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We study the dynamical analogue of the matrix algebra M(n), constructed from a dy-
namical R-matrix given by Etingof and Varchenko. A left and a right corepresentation of
this algebra, which can be seen as analogues of the exterior algebra representation, are
defined and this defines dynamical quantum minor determinants as the matrix elements
of these corepresentations. These elements are studied in more detail, especially the ac-
tion of the comultiplication and Laplace expansions. Using the Laplace expansions we
can prove that the dynamical quantum determinant is almost central, and adjoining an
inverse the antipode can be defined. This results in the dynamical GL(#n) quantum group
associated to the dynamical R-matrix. We study a *-structure leading to the dynamical
U(n) quantum group, and we obtain results for the canonical pairing arising from the
R-matrix.

Copyright © 2006 Hindawi Publishing Corporation. All rights reserved.

1. Introduction

Dynamical quantum groups have been introduced recently by Etingof and Varchenko
[12], see the review paper by Etingof and Schiffmann [10] for an overview and references
to the literature, and related algebraic structures have been studied by Lu [26], Xu [38] in
the context of deformations of Poisson groupoids, and by Takeuchi [36]. Brzeziniski and
Militaru [4] compare the various constructions of [26, 36, 38]. In this paper we stick to
the definition of Etingof and Varchenko [12] with a slight modification as in [20]. In order
to keep the paper self-contained as much as possible we recall the definition in Section 2.
We also recall the FRST-construction associated to a solution of the dynamical R-matrix,
which gives a wealth of examples, and which we consider explicitly for the trigonometric
R-matrix in the gl(n)-case.

It is well-known that quantum groups have a natural link with special functions of
basic hypergeometric type, and in [20] it is shown that this remains valid for the sim-
plest example of a dynamical quantum group associated to the trigonometric R-matrix
for SL(2) and in [22], see also [21], for the elliptic R-matrix for SL(2) giving a dynamical
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quantum group theoretic interpretation of elliptic hypergeometric series. In particular,
[20] gives a dynamical quantum group theoretic interpretation of Askey-Wilson and g-
Racah polynomials having many similarities to the interpretation of these polynomials on
the (ordinary) quantum SL(2) group using the twisted primitive elements as introduced
by Koornwinder [24], see also [18, 30]. This naturally suggests a link between these two
approaches, and the link is established by Stokman [35] using the coboundary element
of Babelon et al. [2], a universal element in the tensor product of the quantized universal
algebra. This element also has a natural interpretation in the context of twisted prim-
itive elements as shown by Rosengren [33]. However, the coboundary element is only
known for the s[(2)-case, but there are conjectures about its form for the sl(n) case; see
Buffenoir and Roche [5]. The notion of twisted primitive elements of Koornwinder [24],
and especially its generalization to coideals, has turned out to be enormously fruitful for
the interpretation of special functions of one or many variables as spherical functions on
quantum groups or quantum symmetric spaces; see, for example, [7, 9, 25, 29, 32].

As one of the highlights of the application of Lie theory to special functions we men-
tion the group theoretic derivation of the addition formula for Jacobi polynomials as
obtained by Koornwinder [23] by working on the symmetric space U(n)/U(n — 1) and
establishing the spherical and associated spherical elements in terms of Jacobi polynomi-
als; see also Askey [1, Lecture 4] for a nice introduction. In the case n = 2 this gives the
addition formula for Legendre polynomials. For g-analogues of addition formulas for
the Legendre polynomials see the overview [19]. In the quantum group setting, Noumi
et al. [31] established the little g-Jacobi polynomials as spherical functions, and Floris
[14] calculated the associated spherical elements in terms of little g-Jacobi polynomials
and derived an addition formula. On the other hand, using the notion of coideals, Di-
jkhuizen and Noumi [9] established Askey-Wilson polynomials as spherical functions on
a quantum analogue of U(n)/U(n —1).

In light of the above it is natural to ask for the spherical (and associated spherical)
elements on the dynamical quantum group analogue of U(n)/U(n — 1), and if a precise
link to special functions can be established. For this we need to study the dynamical U(#n)
quantum group more closely, and in a previous paper [21] we have studied general as-
pects of dynamical quantum groups for this purpose. In case n = 2 the authors in [20]
show that the algebraic approach to quantum groups as discussed by Dijkhuizen and
Koornwinder [8] is applicable, and we expect this to hold true for general n. This paper
serves as a first step in this specific programme by defining the dynamical U(n) quantum
group and studying some of its elementary properties. In a future paper its corepresenta-
tion theory and (associated) spherical functions have to be studied.

The general theory provides us with a dynamical analogue of the algebra of functions
on the space of n X n-matrices. In Section 2 we recall the algebraic notions and FRST-
construction of Etingof and Varchenko [11, 12], see also [10], and this gives an explicit
presentation by generators and relations for this dynamical analogue. In order to make
this into a dynamical quantum group, we need to equip (a suitable extension) of this al-
gebra with an antipode. For this purpose we study the dynamical analogues of the minor
determinants, which are introduced as matrix elements of corepresentations which are
analogues of the natural representation in the exterior algebra. There exist a left and right
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corepresentation, and we show that the matrix elements, that is, the dynamical quan-
tum minor determinants, are equal using an identity for Hall-Littlewood polynomials.
In particular, this gives a dynamical quantum determinant. This is done in Section 3. In
Section 4, we continue the study of these dynamical quantum minor elements and we
discuss the appropriate analogues of the Laplace expansions. In Section 5 we show how
the Laplace expansions imply that the dynamical quantum determinant is almost central,
and localizing we find the dynamical GL(n) quantum group for which we give an explicit
expression for the antipode. The treatment of dynamical quantum minor elements, the
Laplace expansions, and the extension to an h-Hopf algebroid is very much motivated
by the paper by Noumi et al. [31]. We also introduce a *-structure, so that we obtain
the dynamical U(n) quantum group in Section 6. Finally, in Section 7 we study the natu-
ral pairing, as introduced by Rosengren [34], see also [21], for the case of the dynamical
GL(n) quantum group and the dynamical U(n) quantum group.

2. The dynamical analogue of the matrix algebra M (n)

In this section we give the general definitions of the theory of dynamical quantum groups
and we recall the generalized FRST-construction. To define the h-bialgebroid Fr(M(n))
we apply this construction to a solution of the quantum dynamical Yang-Baxter equation
(QDYBE).

Let b be a finite dimensional complex vector space, viewed as a commutative Lie alge-
bra, with dual space h*. Let V = D e+ Vi be a diagonalizable h-module. The quantum
dynamical Yang-Baxter equation is given by

RZ(A—-hP)RPM)R¥ (A - hV) = RP (MR (A — h®)RZ(M). (2.1)

Here R: h* — End(V ® V) is a meromorphic function, & indicates the action of fj, and the
upper indices are leg-numbering notation for the tensor product. For instance, R'?(A —
h®)) denotes the operator RZ(A —h®)(u®ve@w) = R(A — p)(u®v) ® w for w € V,. An
R-matrix is a solution of the QDYBE (2.1) which is h-invariant.

In the example we study, we identify h = h* = C" and take V an n-dimensional vector
space with basis {v},...,v,}. The R-matrix R: h* — Endy (V ® V') we consider is given by

R(}) = q Z Eaqa ® Ega+ ZEaa ® Epp + Zg(/la - Ab)Eaa ® Epp + Z ho (/lu - Ab)Eba ® Eap,
a=1 a<b a>b a#+b
(2.2)

where A = (A1,...,A,), Eap € End(V) such that Egv. = 8pcv, and the meromorphic func-
tions hy and g are given by

-1

9 —4
ho(A) = m>

(@*-q7) (@ -q)
(@2 -1)°

(2.3)

g) =
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Etingof and Varchenko [12] obtain this R-matrix as the exchange matrix for the vector
representation of GL(#), and this R-matrix also fits in Isaev [16] and in particular in
the discussion in Hadjiivanov et al. [15]. In the last two references, the corresponding
matrix PR()), where P denotes the flip a ® b — b ® a, is considered, which then satisfies a
dynamical analogue of the braid relation.

2.1. h-Hopfalgebroids and the generalized FRST-construction. We recall the definition
of h-Hopf algebroids, the algebraic notion for a dynamical quantum groups, and the
generalized FRST-construction.

Let b be a finite dimensional complex vector space, with dual space h*. Denote by My«
the field of meromorphic functions on h*. For « € h* we denote by T : My+ — My« the
automorphism (T, f)(A) = f(A+«a) forall A € h*.

Definition 2.1. An h-algebra is a complex associative algebra s§ with 1 which is bigraded
over h*, o = @aﬁe p+ Sap, with two algebra embeddings p, pr : My« — oo (the left and
right moment map) such that y(f)a = au(Tof), - (f)a = au, (T f), for all f € My-,
ac .Sﬁap.

A morphism of h-algebras is an algebra homomorphism which preserves the bigrading
and the moment maps.

Let & and % be two h-algebras. The matrix tensor product A®% is the h*-bigraded
vector space with (éﬁ@%)“ﬁ = @yeh* (Aay ® M, B,p), where ®m,. denotes the usual ten-
sor product modulo the relations

i (flaeb=aeuP(f)b, Vacd, be®, f My (2.4)

The multiplication (a ® b)(c ® d) = ac ® bd for a,c € A and b,d € B and the moment
maps (f) = ' (f) ® 1 and y,(f) = 1 ® 4 (f) make A®PB into an h-algebra.

Example 2.2. Let Dy be the algebra of difference operators acting on My+, consisting of
the operators >, f;Tp,, with f; € My« and ; € h*. This is an h-algebra with the bigrading
defined by fT g € (Dy+)pg and both moment maps equal to the natural embedding.

For any h-algebra o, there are canonical isomorphisms o = d®Dy+« = Dy« @A, de-
fined by

xZ2x@T =T 4®x, Vxe€ dgp. (2.5)

The algebra Dy« plays the role of the unit object in the category of h-algebras.

Definition 2.3. An h-bialgebroid is an h-algebra o equipped with two h-algebra homo-
morphisms A : A — ASHA (the comultiplication) and e : { — Dy« (the counit) such that
(A®Id)o A= (Id®A) oA and (¢®1d) o A =1d = (Id®¢) o A (under the identifications
(2.5)).

For the definition of the antipode we follow [20].
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Definition 2.4. An h-Hopf algebroid is an h-bialgebroid s{ equipped with a C-linear map
S: 9 — s, the antipode, such that S(u.(f)a) = S(a)u(f) and S(ap(f)) = p(f)S(a) for
allae d, f € Mg+, and

mo (Id®S) o A(a) = wi(e(a)l), Vaed,
2.6
mo (S®Id) o A(a) =y, (Ta(e(a)l)), Vae sy, (26)

where m : A X s — i denotes the multiplication and &(a)1 is the result of applying the
difference operator ¢(a) to the constant function 1 € My-.

If there exists an antipode on an h-bialgebroid, it is unique. Furthermore, the antipode
is antimultiplicative, anticomultiplicative, unital, counital and interchanges the moment
maps ¢ and g,; see [20, Proposition 2.2]. In Definition 2.4 the maps m o (Id®S) and
mo (S®1d) are well defined on A®A; see [21].

Example 2.5. (i) We can equip Dy« with an h-Hopf algebroid structure with comultiplica-
tion A: Dy« — D+ ®Dy+ = Dy« being the canonical isomorphism, counit & : Dys — Dy«
being the identity, and antipode defined by S(f Ty) = T_q © f.

(ii) For an h-Hopf algebroid &{ with invertible antipode, the opposite and cooppo-
site are also h-Hopf algebroids. The opposite algebra s{°PP is the algebra s{ with oppo-
site multiplication. Then we equip 1°PP with an h-Hopf algebroid structure by defining
(&Qopp)aﬁ — &4_“’_’3’#?}’? _ ‘ulﬂ"ugpp _ ‘u;\ﬂ’ AOPP — A&q’, €9PP = §Dy* o ¢l gnd SOPP = (831)—1.
The coopposite algebra 4P has the same algebra structure but y;" = p, u" = ui,
(AP) o = Apy and AP = P o A%, g = ¢, §oP = (§°)~1, where P is the flip operator.

Let A — A be a complex conjugation on h*, and denote f(A) = f(A) for all f € My-.
Definition 2.6. An h-*-bialgebroid s is an h-bialgebroid equipped with a *-operator,

that is, a C-antilinear antimultiplicative involution such that g;(f) = p(f) and p,(f) =

tr(f), such that (x ® ¥) o A=Ao % and eo x = *p,, o where % = %p_, on Dy is
defined by (fT,)* = T-z0 f.

An h-Hopf *-algebroid is an h-Hopf algebroid that is an h-*-bialgebroid and has an
invertible antipode. Then, see [20], S o * is an involution.

Until this point we have seen only the example Dy+ of an h-bialgebroid. The general-
ized FRST-construction provides many examples of h-bialgebroids from R-matrices; see
[10, 11, 13, 20]. We recall the construction and we apply the construction to the R-matrix
in (2.2) to obtain the main object of study for this paper.

Let h and My be as before, let V = P 4cp+ Vo be a finite-dimensional diagonalizable
h-module, and let R: h* — Endy(V ® V) be a meromorphic function that commutes
with the h-action on V ® V. Let {v,} ex be a homogeneous basis of V, where X is an
index set. Write R,“Cf’v()t) for the matrix elements of R,

RA)(va®w) = > REMve®vy, (2.7)
x,yeX
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and define w: X — h* by vy € Vy(y). Let Ar be the unital complex associative algebra
generated by the elements {L,,}, ,ex together with two copies of My, embedded as sub-
algebras. The elements of these two copies will be denoted by f(A) and f(u), respectively.
The defining relations of s are f(A)g(u) = g(u) f(A), f(A)Lxy = Ly, f(A + w(x)), and
f(W)Lyy = Ly f(u+ w(y)) for all f, g € M+, together with the RLL-relations

Z Rac A)beLyd = Z Rbd cyLaxa (2~8)
x,yeX x,yeX
for all a,b,c,d € X. The bigrading on s, is defined by Ly, € HAu(x)w(y) and f(A), f(u) €

HAgo. The moment maps defined by wi(f) = f(A), u-(f) = f( y) make Apg into an h-
algebra. The h-invariance of R ensures that the bigrading is compatible with the RLL-
relations (2.8). Finally the counit and comultiplication defined by

5(Lab) = aabT—w(a% E(f(/l)) = 5(f(,u)) = f:
A(Lab) = Z Lax ®be) A(f()‘)) = f(A) ®1, (29)

xeX

A(f(w) =1@ f(u)

equip g with the structure of an h-bialgebroid; see [11].

Remark 2.7. Hadjiivanov et al. [15] have introduced an analogue of the FRST-
construction involving dynamical R-matrices. They use the analogue of (2.8) in which
the R-matrices may be different, and where it is assumed that the R-matrix on the right-
hand side is nondynamical. In case the constant R matrix corresponds to a limit case
of the dynamical R-matrix by taking the limit A — +oco in the dynamical parameter, we
see that we can identify the matrix algebra of [15, 16] with the limiting case y — +oo.
Note that Hadjiivanov et al. [15] do not equip their matrix algebras with a coalgebra type
structure.

2.2. The dynamical analogue of the algebra M (n). Now, we apply the generalized FRST-
construction to the R-matrix (2.2) in order to define the h-bialgebroid Fr(M(n)). Let
X =1{1,...,n} and define w : X — h* by i — e;, where e; is the ith unit vector of C". Let
h(A) = g — ho(A) where hy is defined as in (2.3), so

-2\ _ 42
h(1) = q(‘(lq_ui_ql)). (2.10)

Definition 2.8. The h-algebra Fr(M(n)) is the algebra generated by the elements t;;, i,
j € {1,2,...,n} together with two copies of Mg+, denoted by f(A) = f(A4,...,A,) and
fu)=f (yl, .»Un), embedded as subalgebras. Then the defining relations are given by

A AW = AL it

ftij = tij f A+ w(i)), ftij = tij f (u+w(j)), (2.11)
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with f, fi, f» € My, together with the RLL-relations

h(up — ta) tavtaa = taatar, Vb<d,
h(Ae = Aa)teptay = taptey, Va<e,
tabted = teatap + [H(Ae — Aa) — h(pp — pa) Jtentas, Va<c, b<d,

2o — ua)tavtea = g(Na — Ao) teatan + [M(ua — o) —h(Aa — Ac) Jtaates, Va<ec, b<d.
(2.12)

The bigrading Fr(M(n)) = D, pene Fmp is defined on the generators by f(/l),f(g) S
Fo0 tij € Foli)e(j) and the moment maps are given by wi(f) = f(A), u,(f) = f(u). By
defining the comultiplication A : Fr(M(n)) — Fr(M(n))®Fr(M(n)) and counit ¢ :
Fr(M(n)) — Dy~ on the generators by

Altyy) = Dt ® ty), A(fV)) =fQel,
k=1 (2.13)

Af(w) = 1@ f(u),

and &(tij) = 0;; T-w(iy> (f(A)) = s(f(ﬁ)) = f and extended as algebra homomorphisms
we equip Fr(M(n)) with the structure of an h-bialgebroid.

Remark 2.9. The case n = 2 and restricting to functions depending only on A; — A, gives
back the case studied in [20]. In case we take a suitable limit 4 — + o0 and restrict to the
Cartan subalgebra for sl(n), the algebra also occurs in Hadjiivzlnov et al. [15], Isaev [16].
However, they do not consider the comultiplication and counit.

As in [31] for the quantum case and in [20] for n = 2, we can give a linear basis
for Fr(M(n)). The proof is more involved since we use relations for the functions h,
g. Proposition 2.10 is stated for later reference. See also [11, Section 6] for a related result
using the Hecke property.

ProposITION 2.10. For every n X n-matrix A, denote t* = t{]'t{ - - -]/ t53" - - - tui.
Then {t* : A € M,,(N)} forms a basis over My« ® My for the vector space Fr(M(n)).

Proof. This follows from the diamond lemma; see [3]. First we introduce a total ordering
< by th < ¥ if 3 ja;; < 3;;bij and in case 3, jaij = 3; ; bij we use the lexicographical
ordering on (a11,d12;...>@11, 0215 -+ > B20,A315- - -, Apn) -

We have the following reduction system, which is compatible with the introduced total
order. Assume i < j, k <1,

titic — h(uk — ) tictins tictik — h(A; _Ai)iltiktjk’
tittie — [ = A) "+l — ) g i = Ay) ™ ety + 8 (e — ) g (s = ) it

Liktip — g\ _/\j)iltiltjk + (h(Aj —)ti)71 —h(uie—p)g (A _/\j)il)tiktjb
(2.14)
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To simplify the coefficients on the right-hand side we use h(A) — h(—u) = h(u) — h(=1)
and g(u) —gA) = (h(A) — h(—u))(h(X) — h(u)). If we prove that the reduction system is
resolvable, the lemma follows from [3, Theorem 2.1]. There are 24 types of configuration
to be checked. The proof is straightforward using

1
hA+1)” (2.15)
g) = h(Hh(-1),

h(=A) =

and the identities h(A) — h(y) = h(—u) — h(—A) and

h(VhQA = 1) = h(w)h(v) +h(p = v)h(v) = h(u = v)h(A)

(2.16)
+h(v— wh(y) — k(v - wh(L) = 0,

forall A,u,v € h*. O

3. Exterior corepresentations and dynamical quantum minor determinants

We continue with the study of some elementary corepresentations of Fr(M(n)) analo-
gous to the action of M(n) on the exterior algebra of C". Using these corepresentations we
find the dynamical determinant in Fg(M (n)). This is analogous as for the case of ordi-
nary quantum groups; see, for example, Chari and Pressley [6, Chapter 7], and references
given there. First we recall the general definition of a corepresentation of an h-bialgebroid
on an h-space; see [20]. We introduce the notion of h-comodule algebras.

Definition 3.1. An bh-space is a vector space over My~ which is also a diagonalizable b-
module, V = ey« Va, with My« Vy € V,, for all & € h*. A morphism of h-spaces is an
h-invariant (i.e., grade preserving) Mpy«-linear map.

In case we want to emphasize the dependence on V we also write fv = py (f)v.

We next define the tensor product of an h-bialgebroid & and an hspace V. Put Ve« =
@a,/ﬁ’ef)* (Vo ®nm, . Aap) where ® )y, . denotes the usual tensor product modulo the rela-
tions v ® ui(f)a = fv®a. The grading Vy ® . Aopg € (V@ A)pforallaand f(vea) =
v ® u,(f)a make V&sl into an h-space. Analogously ASV = D pep+ (Hap ®ry. Vp)
where ® . denotes the usual tensor product modulo the relations y,(f)a®v=a® fv.
The grading sdog ® 1, Vp S (A8V),and f(a®v) =w(fla®v,acd,veV, f € My,
make A&V into an h-space.

Definition 3.2. A right corepresentation of an f-bialgebroid s¢ on an h-space V is an
h-space morphism p: V — V& such that (Id®A)op = (p®1d) o p, (Id®e) o p = Id.
The first equality is in the sense of the natural isomorphism (V&HA)8A = VS (ASHA)
and in the second identity, use the identification V = V&Dy~ defined by v® fT_4 = fv,
f € Mg+, forallv € V,.

A left corepresentation of an h-bialgebroid & on an h-space V is an h-space morphism
p:V — A&V such that (A®1d)op = (Id®p) o p, (¢®1d) o p = Id.
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Definition 3.3. Let o be an h-bialgebroid and V an h-space. Then V is a right (left) -
comodule algebra for A if there exists a right (left) corepresentation R: V — V& (L
V — d®&V) such that
(i) V is an associative algebra such that py (f)vw = vuy (T f)w forve Vo, w e V,
and VoV C Vip,
(ii) R(L) is an algebra homomorphism.
If, moreover, V is a unital algebra, we require R(L) to be unital.

Remark 3.4. The algebra structure of V&9 is given by (v ® a)(w ® b) = vw ® ab for
vwweVandabe d. Forve Vo, we V, and a € dog, b € 9,5, we have (v a)(w ®
b) = vw ® ab € Voyy ® HAsypis using (i) which implies (VOA)g(VEA)s = (VBA)pys.
ForveV,,

tvea(IRW) = (1@ u,(f))R(v) = RW) (1 @ pur (Taf)) = RWV)uvaa(Tof). (3.1)

So R preserves the relation in (i). Recall that by the My«-linearity of a corepresentation
we have R(uy (f)v) = pyaa(fIR(v) = (1@ u-(f))R(v)

Now we define the h-space W on which we construct a right corepresentation of
Fr(M(n)). W can be seen as the dynamical analogue of the exterior algebra represen-
tation.

Definition 3.5. Let W be the unital associative algebra generated by the elements w;, i €
{1,2,...,n} and a copy of My« embedded as a subalgebra, its elements denoted by f(A),
subject to the relations

W,»2 =0, Vi, wiw; = —h(/lj — A,‘)W,‘Wj, Vi< j, (3.2)

with 4 defined by (2.10) and f(A)w; = w; f (A + w(i)) for all f € My-.

For an ordered subset I = {i,...,i;}, 1 <i; <---<i, <n,of {1,...,n} we use the con-
vention wy = w;, - - - w;,, unless mentioned otherwise. Moreover, & is an ordered subset
and wg = 1 corresponding to the case r = 0. The following lemma is easily proved.

LEMMA 3.6. dith* W = 2" and a basis for W is given by {wy : I = {i1,...,i}, iy <--- <
i, r=1,...,n}. Wis an h-space with uw (f) = f (L) and w; € W) for wy a basis element
with w(I) = lelw(z]).

Define W’ = spany, . {wr:#I =r}. Then W = @;_, W' and W W* C W', with the
convention that W™ = {0} if r > n.

ProrosITioN 3.7. Define R(1) =1® 1, R(w;) = Z?ZI w; ® tji. Then R extends uniquely to
R: W — WeFr(M(n)) such that W is a right b-comodule algebra for Fr(M(n)).

Proof. Tt is clear that W satisfies the conditions of Definition 3.3(i). To see that R can be
extended uniquely to an algebra homomorphism we need to verify

R(W,‘)R(Wi) =0, Vi R(Wj)R(W,‘) = —R(l’l(A] —A,‘))R(W,‘)R(Wj), Vi<j,
(3.3)
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and R(f(A1))R(w;) = R(w;)R(f(A+ w(i))) for all f € My+. By definition of R and the
defining relations (3.2) of W we get

R(W,‘)R(Wi) = ZWjWk ® tjilki = Z [WjWk ® tjilki — h(/\k _/\j)WjWk ® tk,‘tj,‘] (3.4a)

jk k>j
= > wiwk ® (tjitki — h(Ax = Aj) tiitji) = 0, (3.4b)
k>j

where we use the second relation of (2.12) in the last equality. Let us emphasize that the
function h should be interpreted in (3.4a) as uw (A — h(Ax —A;)) and in (3.4b) as (A —
h(Ak = A;)). Similarly we obtain that the relation R(w;)R(w;) = —R(h(A; — A;))R(wi)R(w;)
for i < j is equivalent to

> wiwr @ (tjt — h(A — M) tijti + h(pj — wi) teatiy — h( — i) h (= M) tiitj) = 0.
1>k
(3.5)

Using Lemma 3.6 it remains to prove that
tejtii — h(A = Ak) tijtei + h(uj — pa) titiy — h(uj — pa) h(A = Ax) tiite; = 0, (3.6)

fori < j, k < I. To show this we multiply this equation by h(A; — Ax) — h(y; — y;) and elimi-
nate the products f;t; and £t using the third and fourth relations in (2.12), respectively.
Using h(A) — h(—u) = h(u) — h(=A) for all A, we obtain that the relation (3.6) holds by
(2.15). Using the definition of R and Remark 3.4 the last relation follows analogously.

By the definition of the comultiplication and the counit on the generators of Fr(M(n))
of Definition 2.8 it immediately follows that (Id®A) o R(w;) = (R ® Id) o R(w;) and
(Id®¢) o R(w;) = w;. Since R, A, and ¢ are h-algebra homomorphisms, so are (Id®A) o R,
(R®1d) o R, and (Id ®¢) o R. So the equalities (Id®A) o R= (R®1d) o Rand (Id®¢) o R =
Id hold on the generators and hence on all of W. R is a corepresentation of Fr(M(n)) on
W and W is an h-comodule algebra for Fr(M(n)). O

For I and ] ordered subsets with #I = #] we define the elements ] as the corresponding
matrix elements;

R(W]) = Z wr ®£]I (3.7)
#I=#]

We use the convention that E,I =0 for all I, J such that #I # #J. In the remainder of the
paper use the convention that a summation over subsets such as > 4_, is a summation
over all ordered subsets I such that #I = r.

COROLLARY 3.8. (i) A(E]I) =Suk_ulk® E]K and s(f}) =0y T w forall I, ] with #1 = #].
(ii) ROW™) € W' @Fr(M(n)).

We call the matrix elements & the dynamical quantum minor determinants of

Fr(M(n)) with respect to the subsets I and J. The element & {{11,7}} is called the deter-
minant of Fr(M(n)), and is also denoted by det.



E. Koelink and Y. van Norden 11

This right corepresentation has a left analogue, a left h-comodule algebra V for
Fr(M(n)). The proofs are analogous to the ones for the right h-comodule algebra W,
and are skipped.

Definition 3.9. Let V be the unital associative algebra generated by the elements v;, i €
{1,...,n} and a copy of My« embedded as a subalgebra, its elements denoted by f(A),
subject to the relations

Viz =0, Vi, Vivj = —]’l(A,' —Aj)VjV,‘, Vi< j, (3.8)

and f(A)vi = vif(A+w(i)) forall f € My-.

For an ordered subset I = {i,...,i,} with 1 <i; <--- <i, <n we denote by v; the
ordered element v; = v;, - - - v;, € V. Let us emphasize that an element v; € V has reversed
order compared to w; € W by notational convention.

LemMma 3.10. dimyy,, V = 2" and a basis for V is given by {vy : I = {i1,...,i,}, iy <-+- <
ir, r = 1,...,n}. Visan h-space with uy (f) = f(A) and v € V) for vi a basis element.

Define V" = spany,  {v;:#] =r}. ThenV = @, _, V" and V'V C V', with the con-
vention that V" = {0} if r > n.

ProPOSITION 3.11. Define L(1) = 1® 1, L(v;) = X/_; t;j ® vj. Then L extends uniquely to
L:V — Fr(M(n))®V such that V is a left h-comodule algebra for Fr(M(n)).

For ordered subsets I, J with #I = #J we define the elements 11} by

Livi)= > nlev (3.9)
#I=#I

and 77; = 0 for #I # #]. We denote the corresponding determinant by det = 17}} """ )

st}

COROLLARY 3.12. (i) A(5)) = Ssx—sr ik ® ) and e(n) = 8y T—w() for I, ] with #1 = #].
(ii) L(V") ¢ Fr(M(n))®V".

We call the matrix elements #; the dynamical quantum minor determinants of
Fr(M(n)) with respect to the subsets I and J. In Theorem 3.17 we prove that the dy-
namical quantum minor determinants related to the right and left corepresentations are
equal, so we can speak of the dynamical quantum minor determinants of Fg(M(n)),
without mentioning right or left. First we compute an explicit expression of the dynami-
cal quantum minor determinants which we use in the proof.

For any permutation ¢ € S;, 1 < r <, and any ordered subset I = {ij,...,i,}, we de-
fine the generalized sign function S(o,I) € My« by

g w —qq
S(o,1)(}) = 1_[ _h()tia(k) _/\iaw) = (_q)l(g) n 2\ 24
(k<l:o(k)>a (D)} (k<ko(k)>o()y 4~ ® —q 70
(3.10)

Afa(z)

where [(0) denotes the length of the permutation, I(0) = #{k < [: 0(k) > o(])}.
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LEmMa 3.13. For any permutation o € S, the following relation in W holds:

Wigay " " Wigy = MW(S(O',I))W], (3.11)

where I = {iy,...,i,} is ordered.
Proof. We prove by induction on r, for r =2 and ¢ = Id it is trivial. If o = (12) it is just
(3.2) for j = is1), i = ig(2). Denote by I’ the ordered subset of I defined by I'\ {i,(1)}, then

wi

o) " Wiy = Wisqy 1_[ _h()‘iwk) _Ala 1))WI = 1_[ _h()‘i.ﬂk) _Aiu(l)) 1_[

2<k<l<r+1 2<k<l<r+1 2<l<r+1
o(k)>a(l) o(k)>a(l) a(1)>0(l)

—h(Aiyy = iy ) w1 = pw (S(o, 1)) wr,

(3.12)
since w;,, commutes with all functions in My« which are independent of A;,,,. O
Using Lemma 3.13 we calculate the action of the corepresentation R on wj, - - - w;, for

an arbitrary unordered set {ji,..., j,}. Then

R(wj, - --wj) =R(wj,)---R(wj,) = Z Z Wiy = Wk, @t b, (3.13)
ki=1

and there is only a nonzero contribution in the right-hand side of (3.13) if all k; # k;
for i # j. Let I = {i,...,i,} be ordered, then we see that the contribution on the right-
hand side of (3.13) containing the basis element wy in the first leg of the tensor product is
given for those terms for which {ii,...,i,} = {ki,...,k,} as unordered sets. So there exists
for each nonzero term in (3.13) contributing to the term containing w; in the first leg
of the tensor product precisely one permutation ¢ € S, such that k, = ig(p). So the term
containing wy in the first leg of the tensor product equals

Z Wisay " " Wigey ® iy ji * * * bigj = 2 puw (S(o,1)wr ® tiyji = =~ tiy j,
€S, oES,

(3.14)
= z Wi ®/”I(S(O-r1))tin(1)j1 te 'tiu(njr’

(SN

by Lemma 3.13 and Remark 3.4.

ProrosITION 3.14. Let | be ordered with r = #], then R(wy) = Dy Wi ® E]I with the
dynamical quantum minor determinants given by

gll = VT (p> Nt Z Hl (0,1)) Lityjpy ™ Liotr) o> (3.15)

oES,

forany p €S,.



E. Koelink and Y. van Norden 13

Proof. By Lemma 3.13 and the discussion preceding this proposition we obtain

Z wr ®f]l = R(W]) = (1 ®,ur(S(P)])_1))R(WjP(1) U ij(r))

#=#]

(3.16)
= (1 ® V’(S(P)])il)) Z wr ® #1(8(011))tia<1)jp<1) e tia(r)jp(r)'
#1=#]
So, the proposition follows from Lemma 3.6. O
CoROLLARY 3.15. Put S(0) = S(0,1{1,...,n}) for o € S,, then forany p € S,
det = Hr Z Hl  Lo(n)p(n)- (3.17)

o€ES,

Analogously we obtain an explicit formula for the matrix elements #] of L. We need to

define another generalized sign function S depending on an ordered subset I, #I = r, and
a permutation o € S;;

N 1
S(O.’I)(/—\) = 1_[ _h(li:f _A'io ) Y2 T (318)
tk<l:o(k)>a()} v ©7S(o, (A +1)

where we use h(—A) = 1/h(A + 1) for the last equality. Analogous to Lemma 3.13, we have
for any permutation o € S, the following relation in V:

View " Vien) Z/’IV(SN(UJI))VD (3.19)
where I = {ij,...,i,} is an ordered subset and v; = v;, - - - v;,. We get the analogous state-
ment of Proposition 3.14.

ProposiTION 3.16. Let I = {iy,...,ir} be an ordered subset, then L(vi) = 24— 17} ® vy
with the dynamical quantum minor determinants given by, for any p € S,

= (S, ) > we(S S(.)) Voot * * * bipwyjocy - (3.20)

oES,

We now relate the two sets of dynamical quantum minor determinants. For this we
need the following identity:

. r — i
2. H"”’ Gty ll_ttl (3.21)
i=1

o€ES, i<j Xa(i) ~ Xa(j)

for r indeterminates xi,...,x,. This identity can be found in Macdonald [27, Section III.1,
equation (1.4)] as the identity expressing that the Hall-Littlewood polynomials for the
zero partition gives 1.

TueOREM 3.17. & = 11} in Fr(M(n)).
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Proof. The proof is based on the expressions (3.15) and (3.20), which give the possibil-
ity to write a suitable multiple of &/ as a double sum over S,, which, by interchanging
summations, gives a multiple of 7/. The multiples turn out to be equal. The details are as
follows.

First we rewrite #j. Define the longest element gy € S, by 0o = (} ,2, 1. }). By substi-
tuting p — poy and 0 — 00y in (3.20) we get

I
= 1_[ —h(A;, Aig) Z 1_[ L1077 /”jau))tip(njam ey (3:22)

m<p o€S, k<l
p(m)<p(p) o(k)<a(l)

for any p € S,. Using this expression for ] and (3.15) we compute

( D )) &

pES, k<1

= Z Z 1_[ _h(#jp(k) _P‘jp<l>) 1_[ —h Ay _/\'ia(l))tia(l)jp(l) = i jon

peS, 0€S, k<l k<l

p(K)<p(h o(k)>o ) o)

= Z Z 1_[ _h(Aiaw _A’ia(l)) 1_[ _h(A'ia la(z - X 1_[

0€ES, peS; k<l k<1 k<I

o(k)<o(l) p()<p(D)
I
_h(.”jmk) _Vjpu))tinmjpm “Ligtr jpir (Z 1_[ —h(Xiyy = iy )>’7]'
oS, k<l

So it suffices to prove that A(I)(4) := X,cs, [Txas —h(Aiy, — Ay, ) is independent of A and
I

iy i) k
- > 14 1 _qu = (—g)reD ﬂ 0, (3.24)
pES, kel ® —q k=1
using the explicit expression (2.10) for h and (3.21). O

COROLLARY 3.18. det = det.

Remark 3.19. (i) The dynamical quantum minor determinant & belongs to the weight
space Fr(M(n))wn)w(), where w(I) = X5 w(ix) = Yy ei, I = {i,... i}

(ii) From Theorem 3.17 we obtain relations in %(M(n)). For r = 2 we get quadratic
relations for the generators t;;, for p = Id in the expressions of ¢/ and #; in (3.15) and
(3.20) we get the third relation of (2.12). Similarly, from Proposition 3.14 for r = 2 and
taking the expressions for the dynamical quantum minor for p = Id and p = (12) we get
(3.6).
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Remark 3.20. Hadjiivanov et al. [15] introduce a dynamical determinant in the dynamical
analogue of M(n) they consider; see also Remarks 2.7, 2.9. In particular, they show that
their dynamical quantum determinant is central; (cf. Lemma 5.1). They work with the
Hecke property of the matrix PR(A), and use the g-antisymmetrisers in the Hecke algebra
of type A following the ideas of Gurevich for the quantum SL(#n)-group; see [6, Section
7.2] for more information.

4. Laplace expansions

In this section, we prove some expansion formulas for the dynamical quantum minor
determinants, which are used in the following section to introduce the antipode.

For I, I, disjoint ordered subsets of {1,...,n}, denote by sign(l;;I;) the element of
My~ defined by

sign(IpL)M) = [ —h(k —Awm). (4.1)

kelli?;’::elz
Then wy,wr, =pw (sign(I; L)) wrif L NnLh=@and UL = L.If[ N I, # @, then w, wy, =
0 and in this case we define sign(I;;,)(A) =0. For [ N, = @ and I = I; U I, as ordered

subset we have sign(I;;1;) = S(0,1) where o is the permutation which maps I U I, to the
ordered subset I.

PropositioN 4.1 (Laplace expansions). Let I, ], ]2 be subsets of {1,...,n}. If ] =], U ],
#] = #1,

u(sign Js ))& = > wi(sign (1)) &' &R,
LuL=I (42)
i (T sien (nsh) )& = X (T, sien (sh) )& &7,
LuL=I

where the summation runs over all partitions I, U I, = I of I such that #I, = #],, #I, = #],.

Remark 4.2. (i) Note that the left-hand sides of the expressions in (4.2) are zero if J; and
J» are not disjoint.
(ii) The second relation of (4.2) can be rewritten as

AM
i _m% " ( s1gn(12,11))*‘t (4.3)

Proof of Proposition 4.1. We have

R(WII)R W]Z Z WI1W12 ®E]152
LhnhL=9

I ¢,
ImIZz: @P‘W Slgn(II’IZ))WI‘gflf (4.4)

> wr@w(sign (11;12))511' f}lf
LnL=2
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Also, if 1 N J2 # @, then R(wy, wy,) = R(0) = 0 by (3.2) which proves the first relation of
(4.2) using Lemma 3.6 in the case that J; and J, are not disjoint. If J; N J, = &, then we
also have

R(wy,)R(wy,) = R(wy,wy,) = (1@, (sign (J1312)))R(wy) = > wreu,(sign (Ji3)2))&].
#I=#]
(4.5)

The second relation of (4.2) is proved analogously, using L instead of R and Theorem 3.17.
O

In the special case #I = #] = n and either J; or ], contains one element, we get the fol-
lowing expansion formulas for the determinant element. These expansions can be seen
as dynamical equivalent of the cofactor expansion across a row or column of the deter-
minant of a matrix.

CoRrOLLARY 4.3. Foralliand jwithl <i, j <n,

8 d sign({k};k)(A) E g det= sign(i; (i) (A)
jaet= gl sign({i};7) () s jlet= kzl’ sign(k; {k}) ( )

51gn(k {kH ) 4 sign({i};7)(A)
0;;d == N d;idet = 1o A
16 kz sign(is (1) () @ 019 sz sign((k} D)@

with the notation1= {1,...,i— 1,i+1,...,n}.

5. The dynamical GL(n) quantum group

In this section we extend Fr(M(n)) by adjoining an inverse of the determinant. The
resulting h-bialgebroid Fr(GL(n)) is equipped with an antipode, so it is an h-Hopf alge-
broid.

LemMA 5.1. In Fp(M(n)), the determinant element commutes with all quantum minor
determinants f}, for 1, J subsets of {1,...,n}. In particular, det commutes with all generators
tij. Moreover, A(det) = det® det and e(det) = T, with1 = (1,...,1) € b*.

Proof. Denote by T the n x n-matrix with elements ;;, where i indicates the row index.
Using the notation

i Gsign(@ i)

I e (sign(3; (51) 7 (5.1)

denote by T the n X n-matrix with elements T]i where 7 indicates the column index. Then
the third relation of Corollary 4.3 implies TT = detI as n? identities in Fr(M(n)), where
I is the n X n-identity matrix. So detT = TTT = T det which implies that det commutes
with all generators t;;. Since det € Fr(M(n))1,1, we see that det commutes with all ele-
ments in My« that only depend on differences A; — A;. By (3.15), det also commutes with
E]I for all subsets I, J. The last statements follow from Corollary 3.8. O
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So the determinant element commutes with all generators f;;, but since det €
Fr(M(n))1,1, the element det is not central. However, the set S = {det"}1- satisfies the
Ore condition, and this implies that we can localize at det; see [28]. We adjoin Fr(M(n))
with the formal inverse det ', adding the relations detdet ' =1=det ' det, t;jdet ' =
det ' t;;and f(A)det '=det ' f(A-1) ) fu )det ' =det ' f( (u—1). We denote the resulting
algebra by Fr(GL(n)) and equip it with a blgradlng J"R(GL(n)) = D pezr FrRIGL(1)) mp
by det™ € (Fr(GL(n)))- 1,-1. Lemma 5.1 implies that det™! commutes with all dynam-
ical quantum minor determinants &;. By extending the comultiplication and counit of
Definition 2.8 by A(det ') = det '@det ™!, e(det™") = Ty, Fr(GL(n)) it is easily checked
that #r(GL(n)) is an h-bialgebroid.

ProrosITION 5.2. The h-bialgebroid Fr(GL(n)) is an h-Hopf algebroid with the antipode
S defined on the generators by S(det™) = det, SCur () = w(f), Su(f)) = us(f) for all
f € My« and

detfmz(sign(f ) i

ur (sign(3; {i})) (52)

S(tj) =

and extended as an algebra antihomomorphism.

Proof. By [20, Proposition 2.2] it suffices to check that S is well defined and that (2.6)
holds on the generators. It is straightforward to check that S preserves the relations (2.11).
To see that S preserves the RLL-relations, we apply the antipode to the RLL-relations (2.8).
Using (5.1) this gives

> det *TYTERGE () = > det *T3T/RE (M), (5.3)
Xy X.

which is equivalent to

ZRM p+w(x)+w(y) T4T det ™ Zdet*ZTXTC RYM(). (5.4)

We have to prove that (5.4) holds in Fr(GL(n)). To show this, we multiply the RLL-
relations (2.8) by Ts T,i from the right and by Tj‘-‘ Tf from the left and sum over all a, b, c,
and d we get, using Corollary 4.3,

ZT“TCR”‘ )det® _ZdetR (u+w(i)+w(j) TT,, (5.5)

Multiplying this equation from the left and from the right by det > gives (5.4) by the
h-invariance of the R-matrix, so S preserves the RLL-relations.

From the proof of Lemma 5.1 it follows that S(T)T = TS(T) = I, where T is defined
as in the proof of Lemma 5.1, so (2.6) holds for all generators ;. The proof of [20, Prop.
2.2] shows that if (2.6) holds for a and b, then it holds for ab, so that in particular (2.6)
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holds for det. By Lemma 5.1 we find S(det)det = 1 = detS(det), so that S(det) = det™.
An independent proof of this statement is given in Proposition 5.3. With this observation

it is easily proved that S also preserves the defining relations involving det ', and that
(2.6) holds for det ™", O

The relation S(det) = det ™' is the special case I =] = {1,...,n} of the following propo-
sition.

ProprosITION 5.3. For I and ] ordered subsets with #I = #],

D get (S8 US)))
S8 = e i (150 o

with I the complement of I in {1,...,n}.

Proof. We prove this formula by induction on the r := #I using the Laplace expansions of
Proposition 4.1. Another proof uses (2.6) combined with the Laplace expansions. We use
a similar induction step in the proof of Lemma 6.1.

For r = 1 this is just the definition of the antipode on a generator t;;. For the induc-
tion step we use the Laplace expansions of Proposition 4.1 several times. Let j € J, then
applying the Laplace expansion twice

i (sign({i};1')) glitg ) r (sign({i};1"))
(,EZIM (sign({j};]")) il ,EZIS S i (sign({j};]"))

=S det 72141 (sign(J'5J")) I < (sign(J5 {7})) . pr (sign({i} 1))
Py r(sign(I'51) " p, (sign(3{i})) ™ i (sign({j}]"))

= Sde t-z#l(Slgn(I 1)) prewm(sign(3 4j})) o5
icl Ur (51gn( I)) " .”r(Sign(?i{i})) !

o p(sign (J5T)) i (sign(K;{k})) px o i (sign(s () 45
_1621 ng}:f det pr (sign (I517)) pr (sign (I {1}))&65{’} - (sign(3; {i})) &

K=]"“\{k}
(5.7)

where J' =]\ {j} and I’ = I\ {i} (so I' depends on the summation index) as ordered
subsets. In this computation we use

(sign({i};I'))  w,(sign({i};I")) .
w(sign({j};J))  w(sign({j};]"))

gt gl (5.8)

since E{Céj has weight (1 +w(J°),1+ w(I¢)) and sign({a}; B) sign(A;B) = sign({a} U A;B)
for all subsets A, B and all elements a ¢ A. Since >, keye  pi(sign(K; {k}))f{ffgﬁ} =0 for
K=J"“\{k}



E. Koelink and Y. van Norden 19

all i € I¢ and sign(3; {i}) = sign(I’; {i})sign(I%; {i}) we obtain, using the Laplace expan-
sion once more for the summation over i where the only nonzero term is for k = j,

N _ —amu(sign(J%J')) 1t (sign(Js (7)) 5
S = 29 ign (1) B ) 2 e
K=J""\{k}

L at(sign (J5T))
= det ur (sign (151))

r(sign 7 1)) &l det = dey ™ 1(siERU5))

.
r (sign (151))

(5.9)
which proves the proposition. O
COROLLARY 5.4.
ch(Am —A
Sz (E]I) _ Hmel,ke[ ( k) f]I (5‘10)

Hme],ke]f h(!"m - ‘”k)

In particular, S is invertible.

6. The dynamical U(n) quantum group

In this section we prove the existence of a x-operator on Fr(GL(n)), such that it be-
comes an h-Hopf x-algebroid. Equipped with this *-structure we denote the h-Hopf
*-algebroid by Fr(U(n)).

LEMMA 6.1. The *-operator defined on the generators by

—gdet™, W =w(, w(H=w (P, det) =det,  (6.1)

and extended as C-antilinear algebra anti-homomorphism is well defined on Fr(GL(n)).

Proof. Let I and ] be ordered subsets of {1,...,n}, such that #I = #] = r. Denote by I the
complement of I in {1,...,n}, then we have

(&) = &fdet™. (6.2)

From this result and Lemma 5.1 it directly follows that * is an involution. The proof of
(6.2) is analogous to the corresponding statement (5.6) for the antipode.

We prove that * preserves the RLL-relations by using that the antipode does so. By
definition of S and * it follows that

ur (sign(ks k1) S (tj) = pi(sign(F; {71)) . (6.3)
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Applying * to the RLL-relations (2.8) we get

w (sign(d; {d})) Tyur(sign(E; {b}))

Xy
Sz (sign(ys (1) ¢ i (sign(xs {x})) )

b (Rac

(6.4)
o« pe(sign(x; {x})) a#y(sign(y,{y})) o
_x,yz:1 HI(SIgn(a {a})) (Slgn(c,{c})) T (R )
which is equivalent to
i (sign(@{a})) w(Towsign(G{c})) .y oxy
T ac
xyzlplz (sign(33{y})) pi(Tu(y) sign(x; {x})) 4 st (Rac )
(6.5)

3 i (sign(%; (x})) pr (Tu sign (33 (1) o T, (RY)
oyt e (sign(d; {d})) pr (Tuia) sign(b; {b})) Ty

Using (5.3), * preserves the RLL-relations if

sign(%; () (4~ w(x) — w(y)) sign(3; {y} (- w(y))
Ry (1) = Ry () = - b " ' (©©
b\ v\ sign(d; {d}) (4 — w(x) — w(y)) sign(b; {b})(u — w(b))

This follows by direct calculations using the explicit expression of R and the fact that
sign(X;x) is independent of y, for all y < x, where the only nontrivial cases are for x =
y=b=d,x=b,y=dand x =d,y = b. Using det* = det”" which follows from (6.2), it
directly follows that * preserves the other commutation relations. O

ProprosiTiON 6.2. Denote Fr(GL(n)) equipped with the *-operator of Lemma 6.1 by
Fr(U(n)), then Fr(U(n)) is an h-Hopf *-algebroid.

Proof. From the definition of * and Corollary 3.8 it follows that (* ® *)A(t;;) = A(ti’;)
and (e o x)(t;j) = (P o £)(t;),

(x ® %)A(det™!) = det@ det = A((det ')™),
6.7
(eox)(det™) =T = (Ty)" = e(det™)". ©7)

So the relations (% ® %) o A = Ao and €0 * = xP»* o ¢ hold on the generators of
Fr(GL(n)) and hence on all of Fr(GL(n)). O

From (5.6) and (6.2) it directly follows that
x _ pu(sign(J5J)) xy _ pulsign(J5J)) o
S(f]I) - I#,(Sign(lc;l))’ S((E]I) ) - i (51gn( ))gb (6-8)

which gives an indication for the unitarisability of the corepresentations R and L of
FRr(GL(n)) defined in Propositions 3.7 and 3.11; for the definition of unitarisability see
[21, Section 5].
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ProrosiTioN 6.3. The corepresentations R and L are unitarisable corepresentations of
Fr(U(n)).

Proof. We have to define a form (-,-) : W X W — My» and check that (R(x),R(y)) =
ur({x, y)1) for all x,y € W; see [21, Section 5]. It is sufficient to do this for basis el-
ements {w;} of W. Define (wy,wy)(1) = 8pysign(I51)(A — w(I)) € My«, so {wr,wy)p =
01y sign(I5I) € Dy+. Then

(R(wr) R(w,)) = < S ko, S wy el > S (o)  (E4) 6K
#K=#] #M=#] K.M
pr (sign (J57))

ﬂz(sign(Kf;K))S(E{()Ef:ﬂr(Sign(]C;]))61]

= > (sign (K5K))

= u ({wr,w) p1),
(6.9)

using (6.8) and (2.6) on EI]. Define a form on V by (vy,v;) = 8y sign(I;1°)~! € My«. By a
similar computation it follows that (L(v;),L(v;)) = wi({v;,v;)p1). O

Remark 6.4. The above discussion strongly suggests that there are analogues of the dy-
namical SL(n) and SU(n) quantum groups. We refer to [37] for details.
7. A pairing on the dynamical U(#n) quantum group

In this section we discuss pairings for the dynamical GL(n) quantum group and we
present a cobraiding on Fr(GL(n)). For a pairing for Fr(GL(n))°P and Fr(GL(n)) as
h-Hopf *-algebroids, we need a second *-operator on Fr(GL(n)).

7.1. Pairing for h-Hopf *-algebroids. We start by recalling the definition of a pairing
for h-Hopf *-algebroids.

Definition 7.1. A pairing for h-bialgebroids U and < is a C-bilinear map (-,-): U X 4 —
Dy satistying

<6u“0‘ﬂ"ﬁ)/5> & (Dh*)a+6,ﬁ+y’ (7.1a)
(W' (HXa) = (X' (fla) = fo(Xoa),  (Xp'(fha) = (Xaul(f) = (X,a) o f,
(7.1b)

(XY,a) = Z (X,a(1)>Tp(Y,a(2)>, A‘vi(a) = Za(l) ® a),d(1) € \Sﬁyp, (7.1¢)
(a)

(X,ab) = > (X),a) Tp(X0),b), AMX) =D Xy ® X2, X(1) € Uap, (7.1d)

(X) (X)

(X,1) = (X)), (1,a) = e*(a), (7.1e)
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for all X € U, a € A. If moreover, U and o are h-Hopf algebroids, then, in addition, the
pairing has to satisfy

(SU(X),a) = P ({X,$(a))), VX e, ae . (7.2)
If in addition a *-operator is defined on U and A such that
(X*,a) =Ty o ((X,5%(@)*))" o T_s, Vaess Xel, (7.3)

then U and o are paired as h-Hopf *-algebroids.

Remark 7.2. Note that (7.1a) implies that (X,a) = 0 whenever X € AUug, a € 5,5 with
a+d#B+y.

A cobraiding on an h-bialgebroid o is a pairing (-, ) : AP x A — Dy« which in ad-
dition satisfies

> w'({aqy,bay) Dagba) = > @) 1)bwaq), (7.4)
(@)(b) (@)(b)

as an identity in & and where A%(a) = D) a0) ® ae A(b) = 2 by ® byy. In [34],
Rosengren proved that for an h-bialgebroid constructed by the generalized FRST-
construction from an R-matrix, denoted by R, that satisfies the quantum dynamical Yang-
Baxter (2.1) there exists a natural cobraiding defined on the generators by

<Lz],Lkl> = R (/\)T, - (7-5)

Note that this is the dynamical analogue of the cobraiding for quantum groups; see, for
example, [17, Section VIIL6].

In [21] we proved the following proposition, which we now extend to the level of b-
(co)module algebras. By " we denote the h-algebra obtained from an h-algebra s by
interchanging the moment maps and with weight spaces (s4'")qg = A .

ProrosriTioN 7.3. Let U be an h-algebra and let A be Yy-coalgebroid equipped with a pair-
ing {+,+) : WU X A — Dy», and let V be an h-space. (i) Let R: V — V& be a right corep-
resentation of the h-coalgebroid A, then m(X)v = (Id®&(X,-)Tg)R(v) for X € Uap defines
an h-algebra homomorphism m:U— (Dy+ ), hence m: " — Dy« v defines a dynamical
representation of U on V.

(ii) Let L: V — A®V be a left corepresentation of the h-coalgebroid A, then m(X)v =
(Te(X,-) ® Id)L(v) for X € WUep defines an h-algebra homomorphism m: UPP — (Dy ).
In particular, w: (U°PP)" — Dy v defines a dynamical representation of (U°PP)™ on V.
Moreover, if W is h-Hopf algebroid , then X — n(S™(X)) defines a dynamical representation
of WonV.

We now extend this result to the level of h-comodule algebras.
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Definition 7.4. Let 9 be an h-bialgebroid and V an h-space. We call V an h-module
algebra for o if there exists a dynamical representation 7 : s — Dy+ v such that
(i) V isan associative algebra such that yy (f)vw = vuy (T f)wforallv e Vo, w € V,
and VoV C Viip,
(ii) m(a)vw = 3, (m(aq))v)(n(ap))w), for all v,w € V and X € sl with A(a) =
22 (1) B a().
Moreover, if V is unital, then 7(a)1l = py (e(a)l).

ProrostTioN 7.5. Let W and s be paired as h-bialgebroids. Let 'V be a right (left) b-
comodule algebra for A, then m as defined in Proposition 7.3 defines an h-module algebra
fOT’ aqlr ((ouopp)lr)_

Proof. We prove the proposition in the case that V is a right h-comodule algebra, the
other statement can be proved analogously. Since V is an h-comodule algebra, Definition
7.4(i) is satisfied. By Proposition 7.3, m(X)v = (Id ®(X, -) Tg)R(v), X € U is an h-algebra
homomorphism of U to (Dy+,)'. Then, since R is an algebra homomorphism, we have

a(X)vw = (Ide(X,-) ZV 1)® Xa (2)>T/g

= > vaywa) @ (Xa),a2) Ty (X2, b)) Tg = > (X)) v) (1(X2)) w),

(7.6)

for X € Uep, AX) = 3 x)X(1) ® X(2), X(1) € WUgy and with the notation R(v) = > v) ®
a@m), R(w) = > w1y ® by). So 7 defines an h-module algebra for U™,
If V is unital, then 7(X)1 = 1 ® (X, 1) Tp = py (e(X)1) for X € Ugg. O

7.2. A pairing on the dynamical GL(n) quantum group. A natural cobraiding on the
algebra Fr(M(n)) is given by (7.5). For this pairing we have (t;;,det) = 6;;qT-1o(;). For
normalization purposes we multiply the pairing of two generators with a factor g~". So
we use the pairing (-, -) : Fr(M(n))P X Fr(M(n)) — Dy- defined on the generators t;;
by

nnil
(tipta) = g " RED) T-wii-ap- (7.7)

Note that switching R to g~V"R is a gauge transform, which does not affect the RLL-
relations. The nontrivial cases for this pairing on the level of the generators are explicitly
given by
(tivti) =" V" T 20y, Vi,
(tistjj) =q " Towty-a(j)y Vi<
(tipti) =q7""g Vi =) T-wty-a(jyy Vi<,

<tji,tij> = qil/nho (A _/lj)wa(i)—w(j), Vi# j.

(7.8)
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In this section we prove that this pairing can be extended to the level of h-Hopf *-
algebroids.

In order to extend the pairing to a cobraiding on Fr(GL(n)) we need to compute
the pairing of a generator ¢;; with the determinant element. Denote by 1 the vector with
all Is.

LEMMA 7.6. For the pairing {-,-) : Fr(M(n))P X Fr(M(n)) — Dy~ defined by (7.7),

(tij,det> = (SijT—l—w(i))
(det, t,‘j> = 8iijlfw(i)y (7.9)
(det,det) = T_,.;.

Proof. From Remark 7.2 it immediately follows that (det,t;;) = (t;;,det) = 0 for i # j.
Using the pairing (7.7) on Fr(M(n)), Propositions 3.7 and 7.5 show that 7 : (Fr(M,,)“°P)r
— (Dy+,w) gives W an h-module algebra structure for (Fr(M (n))%°P)r, Then we have

ﬂ(tii) (W1 e Wn) =W W, ® (tii,d€t> Tw(i)- (7.10)
Also we compute
7 (ti)wy - - = 7(tii) (n h(Ai =) Wi“’?)

k<i

= <T—w(z‘) [T-rOi =) 71) (i) [wiwi]
kei (7.11)

=n—h( —l—)tk Z Z Wi, Wk, = = = Wk,

k<i Kiseeskn oo jn1

® (tjristii) Tt (tiajiothat) = * = TaoGiu 1) (tiju o thun) Tl

using the h-module algebra structure of W in the third equation. From (7.8) it follows
that (t; i, tk,;) # 0 only if j, = k) = i. So we get

n—h( i—1—A) Z Z WiWg, * ("

k<i K2k j2sees 1 (7.12)
® (tid, tii) Tuw(jy) (Einjis a1 ) * * * T ) (tijui> theun) Tai)-

Now (tj,itx,1) # 0 only if ky =i, j, = 1 or ky = 1, j, = i. In the first case, the first leg
of the tensor product is equal to 0, so k, = 1, j, = i. Continuing in this way and recalling
that we have pulled the term corresponding to w; to the left, we obtain that there is only a
nonzero contribution for j,, = iforallmand k; =i, k,, =m—1for2 <m <iandk, =
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for m > i. So we get

7 (L) wr - - 1_[ -h(Ai—1 _Ak)ilwiw?‘x’ (tiistii) Twti (tis t11) Ty * +  (tiistan) T
k<i
=[]-hi—1-1) ' []-hi 2w
k<i k<i
8" " wiy [ [ "¢ M =2 Town [ [47 " T-wtiy
k<i k>i
h(Ai =2
_l_[ A A k))l_[ (Ai_Ak_l)Wl"'Wn:Wl"'Wn)
k<i k<i
(7.13)

where the last equality follows from (2.15). So (t;;,det) = T_;_ 4

Note that Fr(M(n))®P can also be seen as an h-bialgebroid constructed from the R-
matrix R with matrix elements RS} = R4 by the generalized FRST-construction. Follow-
ing the lines of the proofs of Section 3 we can prove that V is a right h-comodule algebra
for Fr(M(n))°P. By inspection it follows that the matrix elements T]I of this corepresenta-
tion RP, defined by R°P(v;) = X, vy ® 7/, are equal to &} From Proposition 7.5 it follows
that 7 : Fr(M(n)) — Dy+v defined by n(a)v = (Id®(-,a) Tg)R“P(v) for a € Fr(M,)ap
and v € V gives V the structure of an h-module algebra for Fr(M(n)). Now analogously
to the proof of the first part of this lemma we get (det, ;i) = T—_;_4().

Using Lemma 7.6, 7r(t;j)w; - - - w, = 0if i # j and the explicit expression of det we get

a(det)w; - - -w, = 7T(t11t22 .. 'tnn)wl Wy, = ﬂ(t“) .. .ﬂ(tnn)wl Wy =Wt W
(7.14)

Also m(det)w - - - wy, = wy - - - w,, ® (det,det) T_j, so (det,det) = T_,.;. O

LEMMA 7.7. Define the pairing (-, ) : Fr(GL(n))P X Fr(GL(n)) — Dy« on the generators
of Fr(GL(n)) by (7.8) and

(detil,t,’j> = &‘ij(?), (tij,detfl) = (Siij(?), (detfl,defl) =T5.. (7.15)
Then Fr(GL(1n))°P and Fr(GL(n)) are paired as h-bialgebroids.

Proof. For the pairing (-,-) : Fr(M(n))°P x Fr(M(n)) — Dy+ the statement follows
from [34]. Since

5ijT—w(i) =8(f,'j) = (t,‘j, l)z(tij,detdet_l) = z <tkj,det> Tw(k) (tik,det_1> = T,l(tij,det_l),
k
(7.16)

the pairing is also well defined for %z(GL(n)). O

We want to extend Lemma 7.7 and show that the pairing exists on the level of h-Hopf
algebroids. For this we need to calculate pairings with dynamical quantum minor deter-
minants because of Proposition 7.9, the proof of the following lemma follows the same
strategy as the proof of Lemma 7.6.
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LEmMA 7.8. Fori# j,

(ti, &y = q "V [ Tg e — M) T, <tiiyf§> =q""T_ o) —ali)»

k<i
(&) =q " ho(j =) [T = =A) [] —he—A) Ty,
k<j,k#i k<i,k+#j
R . (7.17)
(f;l,tii> = qul/n l_lg(/\i — M) Ty, <£1:tii> = ql/nT—w(j)—w(i)y
k>i

(Ety =g "V e =2)) [ —ha=21)) [ —hki— )1

k>j, ki k>i k4

All other pairings between generators t;j and dynamical quantum minor determinants EZE are
zero.

ProPoOSITION 7.9. Fr(GL(1n))°P and Fr(GL(n)) are paired as bh-Hopf algebroids.

Proof. In Lemma 7.7 we proved that JFr(GL(n))®P and Fr(GL(n)) are paired as bh-
bialgebroids. So it remains to check (7.2) on generators. The only nontrivial cases are
(X,a) = (i, tii), (l’j]‘,ti,'), (tji,t,'j), (tii,det_l) and (det_l,t,-,-) fori# ] From Example 2.5(ii)
we know $° = S~ and ;" = p,, ¥ = 1, 50

CO| -1 J["” (Slgn(] ))
SP(t;j) = det E—COP(Slgn( K (7.18)

Now we can check the relations by direct computations, using Lemma 7.8. We show the
third relation in detail; the other cases can be done analogously. Using Lemma 7.8,

g 7 (sign()5)
($P (tji), tij) = <det E ;P (sign({j}; J))’tl]>

= sign({j};f) (A— (@)~ (det™, t) T (€, 1:;) sign({i};D) (1)

=q "o (i =AhGi= ) [] = =2)) [T =i =Am),

m#i,j m#i,j
(sign(7;{j})) o
CS(4:))) = et 1 HASIBONL U S)) o7
$(118050)) = 8 (aec EERRTG TS 6))
= sign(J; {j1) (1) (ti,det ™) Ty (11, &) sign(5 {i}) (A + (D)
=g "V o= AR = A) TT =k =Aj) TT =i =),
m#i,j m#i,j
0 (Scop(tji)atij> = S((fji)s(tij)>)- O

7.3. Compatible x-structures for the pairing. If we equip Fr(GL(n))*P and Fr(GL(n))
with the *x-operator defined in Lemma 6.1, they are not paired as h-Hopf *-algebroids.
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But since the *-operator is not unique it is possible that there exists another *-operator
which gives paired h-Hopf *-algebroids.

Lemma 7.10. The h-Hopf algebroid Fr(GL(n)) has a *-operator, denoted by 1, defined on
the generators by w(f)" = w(f), ur (/) =, (f), and

T Ml(Si)
To(s))

where s;(A) = g2/ Zic M) and extended as an C-antilinear algebra anti-homomorphism.

Eidet™!, (det™!)" =det, (7.20)

Proof. The proof follows the lines of the proof of Lemma 6.1. On dynamical quantum
minor determinants we have

Nt _ /41(51) 19 1
(gj) 7ﬂr(5])€cdet > (7.21)

where sp(A) = q2*/n k= Zier i) This follows using sp\ (i s(i; = s7. From the claim it fol-

lows that t is an involution. Indeed, since py/(sr)det = detpy,(s;) and s, 0 = 1, we
have

t . .

(thy' = (.”l(si) E?det’1> LG fydet”! pilsi) _ b (7.22)
/ pr(sj) 7 pr (s7) pr (s5)

Since the *-operator * preserves the commutation relations and (¢;j) = (u(s:)/ur (s7)) (#:)) *

it follows directly from sz; =0 if w(x) + w(y) # w(a) + w(b) that T preserves the RLL-

relations. By direct computations we can check ot = *P»* ogand (1 ® ) o A= Aot

on the generators and so on Fg(GL(n)). O

THEOREM 7.11. (FRr(GL(n))°P, 1) and (Fr(GL(n)), *) are paired as b-Hopf * -algebroids.
Proof. From Lemma 7.10 it follows that it remains to prove (7.3) for generators. We have
to check this relation for five nontrivial cases: (X,a) = (ti tii), (titj;), (tij> tij)s (det %, 1)
and (t;;,det ™) for i # 7. We give the proof of the second case, which is the most involved

one, in detail; the others can be proved analogously. Since T,;)si(A) = si(1)g>! =",
To(jsi(A) = si(A)qg=", for i # j, we have

(i) = i) THEL ) Tugj (det™ " 1) 5:() g™

(7.23)
= Si(A)ilqlmwa(?)-#w(j)si(/_\)qz(l*1/”) — qil/nTw(i)fw(j),
For i < j we also have
ign(7; {j}))
St 7, (sign(3; 1))
= sign(5 G (A = 0(1)) g V" T wiiy-a( sign(Gs {7HA) ! 20)

_ oSG UHDA-e()
T Sign(G D A—w(@ —w(j) 0 T ey
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since sign(J; { j}) is independent of A; if i < j. For i > j we get

(tiS(tj;)") =sign(F DA - (1) g™ "g (A = 1) T-wiy-w(j sign(F; Q)

e aa sign(BUD A - w(j) o
=470 =) G D B = @) - w(j)) el (7.25)

o B =4 +1) o
=q" g(li—/\j)m “ai-o() = 4" Toali-alj)>

where we use (2.15) in the last equality. So T—_u(j){ti»S(;)*)* T—w(j) = ¢ " Tu(i-w(j)
which proves the second case. U

Remark 7.12. Instead of the relation (7.3) we can also require the pairing and *-operator
to satisfy a similar relation where * and S are interchanged in the right-hand side; see
[21]. Also with that relation, the cobraiding (7.7) on the dynamical GL(n) quantum
group is not a pairing on the level of h-Hopf algebroids with the same *-operator * on
Fr(GL(n))°P and Fr(GL(n)).
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