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1. Introduction

Consider the Cauchy’s functional equation, hereby called CFE,

A A
f (Z“j“j) = > fujaj). (1.1)
j=1 =1

Under various assumptions on A and «/s, Pisot and Schoenberg [8] solved for monotone
solutions of (1.1). In a subsequent paper [9], they treated the case where the domain of
solutions is a subset of R” with the following main result. Let a, s, ..., a4 be elements of
R" (n < A) satisfying the following conditions:

(1) every set of n elements among the «; is linearly independent over R,

(2) the elements a,az,...,a4 are rationally independent, that is, linearly indepen-

dent over Q.

Let S = {Zle uja;j | uj € Ny, the set of nonnegative integers}, B a Banach space and f :
S — B.1f f isa uniformly continuous solution of the CFE (1.1), then f(x) admits a unique
representation of the form f(x) = A(x) + 231:1 ¢m(x), where A is a linear function from
R" into B, and each ¢, (m = 1,2,...,A) is a function from R, = {upoty, + zle,#mkjocj |
um € N, kj € 7} into B satisfying

(1) m(0) =0,

(2) pm(x+aj) = pm(x) (j # m, x € Ryn),

(3) ¢ is a uniformly continuous function on R, into B.
Studying both of Pisot’s and Schoenberg’s works, we observe two significant features,
first, that their method of proof in [9], both beautiful and powerful, can be extended to
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2 Cauchy’s functional equation

wider classes of functional equations and second, that the rational independence can be
replaced by denseness, even though the two conditions are not equivalent. We illustrate
these observations by solving similar, but different, CFEs in the complex field together
with relevant examples and several remarks relating them with the classical complex CFE
(see [1]) and in particular with an old theorem of Erdés about monotone additive func-
tions (see [4]). Our main results say roughly that solutions of complex CFEs, uniformly
continuous over some dense subsets and additive with respect to certain real or complex
base elements, consist generally of two parts, one linear and the other periodic, and the
periodic part disappears if each of its elements has a natural dense subdomain.

2. Case of real base elements

In this section, we solve the CFE (1.1) with real base elements «; and Gaussian integer
coefficients.

THEOREM 2.1. Let A€ N, A = 2, and a1, x2,...,04 € R be such that the set

A
§" = { D (b + Vi) G | s Vi € No} (2.1)

m=1

is dense in C. If f : St — Cis a uniformly continuous solution of the functional equation

A A
f( Z_ (”m"’ivm)“rrt> = Z {f(“mam) +f(ivmam)}’ (2.2)

then f can be uniquely written as

A

f) =)+ > gm(x), (2.3)
m=1

where A : C — C is an R-linear function and ¢,, (m = 1,2,...,A) is a complex-valued func-
tion defined on

A
S =3 (Upa + ithyp) 0 + Z (kja +ikjp) ot | timas imp € Nos kjaskjp € Z 1 (28*)  (2.4)
=1
jm
satisfying

(1) ¢m(0) =0,

(2) pm(x+a)) = pu(x +iaj) = @u(x) (j # mand x € S,),

(3) @ is uniformly continuous on S,,.

Proof. Let f be a uniformly continuous solution of (2.2). There are three major steps in
the proof. First, we show that the two limits limy_« f(Na,,)/N and limy—« f (iNa,,)/iN
exist. Then we define an R-linear function A : C — C and show that A is uniformly con-
tinuous on S*. Finally, the periodic functions ¢,, are constructed.
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Step 1. Let € > 0. By the uniform continuity of f, there exists § > 0 such that
Vz,we S, lz—wl<d= |f(z)- f(w)| <e. (2.5)

Since S* is dense in C, there are x, y € S such that |x — y| < §. Write

M=
M=

(dma +idmh)(xmy (26)
1

(Cma + iCmb) A y =
1 m

X =

m

where all ¢;na, Cmb> dma> dmp € No. Set e = cur — e (m = 1,2,...,A), 7 € {a,b}, and split
{1,2,...,A} into any two disjoint nonempty sets [ and J withI U] = {1,2,...,A}.
We claim that for each M € N, we have

D Af((craticw)ar) = f((dra+idn) o)}

tel

by Z Njalf ((Wja+M|qjal)ej) = f (wjaet) } (2.7)
JEI

+ zmb{f i(wjp + M| qj|)aj) — fiwjpaj) } | <e,
161

where, for j € J, wjs, wjp are any nonnegative integers, n;; = 1 if qj; > 0, nj; = —1 if

qjr <0 (7 € {a,b}).
To prove this inequality, define ¢, d® for r € {a,b}, j€J,and k € N as follows:

jTo Yt

ifgj: =0, set c(-k)

(k)

= wirtkgjr, dyy =wie+ (k- 1)q;5 o)

—Wj‘r+(k_1)|qu|’ d(k)_W]T+k|q]T|

if qjr <0, set Cir it

We see that cﬂ ,d( € Ngand gj; = c(k) d.’;). Now

'{Z(cmﬂctb ocﬁZ( +zc§];>a]} {z(dm+idtb)(xt+z(d§-§)+id;’;))(xj}

tel jel tel jel

A A A
= Z (qma+lqmb z Cmu+lcmb z dma‘l'ldmb = |X—y| <8)
m=1 m=1 m=1
(2.9)
which, by the uniform continuity condition (2.5) and the CFE (2.2), yields
Z {f ((eta+icw)ar) = f((dia+idw) o)}
tel
(2.10)

2 U (o) = (i) b+ S F (i ag) = f (id)y o) | <ce

j€l i€l
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In the last two sums, split J into two pairs of disjoint subsets
J=Ja YJars J=Tb+ Ulp-, (2.11)

where J;+ ={j €] 1qja=0}, Jo ={j €] 1qja<0}, v =1{j €] 1gjb =0}, and J,- =
{j €J1qjb<0}. Thus

D Af(Gda) — f(dda)f = 3 {F () = £ (dida;) |

jE€J S

+ 3 A (Glay) = £ (da) |

(2.12)

and we also have a similar expression for b in place of a but with purely imginary argu-
ments. Note that

k=1j€],+
= > D Af((wjatkgja)aj) = f((wia+ (k= Dgja)a;)} (2.13)
j€la+ k=1
= {f((wjﬂ+quﬂ)(xj) _f(Wjao‘j)}a
jE]a+

and similarly,

M
S S A a) - f(dRa)} = X 1 wiaey) = f((wia+Mgjal )y},

k=1 jeja’ jeju’

> D (i as) = f(id o) = X {f (i(wio+ Magn)ay) = f (iwjoaty)

k=1 jelp+ JE+

M
> > Afichay) - f(idya) = 3 {f Gwiey) = £ (i(wio + M qpu | )ay) ).
k=1 j€Jy- j€le-
(2.14)

Using these equations, summing over k = 1,2,...,M in (2.10) and dividing by M, the
claim (2.7) follows. For each m, by the denseness of S*, there exist qka,qr» € No (k =
1,2,...,A; k # m) and qua,gmp € N such that [(qi, +igip)ar + - - - + (qaa +iqap)aal <9,
and so componentwise |qiq00 + - - - + qaaal < 8 and |igipoy + - - - +igapaal < 8. From
(2.2), (2.7) with x = qiqoq + - -+ + qaa®a, ¥y =0, J ={m}, and I = {1,2,...,A}\{m},
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we deduce

Zf Gratts) + _{f((wma+qua)0‘m) _f(Wmu(Xm)}

tel

<e&, (2.15)

and similarly, with x = igpa; + « - - +igapaa, we deduce

> f (iqweu) + —{f(l(Wmh +Mqump) @) — f (iWmp0m) |

tel

<e (2.16)

For each u,v € N, by the division algorithm, we can write 4 = w, + Myqmq and v = wy, +
MpGgmp, where 0 < w, < gmq and 0 < wp < gp. We see that if u,v — oo, then M, and M}, —
oo, This allows us to consider in (2.15) and (2.16) the values of w,,,, and w,,; in the same
ranges as w, and wj, respectively. Letting M — co in (2.15), we have

<e, (2.17)

Zf(qm“t) +qmal
tel
where L is any one of the possible limits of the sequence { f (ua,)/u}.

We now show that L is unique. Suppose that L, L, are any two limits of the sequence.
From (2.17), we get |qmallL1 — L2| <2¢,and so Ly = L,. This implies that limy .« f(Nay,)/
N = Ayr exists. The existence of limy_.. f(iNa,,)/iN = A,y is similarly derived from
(2.16).

Step 2. For each x € C, if x = Zﬁl=1(xm + 1Xmb) U (XmasXmp € R), define A(x) =
Z‘:‘”:l(xma)tmR + ixXmpAmi). The representation of any x € C with respect to ay,az,...,04
above is clearly always possible but certainly not unique. We first verify that A is in-
deed well defined. To do so, it suffices to show that if 0 = Zm 1 (Xma + iXmp) 0, then
an=1 (XmaAmpr + ixXmpAmr) = 0. There are two possible cases.

Case 1. x,; =0forallme {1,2,...,A} and all T € {a,b}. This case is trivial.
Case 2. There exists x,,y # 0 for some m’ € {1,2,...,A} and 7’ € {a,b}.

From Dirichlets diophantine approximation theorem (see [5, Chapter I]), for each
y € N, there are " ka e 7 with t > 0 such that
) I _ o
[ — KO | < (m=1,2,...,A; T =a,b), (2.18)

with k) := 0if x,,, = 0. Note that we may choose t) — 00 as ¥ — o0, so that for x,,; # 0,
we must have Ik;(ﬁzl — o0 as ¥ — co. From the representation of 0, we get

A A A
Z <k£V1l’6)l + ikfﬁ)am Z (kﬁ,’,’; + ik%)(x z Xna + 1Xmp) &
=1 =1 m=1
= > {(kﬁ,’,’; - t(")xm> + i("% - t(”)xmb) }ocm <> > |
m=1 m=1
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Thus
A
lim Z (K2 + ik ) o | =00 (2.20)
From (2.18), using the fact that x,,, - # 0, we arrive at
() x
lim %)T = (2.21)
v km!,l.r Xm' 7'

Clearly, for each m = 1,2,...,A, we have sgn km = sgnx,,; when v is sufficiently large. Let
Uf ={m|xma >0}, Uy = {m|xma <0}, U = {m|xmp >0}, and U, = {m | x,up < 0}.
Rewriting (2.20) as

lim Z km o+ Z zk(lJ o | — W1+ Z i kS(Z) =0, (2.22)

Y— 00
teU; teU; seU; seUy

using uniform continuity, (2.2), and f(0) = 0, we get as v — co,

Hzf( o) + zf<fk£z)at>}—{sez%f( K |a) + SEZUbf( o as}'%

teU} teUy
(2.23)
and so
T I ) B
DGR AP A B
PR ) [ (il ) [k 2
W _sezu,; & g T
which, by (2.21) and Step 1, yields
Z AR Ma_ Z M— ol Z Asr |xsa| Z Ast 1|x5;,| ‘ (2.25)
teUs mrT o ey) mt o seu; seU,

Thus anzl(xma/\m}q + iXpAmr) = 0, that is, A(0) = 0, which shows that A is a function.
That A is linear over R, and so uniformly continuous on §7, is easily checked.

Step 3. Define the function w: S* — C by w(x) = f(x) — A(x).
Then w is uniformly continuous and satisfies (2.2) on S* as f and A are. Moreover, by

Step 1 and the linearity of A, we have
lim 760(1\7“7") =0= lim 7‘0(11\[“"').

2.26
N—oo N N—oo iN ( )
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For each m = 1,2,..., A, define ¢,,, : S, (2 S*) — Cby
(1) 9(0) =0,
(2) Pm(x+aj) = Qux+ia;) = @u(x) forall j # m, x € S,y
(3) (Pm((umu + iumh)“m) = w((uma + i”mh)“m)-
To confirm the shape of solution, note that for x = Zﬁzl(xma + iXmp )0y € ST, we have

M=

fx) =A(x) +w(x) = Ax) +

@ ((Xma + iXmp) Am)

m=1

A i (2.27)
=)+ D P (Xoma + %) Oom) = A(x) + D @a(0).
m=1

Finally, to complete the proof, we are left only to show that ¢, is uniformly continuous
on S,,. Fix m and let € > 0. Since w is uniformly continuous on S$*, there exists §* > 0 such
that forallx,y € S, [x — y| < 0* = |w(x) —w(y)| <e. Let

A A
(= (Uma + ithmp) O + Z (kja+ikjp) ), 1= Vma + Vmp) O + Z (Lia+iljp)a;
= i1
jhm jm

(2.28)

be elements of S,, with [{ —#| < §*. For each j # m, rewrite gj, +iqjp = (kja + ikj,) —

(lja +iljp). Choose uja, Ujb,Via, Vb € No so that gj, +igjp, = (tja +iujp) — (vja +ivjp). Let
. A . . A

x = (tma + i) On + 251, j2m(Uja + itjp)aj, and y = (Vg + Vb ) ot + 2521 i1 (Via +

iij)OCj. Then

A
|x =yl = | { (thna + ithmp) O — (Ving + iVimp) O } + Z (gja+iqjp)aj
Jom
A
= | {(tma + ithmp) Cm — (Vina + Vi) G } Z (kja+ikjp) — (Lia+iljp) ) a;
Jom
=|{—nl<d™.

(2.29)

Applying (2.7) with f = w,I = {m},] = {1,2,...,A}\{m}, wj, = wjp = 0,and g, = uj; —
vir (1 = a,b), we get

@ ((thma + ithp) &) — @ ((Via + iVip) o)
(2.30)

Z”l}a{w M|%a|“1 —0}+— Zﬂ]b{w ’M|‘bb|‘x] <é&
Jel JEI
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Since the sequences w(M|qjq|a;)/M and w(iM|qjy|a;)/M are subsequences of w(N«;)/N
and w(iNa;)/N, respectively, by (2.26), we have

‘U(M|‘1ja|“j)

: - w(iM|gp|e)
A (230
Letting M — oo in (2.30) and using (2.31), we get
|w((uma+i”mb)“m) _w((Vma+iVmb)“m) | <é& (2.32)

As 9n(0) = @um((tma + ithp)Xm) = (g + ithmp) &) and similarly ¢,,(17) = @((Vina +
Vb)), we deduce that [¢,,(() — @m(n)| < &, that is, ¢, is uniformly continuous on
Sm> which completes the proof. O

COROLLARY 2.2. Let A€ N, A > 2, and a1,a,...,a4 € R be such that

(1) §t = {qu=1(um+ivm)(xm | U,V € No} is dense in C,

2) T, = {Z?:Lj%m(uj+ivj)ocj | uj,v; € Z} (m=1,...,A) is dense in S,,.
If f: 8" — C is a uniformly continuous solution of the CFE (2.2), then f is an R-linear
function; in particular f(z) = az+ bz, where a, b are arbitrary complex constants and z
denotes the complex conjugate of z.

Proof. The first part will follow from Theorem 2.1 if we show that each ¢,, vanishes iden-
tically. This is immediate from the facts that elements of S,, can be approximated ar-
bitrarily closely by elements of T,,, while ¢, is continuous on S,, and vanishes identi-
cally on T,. The second part follows from the linearity of A, viz, if z = x +iy € C, then
f(z) = Az) = xA(1) + yA(d). O

Corollary 2.2 may be regarded as an extension of a special case of the classical complex
CFE: f(z1 +22) = f(z1) + f(z2), whose general solution is of the form f(z) = az + bz; see
[1, Proposition 2 in Chapter 5].

The next two propositions provide examples for Theorem 2.1 and Corollary 2.2. For
convenience, we make use of the following notation: Z[i] denotes the ring of Gaussian
integers, while Ny [i] denotes the subset of Gaussian integers both of whose real and imag-
inary parts are nonnegative.

ProrosiTiON 2.3. Let A€ N, A =2, and ay,a,,...,04 € R. If there are two rationally in-
dependent (x}-s whose ratio is a negative real number, then S* := o1 No[i] + aaNo[i] + - - -+
aaNy[i] is dense in C.

Proof. Suppose that a,,, and «,, are rationally independent and &/« < 0. Then both are
nonzero and at least one of them is irrational. Consider here the case where «,, is irra-
tional > 0 and a,, < 0; other cases can be similarly handled. Let r; +ir, € C and € > 0. By
Kronecker’s theorem, see [5, Chapter II], there are infinitely many natural numbers u;, v;
and integers uy, v, such that |u;(an/|anl) — us — ri/lanll < &/2lanl, 1vi(am/lanl) — va —
ra/lanl| < /2], |. We can choose these integers so that uya,, — 11 >0, vy, — 2 >0, and
SO Uy, v, are also positive. Thus [(u; +ivy)am + (u +ivy)ay, — (11 +ir)| < luya, + upo, —
|+ [viay + v20, — 12] <¢, yielding the denseness of S* in C. O
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Let us note in passing that in Proposition 2.3, denseness only requires rational inde-
pendence of two base elements, which to a certain extent indicates that the two concepts,
denseness and rational independence, are not totally equivalent.

ProrosiTiON 2.4. Let A€ N, A = 3, and ay,qz,...,04 € R. If the a}s are pairwise ratio-
nally independent, then each T, = Z?zl)#m a;Z[i] (m=1,...,A) is dense in C.

Proof. Tt suffices to show that axZ[i] + ;Z[i] (I,k # m) is dense in C. Let r; +ir, € C and
€ > 0. Again by Kronecker’s theorem, there are infinitely many u;,v; € N and u,,v, € Z
such that |ui(ar/ar) — uy — ri/oq| < €/2|oq] and |vi(ax/oq) — vo — ra/ay| < €/2|eq]. Thus
[(uy +ivy)og + (up +iva)og — (r1 +irp)| <e. O

The combined result of Corollary 2.2 and Proposition 2.4 can be regarded as a com-
plex counterpart to [8, Theorem 2.1], which states roughly that for A =3, n =1, if ay,
«y, a3 are positive and all the possible ratios ax/a; (k # j) are irrational, then increasing
functions which are solutions of the CFE (1.1) are first degree monomials.

Comparing the condition of “Q-linearly independence” in Pisot and Schoenberg (see
[9]) with our condition of being “dense in C,” a natural question is whether they are
related. The following examples show otherwise.

Example 2.5. (1) Let a; = 1, a, = /2. Clearly, both are Q-linearly independent. Each
element of S*, as defined in Theorem 2.1, is of the form (u; + uy~/2) +i(v1 +v2+/2), whose
real and imaginary parts are nonnegative real numbers, which shows that S* cannot be
dense in C.

(2) Letay =1, @ = /2 and a3 = —+/2. Then a;, ay, a3 are Q-linearly dependent, and
by Proposition 2.3, the corresponding set S* is dense in C.

(3) Leta; = 1,0 = —+/2. Then o, a; are Q-linearly independent, and the correspond-
ing S* is dense in C by Proposition 2.3.
(4) Let oy = /2,y = —+/2. Then a, o, are Q-linearly dependent and the correspond-

ing S* is not dense in C.

3. Case of complex base elements

Using the same proofs as in Theorem 2.1 and Corollary 2.2, solutions of similar CFE with
complex base elements «; and rational integer coefficients can accordingly be derived. We
merely state the results omitting the proofs.

THEOREM 3.1. Let A€ N, A =3, and ay,a,...,a4 € C be such that the set RT :=
(S Ut | Uy € No} is dense in C. If f 1 R* — C is a uniformly continuous function
satisfying

(3.1)

(S

I
M
—

<
3
3
<

then f can be uniquely written as f(x) = A(x) + an:l @m(x), where A : C — C is an R-
linear function and each ¢, (m = 1,2,...,A) is a complex-valued function defined on R,,, :=
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{Upmtm +Z?:1,j%mkjocj | um € No; kj € Z}(2 RY) satisfying
(1) om(0) =0,
(2) m(x+a;j) = om(x) (j # m and x € Ry),
(3) @ is uniformly continuous on Ry,.

CoOROLLARY 3.2. Let the hypotheses be as in Theorem 3.1 but assume further that A > 3 and
R, := {Z?:l)j#m ujaj | uj € 2} (m=1,...,A) is dense in Ry, If f : R* — C is a uniformly
continuous solution of (3.1), then f is an R-linear function; in particular, f(z) = az + bz,
where a, b are arbitrary complex constants and Z denotes the complex conjugate of z.

The next proposition gives us classes of examples for Theorem 3.1 and Corollary 3.2.

ProrosiTioN 3.3. Let a, b, q1, 42, g3, and qu be real numbers
(1) If 1, q1/a, q2/b are rationally independent, then aZ +ibZ + (q, +iq2)Z is dense in C.
(2) If 1, qi/a, q2/b are rationally independent and q./a, g,/b, —ab are all negative, then
aNg +ibNy + (g1 +iq2)Ny is dense in C.
(3) If g3/a, qa/b € R\ Q, then aZ +ibZ + q37 + iquZ is dense in C.
(4) If g3/a, qa/b € R~ \ Q and ab >0, then aNy +ibNg + q3N¢ +iqsNy is dense in C.
(5) If 1) 1, q1/a, q2/b are rationally independent,
(i) 1, q1/q3, q2/q4 are rationally independent,

(i) g3/a, q4/b € R\ Q,
(iv) either qi/a, q2/b, —ab or qs/a, q4/b, —ab are all negative,
then aNg +ibNy + (g1 +iq2)No + q3No +igs N is dense in C.
Furthermore, &y = a, ap = ib, a3 = q +iqa, &4 = q3, &5 = iqy satisfy the conditions set
out in Corollary 3.2.

Proof. Letr+ise€ Cand € >0.

(1) By the multidimentional Kronecker theorem, see [5, Chapter 2], there are in-
finitely many #» € N and p;, p» € Z such that |n(qi1/a) — p1 — r/al < €/|al and
[n(q2/b)— p2—s/bl <€/|bl. Hence | — p1(a)— p2(ib)+n(q: +iqz2) — (r +is)| < 2€.

(2) By Kronecker’s theorem, there are infinitely many integers n € N, p;, p» € Z such
that [n(q1/lal) — p1 —r/lall < €/lal and |n(q2/|bl) — p> — s/1bl| < €/]b]. Clearly,
we can choose them in such a way that both n(q,/lal) — r/|al and n(q,/|bl) -
s/|b| >0, which makes p;, p, positive.

The proofs of (3) and (4) are analogous to those of (1) and (2), respectively.
(5) The former part follows from (2) while the latter follows readily from (1) and (3).
a

The condition of R* being dense in C implies that the base elements a/s neccessarily
span the R-vector space C as followed from the next proposition.

ProposiTiON 3.4. Let ay,a3,...,a4 € C. If R* := {22:1 UmOm | Um € No} is dense in C,
then there exist k # I such that ay, oy are R-linear independent.

Proof. Assume, without loss of generality, that each a,, # 0. Suppose that each pair of oc}s
is R-linearly dependent. Then there are r, € R — {0} such that ax = ey (k = 2,...,A).
Hence R* = a1 [Ng+Ng + - - - + r4Ng] which cannot be dense in C. O
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As in the case of real base elements, the notions of “Q-linear independence” and
“denseness” are not equivalent in the complex base elements case either, as seen in the
following examples.

Example 3.5. (1) Leta; = 14+i+/2, ap = 1+ i+/3. Each element of R", as defined in Theorem
3.1, is of the form (u+v) +i(u+/+v+/3), whose real part is an integer which makes R not
dense in C, while «; and «; are clearly Q-linearly independent.

(2) Let g = —1, @y = —i, a3 = v/2+i/3, and a4 = 1 +i. Clearly, a;, aa, a3 are Q-
linearly dependent. By Proposition 3.3(2), R* is dense in C.

(3) Let a; = —1, &y = —i, and a3 = +/2 +i+/3. By Proposition 3.3(2), R" is dense in C,
and a1, ay, a3 are Q-linearly independent.

(4) Let &y = —1, ap = —i, and a3 = 1 +i. Here a3, a3, a3 are Q-linearly dependent and
R* is not dense in C.

We end this paper with two final remarks.

(i) In Theorem 3.1, the number of base elements «’s which makes R dense in C can-
not be fewer than three. This is seen by noting that any set R generated by two R-linearly
independent base elements is made up only of lattice points spanned by the two «'s, and
is clearly not dense in C. This fact was already mentioned in [9, page 130].

(ii) At the beginning of [8], a question similar to an old theorem of Erdos [4] (see also
[2, 3, 6, 7, 10, 11]) is posed whether the functional equation F(p}" - - - pi*) = F(p!") +
-+ F( pZ"), where py,..., px are distinct primes and uy,...,u are natural numbers,
under some natural conditions such as monotonicity or continuity, has only solutions
of the form F(n) = Clogn. Using the transformation F(e*) = f(z), Theorem 3.1 and
Corollary 3.2 provide some answers to their complex counterparts.
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