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We consider the following impulsive boundary value problem, x”(t) = f(t,x,x'), t €
J\Atu b, tid, Ax(t) = Li(x(8), X (8)), Ax'(8) = Ji(x(#:),x"(£)), i = 1,2,...,k, x(0) = 0,
x'(1) = 2;”;12 «;x'(n;). By using the coincidence degree theory, a general theorem con-
cerning the problem is given. Moreover, we get a concrete existence result which can be
applied more conveniently than recent results. Our results extend some work concerning
the usual m-point boundary value problem at resonance without impulses.

Copyright © 2006 Hindawi Publishing Corporation. All rights reserved.
1. Introduction

In the few past years, boundary value problems for impulsive differential equation have
been studied (see [1, 5, 7]). They discussed the existence of solutions for first-order im-
pulsive equations by the use of upper and lower solution methods. Dong [3] researched
the periodic boundary value problem for second-order impulsive equations. Liu and
Yu [6] considered the boundary value condition x'(0) = 0, x(1) = z;":_lz a;x(y;) with
Z;";lz «; = 1 by making use of the coincidence degree which was developed by Gaines
and Mawhin [4].

We are concerned with the m-point boundary value problem for the nonlinear impul-
sive differential equation:

x"(t) = f(tx(8),x'(t), te],

(1.1)
Ax(ti) = Ii(x(t,‘), x'(ti)), Axl(t,‘) =],~(x(ti),x'(ti)), i=1,2,...,k,
associated with the boundary value condition
m—2
x(0)=0, x'(1)= > ajx' (1)), (1.2)
j=1
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2 Second-order impulsive different equation BVP at resonance

where ] = [0,1],0<t; <ty <--- <t <1, ] =]\ {ti,tr,...,tx}. X ER, f:JX RXR =R,
Ii:RXR—R,Ji: RXR— Rare continuous, 0 <71 <7, < -+ - < H—2 < 1, Ax(t;) = x(t; +
0) — x(t;), Ax'(t;) =x"(t; +0) —x'(t;), i = 1,2,...,k, z;”:_lzocj =1La;>0,j=12,...,m—
2. A map x:] — Ris said to be solution of (1.1)—(1.2), if it satisfies

(1) x(t) is twice continuously differentiable for ¢ € J', both x(¢ + 0) and x(¢ — 0) exist

att=t,and x(t;) = x(t; = 0),i=1,2,...,k;
(2) x(t) satisfies the relations (1.1)—(1.2).
We will use the continuation theorem of coincidence degree [2] to show a general

theorem for the existence of solutions to the problem (1.1)—(1.2) and then use it to get
concrete existence conditions in Section 3. This paper is motivated by [2, 3, 6, 8, 9].

2. Preliminary lemmas

At first, we recall some notations and present a series of useful lemmas with respect to the
problem (1.1)—(1.2) that is important in the proof of our results. Consider an operator
equation

Lx = Nx, (2.1)

where L:domL N X — Z is a linear operator, N : X — Z is a nonlinear operator, X and Z
are Banach spaces. If dimKer L = dim(Z/ImL) < o0, and ImL is closed in Z, then L will
be called a Fredholm mapping of index zero. And at the same time, there exist continu-
ous projectors P: X — X and Q: Z — Z such that ImP = KerL, ImL = Ker Q. It follows
that L|domrnkerp : domL N Ker P — ImL is reversible. We denote the inverse of this map
by K.

Let Q) be an open and bounded subset of X. The map N will be called L-compact on
Qif QN(Q) is bounded and K,(I — Q) : O — X is compact. Since ImQ is isomorphic to
Ker L, there exists an isomorphism f :ImQ — KerL.

LEmMMA 2.1 (continuation theorem [4]). Suppose that L is a Fredholm operator of index
zero and N is L-compact on Q, where Q is an open bounded subset of X. If the following
conditions are satisfied:

(i) for each A € (0,1), every solution x of

Lx = ANx (2.2)

is such that x & 0Q);

(ii) QNx # 0 for x € 0Q N KerL, and deg(IQN,Q NKerL,0) # 0, where Q: Z — Z isa
continuous projector with ImL = Ker Q, J : Z/Im L — KerL is an isomorphism. Then
the operator equation (2.1) has at least one solution in domL N Q.

In the following, in order to obtain the existence theorem of (1.1)—(1.2) we first intro-
duce the following:
(i) X = PC'[J,R] = {x:] — R| x(¢) is twice continuously differentiable for ¢t € J,
there exist x'(t; +0), x'(t; — 0) and x(t;) =x(t; — 0), x'(t;) =x'(t; = 0), i = 1,2,...,
k and (1.2) is satisfied};
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(ii) Z = PC[J,R] X R* = {y: ] — R| y(t) is continuous for ¢ € J', there exist y(t; —
0), y(t;+0), and y(t; — 0) = y(t;), i = 1,2,...,k} x R**.
Let [l ]l = sup,¢; [x(2)] forx€ PC[J,R] and x € PC'[J,R]. |lx|lx = max{]|x]| e, |X" || 0 }.
And for every z = (y,¢) € Z, denote its norm by

Izl = max{sup | y(t)|,||c||}. (2.3)
te]

We can prove that X and Z are Banach spaces. Let domL = {x:] — R | x(¢) is twice
differentiable fort € J'} n X,

L:domL — Z, x — (X" (t), Ax(t1),..., Ax(tx), AX (t1),..., Ax (t)),
N:X — Z, x— (f(t,x(t), X' (1), L(x(t1), x'(t1)),.. s Ik (x (), %" (8)),  (2.4)
Ji(x(t1), " (£1))5e s T (e (1), X (1)),

Then problem (1.1)—(1.2) can be written as Lx = Nx, x € dom L.
LEMMA 2.2. Assume that L is defined as above and 2';’;12 «j = 1. Then L is a Fredholm
mapping of index zero. Furthermore, for the problem (1.1)—(1.2),
KerL = {x(t) € X : x(t) = ct, c € R}, (2.5)
ImL = {(y,a1,02,...,0%, b1,...,bi) 1 x" () = y(1), Ax(t;) = a,, AX (8) = by,
i=1,2,...,k, for some x(t) € domL}
1
= {(y,al,az,...,ak,bl,bz,...,b )€ PC[0,1]xR*: Z o [ y(s)ds+ > b,} =O}

i ti>n;

(2.6)

Proof. Firstly, it is easily seen that (2.5) holds. Next we will show that (2.5) holds. Since
problem

x'()=y), te],
Ax(t) = aj, AX (t) = b; 2.7)

has solution x(¢) satisfying (1.2) if and only if

m—2
Z ocj[r y(s)ds+ Z bi] =0. (2.8)
j

j=1 >
In fact, if (2.7) has solution x(t) such that (1.2), then from (2.7) we have

()—x(0)+x(0t+JJy(T Vrds+ S bi(t— 1)+ ai (2.9)

ti<t t>t;

Thus

x'(t) =x'( J y s)ds+Zb (2.10)

t>t;
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In view of (1.2), we have

nj
x(0) =0, x'(1;) =JC'(0)+J0 y(s)ds+ > by,

1>t
2 "2 . (2.11)
0=x'(1)- Z “jx,(ﬂj) = Z aj|:J y(s)ds+ Z bi:|‘
j=1 j=1 nj ti>n;
Hence, (2.8) holds.
On the other hand, if (2.8) holds setting
t rs
x(t) =ct+J J y(T)des+Zbi(t—ti)+Za,-, (2.12)
0Jo

ti<t t>t;
where ¢ € R is an arbitrary constant, then it is clear that x(¢) is a solution of (2.7) and

satisfies (1.2). Hence, (2.5) holds.
Take the projector Q : Z — Z as follows:

2 m—2 1
Q(y,a1,...,dk,b1,...,bk) = (m jz‘idj[J’my(T)dT-f— Z b1:| . t,O,...,O)

j=1 % ti>n;

(2.13)

and for (y,a;,az,...,ax,b1,b2,...,br) € Z. Let
Z=(yl,al,az,...,ak,bl,bz,...,bk) (2 14)

= (y3a1)-'-3ak>b1)b2)---)bk) - Q(y)al)a23~--)ak)blau-)bk): '
then z € Im L. Thus, we have

dim(Z/ImL) = dimImQ =1 = dimKerL, (2.15)
moreover by the Ascoli-Arzela theorem, L is a Fredholm mapping of index zero. g

3. Main results

By applying Lemma 2.1, a general theorem for the existence of solutions to the problem
(1.1)—(1.2) is obtained. And concrete existence conditions for the same problem are also
obtained.

For any subset G C R?, let

Q={xeX|(x(t),x' (1)) €G, (x(t7),x'(t/)) € G, Vte ], i=1,2,...,k},

~ (3.1)
QOnKerL={x=ct|(ct,c) G, Vte]} =G, Gi={ceR:cte G}
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THEOREM 3.1. Assume that the following conditions are satisfied:
(1) let G C R? be an open bounded subset such that for every A € (0,1), each possible
solution x(t) of the auxiliary system

H=Af(t,x,x), te],
Ax(t,‘) = /\Ii(x(ti),x'(ti)),
Ax' () =Mi(x(t),x' (), i=1,2,...,k, (3.2)

m—2
x(0)=0, x'(1)=> ajx'(n;)
j=1

satisfies x & o€
(2) h(c) # 0, for c € 3Gy, deg(h, G1,0) # 0, where h is defined by

h(c) = ﬁ ]Zlaj[I f(‘r,cr,c)dr+ti>ij]i(cti,c)]. (3.3)

Then the BVP (1.1)—(1.2) has at least one solution x(t) satisfying (x(t),x'(t)) € G, fort € ].

Proof. By Lemma 2.2, we know that L is a Fredholm operator of index zero, and the
problem (3.2) can be written as Lx = ANx. Set

Q={xeX: (x(t),x'(t) €G,(x(t; +0),x' (t; +0)) € G, Vte ], i=1,....,k}. (3.4)

Then Q is open and bounded. To use Lemma 2.1, we show at first N is L-compact on Q.
Defining a projector

P:X —KerL, P(x(t))=x"(0)t, (3.5)

then K, : ImL — Ker P n dom L can be written in

Kyz =K, (y,au,...,arby,....b J Jy(r)drds+2b (t—t) +Za, (3.6)

fi<t ti<t
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In fact, we have K,L = I — P, thus for any x € domL, K,Lx = x — x'(0)t, so (3.6) holds.
Again from (2.13) and (3.6), we have

2 m—2 1
QNx = (m— . oc-[ f(z,x(1),x" (7)) dr
Z} 12“](17’7]) ]; ! nj

+ > Jilx(t:),x( )]-t,o,...,0>,

ti>1;

t s
KP(I—Q)Nx=LLf(T,x(T),x drds+J S T8, (8)) ds (3.7)

ti<s

+ > Li(x(t),x (&) J L —2] (1)

ti<t

mZ [ frx ),x (1))dr+ > Jilx t,,x())] sdsdt.

ti>n;

By using the Ascoli-Arzela theorem, we can prove that QN (Q) is bounded and K,(I -
Q)N : Q — X is compact, thus N is L-compact on Q.

At last, we will prove that (i), (ii) of Lemma 2.1 are satisfied. Note that x € 9Q), if
and only if (x(t),x'(t)) € G, for t € ], and either (x(s),x'(s)) € dG, for some s € ], or
(x(t;, +0),x'(t;, +0)) € 9G, for some iy = {1,2,...,k}, then the assumption (i) follows
from condition (1).

Let]: ImQ — KerL: (ct,0,...,0) — ct be the isomorphism. Then

R 2 m—2 1
JQNx = ST o; 7,x(1),x" (1))dr+ > Ji(x(t;),x' (t;)) | - t.
Z =1 “]( _’7]2') ]; ][Ljf( t,>Z17] ! )]
(3.8)
Take an isomorphism g : G; — R, g(ct) = ¢,
2 m—2
h(c) =g(JQNg~'c) = B P s (tyet,0)dr+ > Ji(etie) |,
¢ Zj:lz‘xj(l_ﬂjz‘) j=1 [I / téj ]
g(Qnkerl) = Gi,
(3.9)

then

deg{JQN,Q nkerL,0} = deg{g/QNg',g(Q nkerL),g(0)} = deg {h,G,,0} # 0
(3.10)

in view of (2), h(c) # 0, for c € 9G,, then fQNx +0, x € 0Q N KerL, that is, condition
(2) yields (ii) of Lemma 2.1, and the proof is finished. O
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Remark 3.2. A similar result is given in [3] for the periodic boundary value problems
(see Theorem 3.1 therein). However, there is something wrong in its proof. For a subset
G C R?", define

Q={xeX:(x(t),x'(t) € Gfort € [0,T]; (x(t; +0),x' (t;+0)) € G, fori = 1,2,...,k}.
(3.11)

Then QN KerL = {x € R": (x,0) € G}, which is not the set G; = {x € R" : there exists
¥ € Rsuch that (x, y) € G} defined by the author.
For example, take G = {(x, y) € R? : x>+ (y — 1)? < 4}. We have

QnKerL={xeR:x*+1<4} = (-/3,3),
(3.12)
G ={xeR:x* <4} =(-2,2)

since Ker L = R. So the proof of Theorem 1 in [3] is not correct. The same problem ap-
pears in the proof of Theorem 1 in [6].

Let
a, = max L(x,y)|,
U7 Iyl Ixl < 1)
= I b b
2= e v, 2]
(3.13)
3= max [ L, y)| -,
‘y|SM, |x|<Mts+a,+ay
ai = max | I(x, ).
lyl<M, |x|<Mu+35 " a
Since x(t) = fotx’(s)ds + 2 e Ti(x (1), %' (1)), if |x'(t)] < M, t € ], then
k —~
Ix(t)] <M+ > a;:= M. (3.14)

i=1

THEOREM 3.3. Let f : ] X RX R — R be a continuous function and suppose that there exists
a constant M > 0 such that

yf(t,x,y) >0, yli(x,y) >0, (3.15)

for |yl = M, (t,x) € ] X [-M,M), i = 1,2,...,k.
Then BVP(1.1)—(1.2) with 2;";12 «j = 1 has at least one solution x(t) € PC'[0,1].
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Proof. Let

(f(tx,y),  |x| <M,

f*(txy) =1 f(t,M,y), x>M,

f(t3 —ﬁJ’), x< _M\3
. N (3.16)
Ji(x, ), x| <M,

JF () =1J(M,y), x>M,
Ji(-M,y), x<-M.

Suppose x(t) is a solution to BVP (3.2). We show at first that [|x’[| < M, when A € (0,1).
Otherwise, there is ty € [0,1] such that ||x"|| = |x'(t)] = Sup;c; |x'(t)] = M.

Without loss of generality we suppose that x(¢;) > M.

Ifto & {t;;i=1,2,...,k} U {0,1}, then one has

x (to) =supx'(t) =M, x"(ty) <0. (3.17)
te]

However, by condition (3.15), x" (to) = A f* (t0,x(t),x"(ts)) > 0, a contradiction.
Ifty € {t;;i = 1,2,...,k}, say to = t;, then J;* (x(#;),x'(t;)) > 0 and hence

X' (tf) =" (6) + A7 (x(6:), X' (1)) > (8:) (3.18)

which contradicts the assumption x'(t;) = sup,c; x' ().

If ty =t :=t;+ €, then there is 0 € (0,341 — t;), (if i = k, t;4; is replaced by 1), such
that x'(t) > M, t € (t;,t; + 0). Since x"'(t) = Af*(t,x(£),x' (1)), t € (tit; +0), x'' (&) =
Af*(t,x(t),x' (7)) >0, then

tito
X (ti+0) =x'(ti+)+J X" (s)ds > x' (&) (3.19)
which contradicts x'(£) = sup,; x'(t).
If t, = 1, since Z;-":_lz(x] 1,aj€(0,1),and x'(1) = ZT " ajx'(n;) yield that

X'(1)=x"(m) =+ =x"(m-2) = supx’(¢) (3.20)

te]

which is the case we have discussed in case 1.
If to = 0, x'(0) = sup,; [x(t)| = M, then x(0) = A£(0,x(0),x"(0)) > 0. So there is a
0 >0 small enough, such that x” (¢) >0, t € (0,0), which yields

X (0) = x'(0)+Lgx”(s)ds > X' (0), (3.21)

a contraction.
So ||x"|| < M holds for all cases.
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Since x(t) = fotx’(s)ds+ D Li(x(t;),x' (i), and |x'(t)| < M, t € ], then

k k
|x(t)| <Mt+> ai<M+> ai=M (3.22)
i=1 i=1

and in turn the prior bound is obtained. Let O = {x € X | [|x[lx < M+ 1}. We have x &
Q.
By the proof of Theorem 3.1, we know that i(c) = gJQNg ¢,

h(c)=0 < gJQNg 'c=0 < JQNct =0 < QNct =0 < Nct € ImL,  (3.23)

one has x € {x = ct : |ct] <]/VI\+1, te], |cl <]/VI\+1} = {ct: |c| <]/VI\+1} and
G =(-M—-1,M+1). When ¢ =M+1 or ¢ = —(M + 1) by condition (3.15), it holds
that

m—2 1
sgnc - Z ocj[ f(z,er,0)dr + z ],-(cti,c)] >0, (3.24)
j=1 i ti>1;

c€dG ={-M~-1,M+1}.
Obviously,

sgnc -h(c) = sgnc -g]AQNg_1 (ct)

2 m—2 1
=SgNC 5 w[ f(r,ct,0)dr + ]i(Cl‘,',c)] >0
Zj:lz‘xj(l_’hz‘) ]é ! 1j t,-%j
(3.25)
forc € 9G, = {—~M —1,M +1}. Then
deg {g]AQNg*I,@l,O} = deg {h,(-M —1,M +1),0} = 1. (3.26)

Hence, the conditions of Theorem 3.1 are satisfied and the proof of Theorem 3.3 is com-
pleted. O

Finally, we present an example to check our result.

Example 3.4. Consider the boundary value problem

x'(t) =5 (O)[2+In (2+x2(1)) +x2(t)] + 3tsin (x(t) +1), te€[0,1], t # %,

ax(y) mains(y). ax (5) =2 (5)[ree(3) |- [rreone(3) ] -3

X(0) =0, x(1)= xG)

(3.27)

where f(t,x,x") = x'(t)[£* + In(2 + x2(¢)) + x"2(£)] + 3tsin(x(t) + 1), I(x,x") = sinx(t),
J=x"(t)[1+x"2(t)] = [2+cosx(t)].
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In this example, we note that fx = 1/2, k=1, a=1,1; = 1/3, j = 1.
We choose a constant M > 0 large enough, let

1
= max [I(x,x")| = max ' sinx(—) ‘ =1. (3.28)
|x'|<M, |x|<Mt |x'|<(1/2)M, |x|<M 2
Since x(t) = fotx’(s)ds+l(x,x’) = fotx’(s)ds+sinx(1/2),
|x(t)| <M+1:=M. (3.29)

When |x'| = M, (t,x) € ] X [—M\,M\], obviously

X fhxx") =X +1In (2+x2(8) +x2(1) ] +x'(¢)[3tsin (x(£) +1)] >0,

(3.30)
x ] =x2(O)[1+x%(t)] —x' (£)[2+ cosx(t)] >0,

that is to say, the condition of Theorem 3.3 is satisfied. The BVP (3.27) has at least one
solution.
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