t— 11a(0) —cl(t)xl(t—m(t))], t>0, t# ty,
Axl(tk) = —ylkxl(tk), k=1,2,...,
dx; (1) % (t—21(2))
! =h0MﬂﬂP—aﬂﬂ+b0MMFﬁﬂm)—Q@&U-hﬁﬂ],t>Qt#%
AXZ(tk) = —)Qk.X'z(tk), k = 1,2,...,
(1.3)
where Ax(#) = x(t]) — x(t; ) are the impulses at moment t; and t; < #, < - - - is a strictly

increasing sequence such that limy_.. #x = +o0 and there exists a positive integer g such
that tyq = tk + @, Yikrg) = Yk < L k= 1,2,..., i = 1,2, ri(t), a;(t), ¢;(t), i = 1,2, are pos-
itive continuous w-periodic functions, b;(t), 7;;(t), i = 1,2, j = 1,2,3, are nonnegative
continuous w-periodic functions.

As usual in the theory of impulsive differential equations, at the points of disconti-
nuity # of the solution t — x;(¢) we assume that x;(#) = x;(#; ). It is clear that, in gen-
eral, the derivatives x;(tx) do not exist. On the other hand, according to the first equal-
ity (1.3) there exist the limits x;(¢;). According to the above convention, we assume
x; (1) = x; (t;).

Throughout this paper, we assume that

[T (t=yn), i=12 (1.4)

to <t <t

are w-periodic functions.

The organization of this paper is as follows. In Section 2, we introduce some nota-
tions and definitions, and state some preliminary results needed in later sections. We
then study, in Section 3, the existence of periodic solutions of system (1.3) by using the
continuation theorem of coincidence degree theory proposed by Gaines and Mawhin [6].

2. Preliminaries

In order to obtain the existence of a positive periodic solution of system (1.3), we first
make the following preparations.
Consider the impulsive system

X (6) = fbx(0,x(t=11(0))s s (E = T(D)),  E# 1 k=1,2,...,
(2.1)
Ax(t) | _y =T (x(8))s
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where x € R”, f : R X R™1 — R" is continuous, and f is w-periodic with respect to its
first argument; Iy : R" — R" are continuous, and there exists a positive integer g such that
tkrq = bk + W, Ik+q(x) = Ix(x) with t € R, tig1 > ti, limg—oo te = 00, Ax(t) [4=y, = x(t,:r) —
x(t). For ty #0 (k = 1,2,...), [0,w] N {tx} = {t1,t2,...,t4}. As we know, {t;} are called
points of jump.

For any o > t, let

e = mininf {t — 7;(t)} (2.2)

l<i<ntzo

and let PC,; denote the set of functions ¢ : [r4,0] — R which are real-valued absolutely

continuous in [fx, fx+1) N (r4,0) and at t; situated in (74, 0] may have discontinuity of the
first kind.

Definition 2.1. Forany o= 0and ¢ € PC,, afunctionx € ([r,,),R) denoted by x(t,0,¢)
is said to be a solution of system (2.1) on (o, o] satisfying the initial value conditions

x(t) = ¢(t), ¢(a)>0, te[rs0] (2.3)

if the following conditions are satisfied:
(i) x(¢) is absolutely continuous on each interval (tk, tg+1) C [74,00);
(i) for any i € [0,), k = 1,2,...,x(t{) and x(t; ) exist and x(t; ) = x(tx);
(iii) x(t) satisfies (2.1) for almost everywhere in [0, %) and at impulsive points f; situ-
ated in [0, o) may have discontinuity of the first kind.

Consider the following nonimpulsive delay differential system

dyi(t) [Mo<t<t—e 6y (1= yre) 1 (= 711(1))
dt n®n(® [1 Ca(t) +bi(t) [Mo<t<t—rp(e) (1= p2r) y2 (t — 112(1))
—a@®) [ (O—yuw)yt- T13(l‘))],
0<ty<t—15(t)
(2.4)
dy, (1) [To<tict—r(t) (1 = y2k) y2 (t = 121(2))

TR O [ ~orer sowmewm ()

—a)  ]] (1—)/2k)}’2(t—T23(t))],

0<tp<t—123(t)

with initial condition y;(t) = ¢:(t), t < 0, where ¢;(t) is defined as above.

In the following, we will establish a fundamental theorem that enables us to reduce the
existence of solution of system (1.3) to the corresponding problem for the nonimpulsive
delay differential system (2.4).
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THEOREM 2.2. Assume that (1.4) holds. Then
(i) if y = (y1,y2)7 is a solution of (2.4), then

T

x= ( [T O=ywy [1] (l—yzk)yz) (2.5)
0<tp<t 0<tp<t
is a solution of (1.3);
(i) if x = (x1,x2) T is a solution of (1.3), then
T
y = ( 1_[ (1 —ylk)flxl, 1—[ In(1 —yzk)1x2> (2.6)
0<ti<t 0<ti<t

is a solution of (2.4).

Proof. First, we prove (i). It is easy to see that x; = [To<y, /(1 — yix)yi» i = 1,2, are abso-
lutely continuous on the interval (tx,t+1] and that for any ¢ # t, k = 1,2...,

T
x= ( H (1—yu)y1 1_[ (1 _)’Zk))’z) (2.7)
0<ti<t 0<ti<t

satisfies system (1.3).
On the other hand, for every t;, € {t},

xi(tf) = lim [T Q=ypip)yiry=[] =ypij)yi(te), i=12,

=1 0<tj<t 0<t;<ty
(2.8)
xi(t) =[] (L—pip)yite), i=12
0<t;<ty
Thus, for every k = 1,2,...,
xl(t]:—) = (1_yik)xi(tk)) i= 1)2 (29)

The proof is complete.
Next, we prove (ii). Since x;(t) is absolutely continuous on each interval (tx, tx+1] and,
in view of (2.9), it follows that, for any k = 1,2,...,

yit) =TT -pp) ') = T1 -py) xlte) = pi(t), i=1.2,

0<t;<ty 0<t;<tk

yilt)= T (=yy) xilt) =yilt), k=12,

0<tj<ty_1

(2.10)

which implies that y;(t), i = 1,2, are continuous on [0, ®). It is easy to prove that y;(t) are
absolutely continuous on [0, o). Now, one can easily check that

T
)’=< [T Q=yw) "5 T (1_)/2k)_IX2) (2.11)

0<t<t 0<ti<t

is a solution of (2.9). The proof is complete. O
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3. Existence of periodic solutions

In this section, based on Mawhin’s continuation theorem, we will study the existence of
at least one periodic solution of (1.3). To do so, we will make some preparations.

Let X and Y be real Banach spaces, L : DomL C X — Y a linear mapping, and N :
X — Y a continuous mapping. The mapping L will be called a Fredholm mapping of
index zero if dimKerL = codimImL < 4+o0 and ImL is closed in Y. If L is a Fredholm
mapping of index zero and there exist continuous projectors P: X — X and Q: VY - Y
such that Im P = Ker L and Ker Q = Im(I — Q), it follows that mapping L|pomrrkerp : (I —
P)X — ImL is invertible. We denote the inverse of that mapping by Kp. If Q is an open
bounded subset of X, the mapping N will be called L-compact on Q if QN (Q) is bounded
and Kp(I — Q)N : Q — X is compact. Since ImQ is isomorphic to KerL, there exists an
isomorphism J : ImQ — KerL.

Now, we introduce Mawhin’s continuation theorem [6, page 40] as follows.

LEmMMA 3.1. Let Q C X be an open bounded set and let N : X — Y be a continuous operator
which is L-compact on Q. Assume

a) foreach A € (0,1), x € 0Q N DomlL, Lx # ANx;

b) for each x € 9Q NKerL, QNx # 0, and deg(JQN,Q N KerL,0) # 0.
Then Lx = Nx has at least one solution in Q N Dom L.

In what follows, we will use the following notations:

fz=ljwh(t)dt, W= min ()}, BM = max {h()}, (.1)
w Jo

te[0,0] tE[O w]

where h(t) is a periodic continuous function with period w,

A} = sup { [ [ln(l—m)]_l}, Bj = sup SL [ [ln(l—yzk)]_l},

te[0,w] Lo<g<t te[0,w] Lo<g<t

Al = inf { I [ln(l—ylk)]l},

0<tr<t

[0 (1= y20)] }

0<tr<t

(3.2)

te[0,w] Lo<g<t 0<tr<t

Al
Tp— { I1 ln(l—ylk)}’ SL [ In(1-y) }
{

Az— inf { 1_[ In ( I_Ylk} Bz— inf

te[0,w] 0<te<t te[0,w]

l_[ In ( l—yzk }

0<tr<t

Before we proceed to state and prove our main result, we introduce a lemma which is
useful in the proof of our main result.
Let

yn(t) =expi{zi(t)},  ya2(t) = exp {za(t)}, (3.3)
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then (2.4) is transformed into

dzi(t) _ ) [1 _ [ozt<t—rin (1= yix) exp{zi (t — (1)) }
dt a1 (t) + b1 () [To<tect—rinie) (1 = ya2x) exp {22 (t = 112(1)) }
—a) ] -y exp{zi(t- m(t))}},
0<ty<t—13(t)
(3.4)
da(t) _ () [1 B [To<t<t—e (e (1 = y2x) exp {z2 (t — 121 (2)) }
dt ax(t) + b2() [ o<t ct—rn(o (1 = yix) exp iz (t = 12(1)) }

— (1) 1_[ (1—yzk)exp{zz(t—rzg(t))}}.

0<tr<t—T23(t)

One can easily check that if system (3.4) has an w-periodic solution (zj (¢),z5 (¢))7, then
(e51 ) 5 ()T s positive w-periodic solution of system (2.4).

LEMMmA 3.2. Let

flz1,22) = (fl - Jw W lospsnyo (L exp i} dt

wJo ar(t)+b(t) Hogk<t—m(t) (1- )’2k) exp {ZZ}

a éj:cl(t)rl(t) [T  (—yu)exp{zldt,

0<tr<t—113(t)

(3.5)

7y —

1 Jw (1) l_[Ostk<t—‘rz](t) (1- VZk) exp{z}
w Jo a2(t) + bZ(t) HOStk<t*T22(t) (1 - )’lk) €xXp {Zl}

w T
_$I062(t)rz(t) I1 (l—ka)eXp{Zz}dt))

0<tp<t—13(t)

and Q = {(z1,2,)T € R2: ||(z1,22)T || < Hy}, where 1i,a;,b;, ¢, i = 1,2, are the same as those
in system (1.3) and

71 7 1
H0>max{ In , 1 1n , | 1In — ,
Al UL Bl U1 @)™ 4+ e as
(3.6)
In £ }
[(ay) " +c}]rlBs

is a constant. Then

deg {f,0,(0,0)} # 0. (3.7)
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Proof. Set

_ 1 (¢ ri(t) H0<t <t—111(t) (1 - ylk) €Xp {Zl}
D(21,2,,0) = 1 J <t 1
(21,2 ) (1’1 wJo a(t)+68b(t) HOstk<t—ru(t) (1- sz) exp {Zz}

a i,[:cl(t)rl(t) [T (—yw)expizi}ds,

0<tr<t—113(t)

(3.8)

. l Jw 7'2(t) HOStk<t—Tzl(t) (]' - VZk) eXp {Zz}
2 wlo ay(t) +oby(t) [To<toct—rm(e) (1 = yix) exp {z1 }

T

—é[:q(t)rz(t) [ (1—)’2k)exp{zz}df> ,

0=<tr<t—13(t)

then it is easy to see that, for (z1,22,6) € R? X [0, 1],

; 1 Jw ri(t) Hogkq—m(t)(l — Y1k) exp {Zl} dt
e
w Jo ai(t) +8b1(t) [To<yct—r0) (1 = yar) exp {22}
1 w
- —J ci(t)r (1) 1—[ (1= y1x) exp {z }dt
wJo 0<tp<t—113(t)
1 w
<f - —J amn@® ]  (1-yu)exp{zl}de
w Jo 0<ti<t—T13(t)
<F - c{”rl'"Ag exp{zi} <0 asz > %,
P l Jw rz(t) H()Stk<t—721(t) (1 B ka) eXp {ZZ} dt
T w 0 ax(t)+38by(t) Hogk<t—m(t) (1- )’lk) exp {z1}

_ %L‘U o (t)ra(t) 1_[ (1— ) exp (2,]dt

0<tx<t—T13(t)

<fz—$J0w62(t)”2(t) [T (1-yu)expiz}de

0<tp<t—123(t)

H
< - cg”rg”B{exp {2} <0 asz > 70,
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_ 1 Jw r(t) 1_[05:,(<t—r“(t) (1- Ylk) €Xp {z1}

- = dt
"0 o an(t)+ 801 (6) TTomger iy (1 — yax) exp {22

w

_ij:cl(t)rl(t) 1_[ (1— yu) exp {z1 }dt

0<tx<t—113(t)

=71 —

1 (“rMASexpiz} 1 (@
;L %dt— ;J;) MrMAS exp {z; }dt

_ H
=i —[(@) " +cMrMASexp {21} >0 asz < —70,

o1 J"’ r2(t) Mo<y<r—na (1 = y2i) exp {22}
: w Jo ax(t)+8by(t) Hogk<t—m(t) (1 - )’lk) exp {Zl}

_ %L‘” amn®) ] (1-yx)explzlde

0<tp<t—123(t)

1 (@ MBs 1 (@
zfz——J wm‘——J MM By exp {z,}dt
w Jo a, w Jo

_ H
=i —[(@) " +M]rMBsexp{z} >0 asz < —70.

Therefore,
®(z1,22,0) #0  for(z1,22,68) € 0Q x [0,1].
From the property of invariance under a homotopy, we have
deg{f(z1,22),Q,(0,0)} = deg {®(z1,22,0),0,(0,0)}.
By a straightforward computation, we find
deg{®(z1,22,0),0Q,(0,0)} = —1 £0.

This completes the proof.

(3.9)

(3.10)

(3.11)

(3.12)

O

We are now in a position to state and prove the existence of periodic solutions of (1.3).

THEOREM 3.3. Assume that (1.4) holds. Suppose further that
(1) ai’ > ASexp{M,};
(i) a' > BS exp{Ma,};

where M = In(Aj/c!") + 2wrM, My = In(B/c¥") + 2wr}!. Then system (1.3) has at least one

positive w-periodic solution.

Proof. According to the discussion made in Section 2, we need only to prove that the
nonimpulsive delay differential system (3.4) has an w-periodic solution. In order to use
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the continuation theorem of coincidence degree theory to establish the existence of w-
periodic solutions of (3.4), we take X = Y = {(z(¢),z2(1))T € C(R,R?) : z; (t + w) = z1 (1),

z(t+w) = z(0)}, and [|(z1(1),22(1) T || = maxee(o,) 121 (1) | + maxee(o,e) 122(¢)|. With this
norm, X and Y are Banach spaces. Set

wJo (3.13)
N[zl] 161 (b2 (0, 2(1)
ol Gy (tz(t),2(8) |
where

[Mo<tict—r(n (1 = y1x) exp {z1 (£ = 711(2)) }
ay (1) + by () [To<cr—r(r) (1 = yax) exp {za (t — 112(8)) }

Gi(t,z1(t),22(t)) = r1(t)|:1 -

—a@® [] -y exp{z(t- ﬁs(t))}],

0<ty<t—13(t)

B [To<tict—rn e (1= yax) exp {22 (t = 121(2)) }
a(t) + ba(t) [To<t<t—e(oy (1 = y1x) exp{z1 (t — 122(t)) }

Gy (t,21(8),22(t)) = r2(2) [1

—at) ]  (-yx)exp{z(t- Tza(l‘))}]-

0<tp<t—13(t)

(3.14)

Obviously KerL = R? and

dimKerL =2 = codimImL. (3.15)

So, ImL is closed in X and L is a Fredholm mapping of index zero. It is easy to show that
P and Q are continuous projectors such that

ImP = KerlL, KerQ =Im(I — Q). (3.16)

Furthermore, the generalized inverse (to L) Kp : ImL — Dom L N Ker P is given by

. [Zl} Jowzl(s)ds— How L:zl(s)dsdt

2= L . (3.17)
L 2(s)ds — ;JO Lzz(s)dsdt
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Thus

. inGl(t,zl(t),Zz(t))dt
QN [zj dir: | o

éjosz(t,zl(t),Zz(t))dt

hence
Kp(I-Q)N: X — X,

) Jo G (s,21(5),22(s))ds éj: Jo G (s,21(5),22(s))dsdt

Kp(I - QN H -
Z t 1 (e t

J G1(s,21(5),22(s))ds —J J G1(s,21(5),22(s))dsdt
0 wJo Jo

2

<£ _ l)JwGl (s,21(5),22(s))ds

w 27)
(é - %)L G2 (s,21(5),22(s))ds
(3.19)

Clearly, QN and Kp(I — Q)N are continuous. Using the Arzela-Ascoli theorem, it is not
difficult to show that Kp(I — Q)N is compact for any open bounded set QO C X. Moreover
QN(Q) is bounded. Thus N is L-compact on Q with any open bounded set Q C X. Then
isomorphism J of Im Q onto Ker L can be the identity mapping since Im Q = Ker L.

Now we reach the position to search for an appropriate open bounded subset Q) for
the application of the continuation theorem. Corresponding to the operator equation
Lx=ANx, A € (0,1), we have

dz (1) — A ( )[1 _ Hogk«—m(t) (1- Ylk) exp {z1(t—mu(1))}
dt ! a1(t) +b1() [To<tecr—roe) (1 = y2x) exp {22 (t — 112(1)) }

— (1) 1—[ (1—ylk)€XP{21(t—T13(t))}],

0<tp<t—113(t)

(3.20)

dzz(t) —\r (t) |:1 _ HOstk<t*T21(t) (1 B ka) €xXp {22 (lL - TZl(t))}
dt : ay(t) + b2 () [To<te<t—rn (o) (1 = y1x) exp {z1 (£ = 122(2)) }

- (t) 1_[ (1—yzk)exp{zz(t—723(t))}].

0<tr<t—13(t)
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Suppose that z(t) = (z(t),2z2(t))T € X is a solution of system (3.20) for some A € (0,1).
Integrating (3.20) over the interval [0,w], we obtain

@ (¢ [To<t<t—r () (1= y1e) exp {z1 (t — 711 (8)) }
Jo n(nde = Io n(® [m(t) +b1(8) o<ty (1 = yax) exp {22 (t — 112(8)) }

+¢1(t) 1_[ (1—ylk)eXp{Zl(t—T13(l’))}:|dt,

0<tp<t—113(t)

(3.21)

o NG [To<t<t—n (1) (1 = yar) exp {z2 (t — 121 (1)) }
Jo r(H)dt = J ra(t) [az(t) +by(6) Toster—rnny (1 — yix) exp {z1 (£ — m2(1)) }

+o() ] (1—sz)eXP{Zz(t—Tzs(f))}}dt
0<ty<t—13(t)
From (3.20) and (3.21), we have

[o<te<t—rut) (1= yix) exp {zi (t — 711 (1)) }
J 2t |dt_AJ n(®) [ a(t) +bl(t)l_[0<tk<t (0 (1= yak) exp{z (t = 112(1)) }

—a) |] (1—)/1k)€XP{Zl(f—T13(l‘))}] dt

0<tp<t—113(t)

r(t [ . Hogk«—m(t) (1- Ylk)eXP {z1(t—11:())}
! ai(t) +b(t) HOstk<t—‘rlz(t) (1= yax) exp {z(t—112(1))}

sz\Jw
0

+a@®m [ (1_YIk)eXP{ZI(t_TB(t))}] dt

0<tx<t—113(t)

w
< 2J ri(t)dt < 201,

J|z2 )| dt = AJ

() [ [To<tect—rnr) (1= yar) exp {zo(t — 121()) }
: a(t) + by (t) nwt () (1= y1c) exp {z1 (£ — T22(1)) }

dt

—a  ]] (1—sz)exp{zz(l‘—Tza(t))}]
0<tr<t—13(t)
(1) [ + Hogka—m(t) (1- sz) €xXp {z2(t =121 (1))}
? ay(t) + b2 () [To<te<t—rn (o) (1 = y1x) exp {z1 (t = 122(2)) }

SAJW
0

+ (1) 1_[ (1—yzk)exp{zz(t—rzg(t))}] ’dt

0<tp<t—13(t)

< ZI r(t)dt < 2wr.
0
(3.22)
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That is,
L |z1(¢) |dt < 2wrM, (3.23)
J | 2,(t) |dt < 2wr. (3.24)
0

Let t; € [0,w] such that z,(t;) = max;ejo,0] {2z1(t)}, since r(t) > 0; the first equation of
(3.20) implies

[To<ticty -ty (1 = y1x) exp {z1 (6 — 711 (1)) }
ar(t1) + b1 (1) [o<tet,—rn(e) (1 = y2x) exp {z2 (= 112 (11)) }

(3.25)
+a(t) [T (1—yi)expizi(ti —m3(0))} = 1;
0<tr<ti—m13(t1)
hence,
Cl(tl) 1_[ (1 —ylk)exp {Z](tl —T13(t1))} < 1; (326)
O<tx<ti—713(t1)
moreover,
n (1 _y1k) exp {Zl(tl —Tlg(tl))} < (t ), (327)
0=<tk<ti—Ti3(t1) aln
then
Al
Z](l’l—‘l'13(l’1)) <11]C—m. (3.28)
1
We denote t; — 113(t1) = t] + hw, t € [0,w] and [; is an integer, then
a(th) < 1n‘ci,;; (3.29)
1

in view of this and (3.23), we have

t

zl(t)=z1(t;*<)+f z'l(s)dsszl(ti")+f |z'1(s)|ds<1n%+zwrfw:=M1. (3.30)
0 1

t
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From (3.20), (3.30), and condition (i), it follows that

am@) [ (Q-yp)expla(ti—mns(n))}

0=<tr<t;—113(t1)

3 [To<ticti—rn(e) (1 = yix) exp {zi(ty — 711 (1)) }
ai(t) +by(t1) o<yt —ri(ery (1 = yar) exp {z2 (6 = 112(11)) }

(3.31)
Lo (t1) = TTo<toct,—r ey (1 = y1x) exp { M, }
al(tl)
S ai(t) — ASexp {M,} > 0;
al(tl)
hence,
611(1’1) —Ai exp {Ml}
1- t— t > 3.32
OStk<!1:[T13(t1)( Y1k) oP {Zl( : Tla( 1))} aj (tl)cl (tl) ( )
or
_ fal(fl)—AieXP{Ml}]
Zl(tl 713(t1)) >In |:Al al(tl)cl(tl) (333)
Therefore,
X fﬂl(fl)—AECXP{Ml}]
zl(t1)>ln[A1 PR
t
() =z2(t1) + | 20
i
(3.34)
sai(t) —AieXP{Ml}] _J‘” .
>In [A1 P Cla]d
o In [Afal(tl) —Aiexp{Ml}] M = M
1 al(tl)cl(tl) L P
that is,
2(t) > M., (3.35)

From (3.35) and (3.30), we have

|z1(8)| < max {|M;|,|M]|}:=H. (3.36)
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Let , € [0,w] such that z;(t;) = maxie(o,w] {22()}; since r2(t) > 0, the second equation of
(3.20) implies that

[To<tictr—n(6n) (1 = yax) exp {22 (2 = 121 (12)) }
a(t2) + b2 (t2) [To<tect () (1 = y1x) exp {z1(t2 = 122(t2) ) }

(3.37)
+a(h) 1_[ (1-yu)expi{z(tr —13(t2))} = 1
0<ty<t)—T123(t2)
thus,
alk)  []  (Q-yr)explan(t-ms(t)}<1 (3.38)
0<tx<t,—T23(t2)
or
1
[T -y expla(t-ms(h))}< o) (3.39)
0<ty<t,—T23(f2) Q1
then
BS
Zz(tz-‘l’m(tz)) <ln—,il. (340)
2
We denote t, — 123(f2) = 5 + hw, t5 € [0,w] and L, is an integer, then
N
%) <1nf—,},; (3.41)
2

in view of this and (3.24), we have

t

BS
2(t) = 2 (8) +J 2()ds<In L+ 207} = M, (3.42)
£ 2

It follows from (3.20), (3.42), and condition (ii) that

o) J]  (-yx)explz(t—1s31)}

0<tp<t—13(t)

- [To<tict—n (o) (1 = yar) exp{za (t — 121(1)) }
a(t) + ba () [To<tect—rne) (1 — y1x) exp {z1 (£ = m22(1)) }
(3.43)
S a (ty) — HOstk<t—121(t) (1- Y2k) exp {M2}
a(t2)

ay(t,) — Biexp {M;} -0
az(tz) ’
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hence,
[T (-yw)zt—ms@®)> a2(t2) ~ Biexp {MZ}, (3.44)
0=ti<tT5(1) a(t) ez (t2)
then
2t —12s(1)) >1In [B{ W]. (3.45)
Therefore,
2 () >1n [3{%], (3.46)
26

from this and (3.23), we obtain
t m_ B M
2t = m(E) + J 4 (s)ds > In [B{ %] e =M, (3.47)
t a &

that is,
z(t) > M. (3.48)
From (3.35) and (3.42) we have
|22(t) | <max{| M|, |M;|}:= Ha. (3.49)

Denote H = H, + H, + Hy, clearly H is independent of A. Now we take Q = {(z(¢),
(T € X: (z1,22)T|| < H}. This Q satisfied the condition (a) of Lemma 3.1. While
(z1(t),22(1)T € 90 N R2, (z1,2,)T is a constant vector with |z;| + |z2| = H. Then

_JwGl(t,Zl(t),Zz(t))dt
QN [zl} -0

S|~

: < Lo, (3.50)
2 _J Ga(t,z1(t),zo(t))dt
wJo

Furthermore, take ] = I : ImQ — Ker L. By Lemma 3.2, we have
deg {JQN,KerL N Q,(0,0)7} # 0. (3.51)

According to Lemma 3.1, system (3.4) has at least one w-periodic solution. As a con-
sequence, system (1.3) has at least one positive w-periodic solution. The proof is com-
plete. O
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