EXISTENCE AND BIFURCATION FOR SOME ELLIPTIC
PROBLEMS ON EXTERIOR STRIP DOMAINS

TSING-SAN HSU

Received 21 December 2005; Revised 18 July 2006; Accepted 19 July 2006

We consider the semilinear elliptic problem —Au+u = AK(x)u? + f(x) in Q, u >0 in
Q, u € HY(Q), where A >0, N >3, 1 < p< (N+2)/(N —2), and Q is an exterior strip
domain in RY. Under some suitable conditions on K(x) and f(x), we show that there
exists a positive constant A* such that the above semilinear elliptic problem has at least
two solutions if A € (0,A*), a unique positive solution if A = 1*, and no solution if A > A*.
We also obtain some bifurcation results of the solutions at A = 1*.

Copyright © 2006 Hindawi Publishing Corporation. All rights reserved.

1. Introduction

In this paper, we consider the semilinear elliptic problem
~Autu=AK(xX)u’+ f(x) inQ, u>0 inQ, wuecHIQ), (1.1),

where A20,N=m+n=3,m=2,n=1,1<p<(N+2)/(N-2), w< R"isabounded
smooth domain, § = w X R" is a strip domain, D is a bounded smooth domain in RN
such that D cC S, Q =S\ D is an exterior strip domain, 0 # f(x) > 0 in Q, f(x) €
L2(Q) N L(Q) for some qo > N/2 if N > 4, qgo =2 if N = 3, and K(x) is a positive,
bounded, and continuous function on Q. Moreover K(x) satisfies the following condi-
tions:

(k1) limz)— o K(y,2) = Ko > 0 uniformly for y € w;

(k2) there exist some constants Ko, >0, y > (n —1)/2, and 9 > 0 such that .2

1
K(y,z) = Ko — Jexp ( - % 1+y1|z|) |z|7Y as |z| — oo, uniformly for y € w,
(1.2)

where p; is the first eigenvalue of the Dirichlet problem —A in w.
If Q is bounded (n = 0 in our case), then (1.1), has been studied by many authors:
see for instance Bahri and Lions [4] and the references therein. We only consider that Q
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2 Elliptic problems on exterior strip domains

is unbounded (n > 1 in our case). If Q) is an exterior domain (1 = 0 in our case), Zhu
and Zhou [18] and Zhu [17] established the existence of multiple positive solutions of
equations with structure unlike that here. If Q) is an exterior strip domain, Hsu and Wang
[12] have investigated the following problem:

—Au+u=uP+f(x) inQ, u>0 inQ, u€H}Q), (1.3)

where 1 < p < (N +2)/(N —2)and N = 4. Hsu and Wang [12] have proved that (1.3) has
at least two positive solutions if f is nonzero positive L? function with the L* norm small
enough and the decay fast enough.

Throughout this paper, let x = (y,z) be the generic point of RN with y € R™, z € R",
N=m+n>=3,m=>2,n>1,1<p<(N+2)/(N-2),S is a smooth strip domain in RY,
Q is a smooth exterior strip domain in RN, u, is the unique positive solution of (1.1) o,
and we denote by c and ¢; (i = 1,2,...) the universal constants, unless otherwise specified.
We set

lull = (| (7ul+ |u2)dx)m,

1/q
lulley = ( | luitdx) ) 2<g<c,
Q (1.4)

lull =) = sup |u(x)],
xeQ)

M= inf{J (1Vul? + Iulz)dx:J ulP* dx — 1}.
S S

Now, we state our main results in the following.

THEOREM 1.1. Suppose f(x) =0, f(x) #0in Q, f(x) € L*(Q) N LY (Q) for some qo > N/2
if N >4, qo =2 if N =3, K(x) is a positive, bounded, and continuous function on Q and
K(x) satisfies conditions (k1) and (k2). Then there is a A* >0, A* depending on K and f,
such that
(i) equation (1.1)y has at least two solutions uy, Uy and u, < Uy if A € (0,A%);

(ii) equation (1.1))+ has a unique solution uy«;

(iii) equation (1.1)) has no positive solutions if A > 1*.
Furthermore,

_ (p+D(p—-1)pIMPtD2
2p)P 1K I~ 1 f 120y

2
<A< inf (”W”) =) (15)

wer @10} \ p [, Kub ™' w2dx
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T (p-1)? foKufdx
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where ), is the minimal solution of (1.1)y and Uy, is the second solution of (1.1)) constructed
in Section 5.

TueoreM 1.2. Under the assumptions of Theorem 1.1,
(i) uy is strictly increasing with respect to A, uy is uniformly bounded in L (Q) N H} (Q)
forall A € [0,A*], and

u —ug inL°(Q)NHH(Q) asA — 0% (1.6)
(ii) Uy is unbounded in L*(Q) N H} (Q), that is,

Jim [[U3[] = Tim [[Un| = ) = oo3 (1.7)

(iii) moreover, assume that K(x) and f(x) are in C*(Q) N L*(Q), then all solutions of
(1.1)) are in C>*(Q) N H2(Q), and (A*,uy+) is a bifurcation point for (1.1),, and

uy — g in C**(Q)NH*(Q) as A — 0*. (1.8)

This paper is organized as follows. In Section 2, we give some notations and prelimi-
nary results. In Section 3, we assert that there exists a positive constant 1*, depending on
K and f, such that (1.1)) has a minimal solution for A € [0,A*]. In Section 4, we establish
several lemmas for the regularity and asymptotic behaviors of the solution of (1.1),. In
Section 5, we establish the existence of a second solution U, for A € (0,A*). In Section 6,
we analyize the set of solutions.

2. Preliminaries

In this section, we give some notations and some known results. In order to get the ex-
istence of positive solutions of (1.1), we consider the energy functional I) : Hj(Q) — R

defined by

L(u) = Lz [%(wuﬁ +lul?) - ﬁK(x)(Lﬁ)P“ —f(x)u]dx, @2.1)

where u* (x) = max{+u(x),0}.
Then the critical points of I) are the positive solutions of (1.1);.
Consider the equation

—Aut+u=AKou? inS, u>0 inS, wueH(S), (2.1),

and its associated energy functional I}” defined by

I (u) = L B(wuv Flu?) - #KM(M)P“]dx, weH\(S).  (22)
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By Esteban [8] and Lien et al. [14], (2.1), has a ground state solution %, such that

My =17 () = suply (tur), (2.3)
t=0

and we also have

M- inf“§ (1Vul? + ul?) :L P = 1} - ianQ(|w|2+ ul?) :L P! = 1}.
(2.4)

Now, we quote here a precise asymptotic behavior result of Hsu [10] for positive solu-
tions of (2.1), at infinity.

ProrosITION 2.1. Let u be a positive solution of (2.1)) in an unbounded strip S = w X R"
S R™" m =2, n=1, and let y be the first positive eigenfunction of the Dirichlet problem
—Ay = wy in w, then for any € > 0, there exist constants c, Ce > 0 such that
u(x) < coy(y)exp ( =1+ lzl) |z =D/
as |z| — o0, y € @. (2.5)

c“étp(y)exp(— 1+H1|z|>|z|—(n71)/zfs < u(x)

3. Existence of minimal solution

In this section, by the standard barrier method, we will establish the existence of minimal
positive solution u, for all A in some finite interval [0,A*] (i.e, for any positive solution u
of (1.1)y, then u > uy).

LemMA 3.1. Let condition (k1) hold. Then (1.1)) has a solution uy if 0 < A < Ay, where A, is
given by (1.5).

Proof. For A = 0, the existence question is equivalent to the existence of uy € Hg(Q) such
that

Jﬂwo-kuo(pzjgﬁp (3.1)

for all ¢ € HJ(Q) since

\ jﬂ f¢‘ < 1f lzo Il < Il fllzo 16l (3.2)

for all ¢ € H}(Q). According to the Lax-Milgram theorem, there exists a unique uy €
H{(Q) that satisfies (3.1). Since 0 # f > 01in Q, by strong maximum principle (see Gilbarg
and Trudinger [9]), we conclude that u5 >0 in Q.

We consider next the case A > 0. We show first that for sufficiently small A, say A = Ao,
there exists t = #o(Ao) > 0 such that I}, (1) > 0 for |lull = ty. From the definitions of I) and
M we have for any u € H}(Q),

A
L(u) = S llull® - ﬁ||K||L°°(Q)M_(P+l)/2”u”PH =l f 2o luell. (33)

1
2
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Set
1
h(t) = Et —Aat? — ¢y, (3.4)

where ¢; = (1/(p + D)IIK | =@M~ ?*V"2 and ¢; = || fll12(q)-
It then follows that h(t) achieves a maximum at t) = (Zp/\cl)’(P’Ufl. Set B, = {u e
H(Q) : llull < ta}. Then for all u € 9B, = {u € H)(Q): lull = £},

L(w) = th(h) = g[“zif—”] 50 (3.5)

-G

provided that ¢; < £y (p — 1)/2p, which is satisfied for A € (0,4,). Fixa Ag € (0,A;), and set
to=ty,. Let 0 # ¢ = 0, ¢ € C5°(Q), such that [, fddx > 0. Then

Ao

2o
I, () = Ellrpll T

AR L) K¢rrt — tJQ feo<0 (3.6)

for sufficiently small ¢ > 0, and it is easy to see that I), is bounded below on By,. Set
oo = inf{I),(u)|u € By, }. Then ay < 0, and since I),(u) > 0 on 9By, the continuity of I,
on H{ (Q) implies that there exists 0 < t; < £, such that I, (1) > & for all u € H} (Q) and
t1 < [lull < to. By the Ekeland variational principle [7], there exists a sequence {uy};_; C
By, such that I, (ux) = ap +0(1) and Iio(“k) = o(1) strongly in H'(Q), as k — oo. It is
easy to see that {u} is bounded in H& (Q). Hence, there exist a subsequence {uy} and u
in By, such that

ur — u weaklyin H}(Q),

uy — U stronglyin L] (Q)for2 <g< ask — oo (3.7)

N-2
U — u a.e.in Q.

For ¢ € Cy (Q2), we get

firwossfomen oo [ srs— [y

(3.8)
as k — oo. Since (I} (uk),¢) = o(1) ask — oo, I} (%) =0in H~1(Q). Therefore % is a weak
positive solution of (1.1)y,. O

Denote
A* =sup {A = 0:(1.1), has a positive solution}. (3.9)

Now, by the standard barrier method, we get the following lemma.
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LEMMA 3.2. Let condition (k1) hold, then there exists A* > 0 such that for each A € [0,1*),
problem (1.1)) has a minimal positive solution uy and uy, is strictly increasing in A.

Proof. By Lemma 3.1 and the definition of A*, we deduce that A* > 1, > 0. Now, consider
A € [0,A%). By the definition of A*, we know that there exists A > A such that A" < A* and
(1.1)) has a positive solution uy- > 0, that is,

—Auy +uy = VK(x)ul, + f(x)
(3.10)
> AK (x)ud, + f(x).

Then uy- is a supersolution of (1.1),. From f(x) = 0 and f(x) # 0, it is easily verified that
0 is a subsolution of (1.1),. By the standard barrier method, there exists a solution u) of
(1.1)) such that 0 < u), < uy. Since 0 is not a solution of (1.1), and A’ > A, the maximum

principle implies that 0 < 4y < uy. Again using a result of Amann [2], we can choose a
minimum positive solution u of (1.1);. This completes the proof of Lemma 3.2. O

Now, we consider a solution u of (1.1),. Let 0y () be defined by
o(u) = inf{J (IVw|* +|wl?)dx: w € HI(Q), J pKul~'widx = 1}. (3.11)
Q Q

By the standard direct minimization procedure, we can show that o) () is attained by a
function ¢ >0, ) € H(} (Q), satistying

—Agr+¢r =0 (u)pKuP'gy  inQ. (3.12)
LemMa 3.3. Assume condition (k1) holds. For A € [0,A*), let uy be the minimal solution of
(1.1)y and let 6)(uy) be the corresponding number given by (3.11). Then

(1) oa(ur) > A and is strictly decreasing in A, A € [0,4%);
(ii) A* < oo, and (1.1)y+ has a minimal solution u)-.

Proof. Consider uy, uy, where A* >1" > 1 = 0. Let ¢, be a minimizer of 0 (uy), then by
Lemma 3.2, we obtain

J;) pKufflgoﬁdx > J;) pKufflgoﬁdx =1, (3.13)
and thereis t, 0 < t < 1, such that
JQPKuffl(t%)z =1 (3.14)
Therefore,

v (uv) < 2@l <llgal* = o (1), (3.15)

showing the monotonicity of 0y (1)), A € [0,A%).
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Consider now A € (0,4*). Let A < A" < A*. From (3.12) and the monotonicity of u,, we
get

U)L(m)pjQ (uy — u)L)Kuffl(pAdx = JQV(u,y —uy) - Vordx + JQ (ur — uy) adx

=W —/\)J Kuf,(p,xdx-i-/lj K (4}, — uf) prdx
Q Q
" (3.16)
>Apj KWI -\ dtdx
Q uy

> )tpj Kuffl(u,y —uy) prdx,
Q

which implies that 0y (1)) > A, A € (0,A*). This completes the proof of (i).
We show next that A* < co. Let Ay € (0,A*) be fixed. For any A = Ao, (3.15) and (3.16)

imply
0, () = 01 (ur) > A (3.17)

forall A € [Ap,A*). Thus, 1* < .
By (3.11) and ox(uy) > A, we have

J (|Vuk|2+ |uA|2>dxf)LpJ Kuff“dx>0,
o Q

(3.18)
L) ( |V |+ |u1|2>dx— L)AKufﬂdx— L)fm =0.
Thus
Lz <| Vup |’ + |u)1|2)dx = JQAKu{+ldx+ szmdx
1
<5 |, (9ml i P)as+ 1 lsallll Ga9)

1 4 2 1 )
< (; + S lall + 551
for any § > 0. Since p > 1, we can obtain [lu,|| < ¢ <+ for all A € (0,A*) by taking &
small enough. By Lemma 3.2, the solution u, is strictly increasing with respect to A; we
may suppose that

uy — uy+  weakly in H}(Q),

as A — A%, (3.20)

uy — uy+  stronglyin Ll (Q) for2 < gq< N2

Uy — uy+ a.e.in Q,
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For ¢ € Cy (©2), we get

J ViV — J ViV, J 0o — I uys b, AI Kub ¢ — A* J Kul. ¢,
Q Q Q Q Q Q
(3.21)

as A — A*. From (I;(uy),$) = 0 and letting A — A*, we deduce I}, (uy+) = 0 in H 1(Q).
Hence u,+ is a positive solution of (1.1)x.

Let u be any positive solution of (1.1)«. By adopting the argument as in Lemma 3.1,
we have u > uy in Q for A € (0,A*), where u) is the minimal solution of (1.1),. Therefore
u = uy= in Q. This implies that u)~ is a minimal solution of (1.1)+. a

In the following lemma, we give an estimate of 1*.

LemMA 3.4. If condition (k1) holds, then Ay < A* < A, < A3, where Ay, Ay, and A3 are given
by (1.5).

Proof. By Lemma 3.1 and the definition of A*, we conclude that A* > A,.
As in Lemma 3.3, we have o) (1)) > A for all A € (0,A*), so for any w € H}(Q)\ {0},
we have

J (\Vw+|w|2)dx>lpj Kuf_lwzdx. (3.22)
Q Q

Let ug be the unique solution of (1.1) o, then by (3.22) and u) > ug for all A € (0,A*], we
obtain that

J (IVw+ |w|?)dx >/1pj Kul 'widx, (3.23)
Q Q
that is,
2
A< oinf [— M)y, (3.24)
-1
weH (Q\(0} \ p [o Kuy  w2dx

This implies that A* < A,.
For all A € [0,A*], let u)y be a minimal solution of (1.1), and take w = u, in (3.22),
then we have

P& =AJQKuf+1dx+JQfmdx
) , (3.25)
< ;||MA|| +1f el

This implies that

l[ea]] < %Hfllu(o). (3.26)
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Take w = u) in (3.24), and by (3.26) and the monotonicity of u,, we get

el
prKugfluidx
(3.27)
plfltq B
< = A3.
(p— 12 [ Kuf " dx
O

4. Asymptotic behaviors of solutions

In this section, we will prove that a solution of (1.1), belongs to C,(Q)) and derive several
precise estimates on its behavior at infinity. Now, let N be all natural numbers, let X be
a smooth domain in RN, and hence we have the extension lemma, embedding lemma,
interpolation lemma (see Adams [1] for the proof), and for regularity Lemmas 4.1-4.7.

LemMa 4.1 (extension). There is a positive constant ¢ = c(€,q) such that for any u €
Wo4(X), £ €N, 1< g < oo, there exists some u € WS1(RN) such that 4 = u a.e. in X and

1zl wearyy < llullweac).

LeMMma 4.2 (embedding). There exists the following continuous embedding:

WIA(X) — CP(X), O<a=<l- % (1)

provided (£ —1)q <N <€q and j € NU {0}.

LemMA 4.3 (interpolation). Given € € N,1 < g < oo, there exists a positive constant ¢ =
c(£,q,N) such that forany0<e<1,0< j <€-1, and any u € W51(X),

c
Nl waaxy < cellullweax + ) ll2ell woacx). (4.2)

LEMMA 4.4 (regularity Lemma 1). Let g: X X R — R be a Carathéodory function such that
for almost every x € X, there holds

|g(x,u) | <c(lul+|ulP) uniformlyinx € X, (4.3)

where ¢, p are some positive constants, N = 3, and 1 < p < (N +2)/(N —2). Also, let u €
H{}(X) be a weak solution of equation —Au = g(x,u) + f(x) in X, where f € LN?(X) n
L2(X). Then u € Li(X) for g € [2,0).

Proof. See Hsu [11]. O

Now, we quote regularity Lemmas 4.5-4.7 (see Gilbarg and Trudinger [9, Theorems
8.8,9.11, 9.16] for the proof).
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LemMA 4.5 (regularity Lemma 2). Let X C RN be a domain, let g € L*(X), and let u €
H'(X) be a weak solution of the equation —Au+u = g in X. Then for any subdomain X' CC
X with d' = dist(X’,0X) >0, u € H*(X') and

lullgzoey < c(llullm e + g llize) (4.4)
for some ¢ = ¢(N,d"). Furthermore u satisfies the equation —Au+u = g a.e. in X.

Lemma 4.6 (regularity Lemma 3). Let g € L*(X) and let u € H{(X) be a weak solution of
the equation —Au+u = g. Then u € H(X) satisfies

Nl < cliglizax, (4.5)
where ¢ = ¢(N,0X).

LeEmMMA 4.7 (regularity Lemma 4). Let g € L*(X) N L4(X) for some q € [2,00) and let u €
H{}(X) be a weak solution of the equation —Au+u =g in X. Then u € W>4(X) and u
satisfies

llullwea) < c(llullLac + Igllac)s (4.6)
where ¢ = ¢(N, g, 0X).
By Lemma 4.7, we obtain the first asymptotic behavior of solution of (1.1);.

LemMa 4.8 (asymptotic Lemma 1). Let condition (k1) hold. If u is a weak solution of
(1.1)), then u(y,z) — 0 as |z| — oo uniformly for y € w.

Proof. Let u satisty
—Au+u=AK(x)uf + f(x) inH '(Q), (4.7)

since K is bounded in Q and f € L?(Q) N L% (Q) for some qo > N/2. Hence f € LN?(Q)
and by Lemma 4.4, we have u € L1(Q) for g € [2, ). Hence AK(x)u? + f(x) € L*(Q) N
L% (Q) for some gy > N/2. Then by Lemma 4.7, we have u € W% (Q) for some qo > N/2.
By Lemma 4.2, u € C;,(Q) and there exists a constant ¢ > 0, such that for any r > 1,

||U||Lw(§j) = C”””WMO(EDJ (4.8)

whereFi ={x=(y,2) € Q:l|z| >r}. Hencelim; -« u(y,z) = 0 uniformly for y € w. O

LEMMA 4.9 (asymptotic Lemma 2). Let u be a positive solution of (1.1)) for A € [0,A*] and
let y be the first positive eigenfunction of the Dirichlet problem —Ay = p1y in w, then there
exists a positive constant ¢ such that

u(x) = cy(y)exp ( —4/1 +y1|z|> |z]~(=D72 gs|z] — oo, y E . (4.9)

Proof. Let ®(x) = (1 + 1/+/Iz)y(y)exp(—T+p1lz])|z|~ "=V for x = (y,z) € Q and
|z| > 0. It is very easy to show that there is a Ry > 0 such that

-AD+D <0, V]|z| <R, (4.10)
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Let u) be the minimal solution of (1.1),, let g = (g,,42), g, € dw, || = Ry, and B a
small ball in () such that g € dB. Since y(y) >0 for x = (y,z) € B, y(q,) = 0, u(x) >0 for
x € B, ux(q) = 0, by the strongly maximum principle (dy/dy)(q,) <0, (dur/0x)(g) < 0.
Thus

. up(x) _ (9ur/9x)(q)
Lo v) o (0y/9y)qy)

>0. (4.11)

Note that uy (x)y~!(y) >0 for x = (y,2), ¥y € w, |z = Roy. Thus uy (x)y~1(y) >0 for x =
(3,2), y € @, |zl = Ry.
Since @ (x) and u)(x) are C'(w X dBg,(0)), if we set

a= inf (u(x)® '(x)), (4.12)
Y€, |z|=Ry
then a >0 and
ad(x) <uy(x) foryen, |z| = Ry. (4.13)

For |z| = Ry, we have
—A(uy — a®) (x) + (u) — a®) (x) = )LK(x)uf(x) +f(x)+a(AD+D)(x) = 0. (4.14)

By the maximum principle, we obtain

u(x) 2z ad(x) foryea, |z| = Ry. (4.15)

Letc = a >0, we get
m(x) = cy(y)exp (—\1+ulzl) 21" 2 fory €@, |zl = Ro. (4.16)
This implies that (4.9) holds for u) and hence for arbitrary positive solution u. O

5. Existence of second solution

The existence of a second solution of (1.1)), A € (0,A*), will be established via the moun-
tain pass theorem. When 0 < A < A*, we have known that (1.1), has a minimal positive
solution u; by Lemma 3.2, then we need only to prove that (1.1), has another positive
solution in the form of Uy = uy + v, where v, is a solution of the following problem:
—Av+v=AK[(v+uy)f - uﬁ)] inQ, veH(Q), v>0 inQ. (5.1)

The corresponding variational functional of (5.1)) is

N(v) = %JQ(|VV|2+V2) —AJQLV K[(s+w)? —ulldsdx, veH}(Q). (5.1)

To verify the conditions of the mountain pass theorem, we need the following lemmas.
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LEMMA 5.1. For any € > 0, there is a positive constant c¢ such that
(E+s)P — &P — ptPls < €tP ls+ s, Vs=0,8>0.
Proof. From the fact

1+ —-1- 1+ —-1-
i AP 1=pt o (AP -1 pt
t—0* t s—00 tp

=1,
we obtain that for any € > 0, there is a positive constant ¢ such that
(I+)f —1—-pt<et+ct?, Vt=0.

Let & >0, s> 0, and take ¢ = s/€ in (5.4), we can deduce that

(E+s5)P — &P — ptP~ls < €€V s+ cesP.

LemMA 5.2. There exist positive constants p and «, such that

Nv)=a>0, veHJ(Q), |vl=

(5.2)

(5.3)

(5.4)

(5.5)

(5.6)

Proof. For any € >0 there is by Lemma 5.1 (with £ = u)) a positive constant ¢, such that

_l 2 2 _l Pl +\2
L(v) = 2JQ(\VVI +v*)dx ZAPJQKW (v*) dx

—AJJ (i +35) —ub — pul” ]dsdx

> %[L} (IVvI? +v*)dx — Ap JQKuf_l(er)zdx]

N vt ptl
—AJ [u)t 1 y )2+C€(p3'1 }dx.

Furthermore, from the definition 0y (1) in (3.11), we have
J (IVv]?+v?)dx = UA(u;L)pJ’ Kuj?fl(v*)zdx,
Q Q

and, therefore, by (5.7) we obtain

B = 2oy () (02 0) =2 = SA) 112 = Ace(p + 1)*1j K ()P dx.

Q

(5.7)

(5.8)

(5.9)
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Since 0y (uy) > A, by property (ii) in Lemma 3.3, the boundedness of K and the Sobolev
inequality imply that for small € > 0,

B = Zon(m) ™ (0 (w) = D) I = delvlie®, (5.10)

and the conclusion in Lemma 5.2 follows. O
Now, we give the following decomposition lemma for later use.

LEMMA 5.3. Assume condition (k1) holds. Let {vy} be a (PS). sequence of ] in Hy(Q):

L(vk) =c+o(l) ask — oo,
(5.11)
Ji(vk) = 0(1) strongly in H'(Q).

Then there exists a subsequence (still denoted by) {vi} for which the following holds: there
exist an integer | = 0, sequence {x,i} C RN of the form (O,Z]i) €S for1 <i <l asolution v,
of (5.1)), and solutions V}L of (2.1)) for 1 <i <1, such that as k — oo

Ve — v weakly in H}(Q);

!
Vi — |:V)L + ZV}L( . x}c)] — 0 strongly in H} (Q);

= (5.12)

I

D) =) + D I (W) +o(1),

i=1
where its agreed upon that in the case | = 0, the above holds without v\, {x}}.

Proof. The proof can be obtained by using the arguments in Bahri and Lions [5] (also see
[15, 16]). We omit it. O

Now, let § be small enough, D? a §-tubular neighborhood of D such that D% ccS.
Let7(x):S — [0,1] be a C* cutoff function such that 0 < # < 1 and

0 ifxeD;
n(x) = (5.13)
1 ifxeQ)\DS.

Let ey = (0,0,...,0,1) € RN, denote

7o =2 sup |x| +1,
xeD?

(5.14)
U (x) =n(x)u (x — ren), 7€ [0,00),

where %) is a ground state solution of (2.1)).

LEmMA 5.4. Assume condition (k1) holds, then there exist some constants to > 0, Ty« > T
such that Jy(tui;) < 0 forall T > 1y, t > to.
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Proof. By the inequality (a+b)? = aP +bP foralla=0,b =0, p >1 and %, is a ground

state solution of (2.1),, denote 1. (x) = r(x + Tey), then we have

T (tii;) =%tzj (|Vur| + |t | )dx—TtP“J )LK(x)Np+1

1y
—J AK(x)[ (s +u2)? — uf — sP]dsdx
Q

0

<38 [ (- sy Gzm)dx 32 [ 1vn || dx
1 (5.15)
p+1 p+1
Tl JAK )P (m "(x — rey)dx

1 1
< ftzj )LKooﬁf{de-f— 7t2(max|Vr]|2)J' |ﬁ,\|2dx
2 S 2 x€S S

tp+1

_ prl NP
p+1L/\K(x)11 (), (x—ren)dx.

Set Bi(teny) = {x = (y,2) €S:y € w,|z— Ten| < 1}. By condition (k1), there exists 7, >
7o such that K(x) = K../2 for x € By(rey) forall 7 = 7, and note that 57(x) = 1 on B; (rey)
for T > 14, then we obtain that

L AK (x)nP! (x)ﬂ)lfrl (x —ren)dx

A
> JB ( waﬁfH (x —Ten)dx (5.16)

J ARow (0dx = ¢ >0,
{

x=(y,z)E€S:ycw,|z|<1} 2

where ¢ is independent of 7. Combining (5.15) and (5.16), there exist some positive con-
stants ci, ¢z, independent of 7, such that

N(ti;) < it —otP™ V=1, (5.17)

From (5.17), we conclude the result. O

LEMMA 5.5. Assume conditions (k1) and (k2) hold, then there exists a constant T* > 0, such
that the following inequality holds for T > T*:

0 < sup/y(tiiy) < I () = My. (5.18)

t=0
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Proof. From (5.6), we easily see that the left-hand of (5.18) holds and we need only to
show that the right-hand side of (5.18) holds. By Lemma 5.4, we have that there exists a
constant £, > 0 such that

sup/y(tii;) = sup Ji(th,) foranyt > 1y. (5.19)
t=0 0<t<t,

Since J is continuous in H (Q) and J(0) = 0, there exists a constant #; > 0 such that
N(tiu;) <My forany e (0,0), 0<ft<t. (5.20)
Then, to prove (5.18) we now need only to prove the following inequality:

sup Na(tu;) <My for 7 large enough. (5.21)

h<t<t
By the definition of J), we get

tZ
SRR

p+1

~optl
Wit dx

]/X(tﬁr) =

p+1j MK — K ()i dx (5.22)

tii,
—J /\K(x)[(s+u)t)p—uf—sp]dsdx.
alo

Since 7 is a ground state solution of (2.1), denote #,(x) = #(x + Ten), then we have

2
It < %JS( Auﬁm)(fhua)dx—

p+1

j A dx

ﬁj 21— 2
+2 §|V177| |7y | “dx

p+1

_p+1 Np+l
p+ . )dx (5.23)

p+1

— K (x)) " dx

p+l

iy
—J AK (x)[ (s +ur)? — uf — sPdsdx.
Q

0
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It follows from (2.5) that for any € > 0, there exists a constant ¢; > 0, independent of 7,
such that, for all 7 > 74,

2
%L | Ve |? || dx < ¢ exp (—2 1 +y11)‘r‘”+”2€,
o (5.24)
p+1 J MK _P+1 - ﬁ‘?“)dx <crexp ( -2 1+y1‘r)1‘”“+26.

From condition (k2) and (2.5), there exists a constant 7; > 0 such that, for all T > 74,

1
2

_ +~p+1
P_HJA(KOO K(x)) 0 dx

< C<J +J )(Koo —K(x))+ﬂf+l(x+TeN)dx
Sn{lzl=1/(p+1)} Sn{lzl<t/(p+1)}
(p+1)(—(n—1)/2+€)
p _ 1
< cexp(—,/lﬁ—yﬂ) (p+1>T Y+ ¢ exp <—,/1+/411> (p+ 17)
< exp ( —4/1 +y1‘r)r"’°,

(5.25)

where ¢, > 0 is a constant independent of 7 and yy = min{y,(p+1)(—(n—1)/2+€)}.

Let wy CC w be a smooth bounded domain in R™. Set D;(7rex) = {x = (y,2) €S
¥y € wy, |z — Tey| < 1}. Noting that (a+b)? = aP +bP foralla=0, b = 0, p > 1, then for
T = 19, we have #(x) = 1 on D;(rey) and

tiiy
J AK (x)[ (s + )P — uf — sP]dsdx
alo

iy
> J (ren) AK (x)[ (s +w2)? — uf — sPdsdx
D] TeN

0

tily
= J /\K(x)<[(5+m)p*1 — s s+ [(s+wm)’ " - uf\’*l]ux)dsdx
Di(zen) JO

tii;
> J /\K(x)[(s+1,t,1)‘%l —uffl]u,\dsdx
Di(ten) JO

~ p p
iy + )’ —u e
:J )LK(x)[%—tuf l}ufmdx.
D (en)

pur
(5.26)
By Lemma 4.8, there exist some constants 7, > 7o + 71 and « > 0, such that
~ p p
tu, +u —-u
(i tw) —w tul” ">a fort=1, x€D(tey), t € [t1,1], (5.27)

pux
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then by (k1), (4.9), and (5.26), there exists a constant 73 = 7, such that K(x) > K/2 for
x € Di(1ey) and

tii,
J AK (x)[ (s + )P — ul —sP]dsdx
alo

1
> —AaK ) (x — ten)up (x)dx
2 Drirew) (5.28)

= ) (x— —(T+ 1)1+ +1)~(r=72
CJDl(reN)uA(x TeN)exp[ (+1) yl](r )

> c3exp ( — WT) T*(nfl)/z’

where ¢3 > 0 is a constant independent of 7 for all 7 > 73 and t € [t;,1;].
From (5.23)—(5.28), we get, for 7 = 73 + 74 and t € [#1,1,],

I (ti:) < My +2c¢; exp (—2 1 +ylr>1‘"+1+26

+cexp ( -1 +#1T>T*V“ — czexp ( _ \/rm.[)_lf(nfl)/Z’

where ¢;, 1 <i < 3, are independent of 7.
Lete = p(n—1)/4(p+1) and by y > (n — 1)/2, we have yy > (n — 1)/2. Hence, we can
find some constant 7* > 73 + 7, large enough such that

2c) exp (—2 1 +ylr)'r’”+”2e + ¢y exp (—1/1 +y17> T —c3exp (—1/1 +[,411')T*(”*1)/2 <0

(5.30)

(5.29)

and (5.18) is proved. O

ProposITION 5.6. Let conditions (k1) and (k2) hold, then (5.1)) has at least one solution
for A € (0,A%).

Proof. For the constant 7* in Lemma 5.5, by Lemma 5.4, we know that there is a constant
to > 0 such that J) (fo2i;+ ) < 0. We set

I'={yeC([0,1],H}(Q)) : p(0) = 0, y(1) = totir+}, (5.31)
then, from (5.6) and (5.18) we get

0<c= ;ggszglh(y(ﬂ) <My (5.32)

Applying the mountain pass lemma of Ambrosetti and Rabinowitz [3], there exists a
(PS).-sequence {vk} such that

() — ¢ Ji(vk) — 0 in H'(Q). (5.33)
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By Lemma 5.3, there exist a subsequence, still denoted by {vk}, an integer [ > 0, a solution
vy of (5.1)), and solutions 73 of (2.1)), for 1 < i <, such that

1
c=Nw)+ D IP (). (5.34)

i=1

By the strongly maximum principle, to complete the proof, we only need to prove v, # 0
in Q. We proceed by contradiction. Assume that vy = 0 in Q. From (5.32) and (5.34), we
have I > 1 and

!
0<MP <IMy <> IP (V) =c< My, (5.35)
i=1
This implies vy # 0 in Q. O

6. Properties and bifurcation of solutions

Denote A = {(A,u) : u satisfies (1.1);,A € [0,A*]}. By Lemma 4.8, we have A C R X L*(Q)
N H{(Q). Moreover, we assume that f(x),K(x) € C*(Q) n L*(Q). By elliptic regular the-
ory [9], we can deduce that A C R x C>*(Q) n H2(Q).

For each (A,u) € A, let 0)(u) denote the number defined by (3.11), which is the first
eigenvalue of the problem (3.12).

LEMMA 6.1. Let u be a solution and let uy be the minimal solution of (1.1)) for A € (0,A*).
Then

(1) oa(u) > A if and only if u = uy;

(ii) oA (Uy) < A, where U, is the second solution of (1.1)) constructed in Section 5.

Proof. Now, let ¢ >0 and ¢ € H{ (). Since u and uy, are the solution of (1.1),, then
J V- V(u— u)dx+I ¢ (ur — u)dx
Q Q

= )LJQK(uf —ul)pdx = )LJQ (J:A tpfldt>pK¢dx > )LJQpKuP*I(uA —u)¢dx.

(6.1)
Let ¢ = (u—uy)* > 0and ¢ € HJ(Q). If ¢ # 0, then (6.1) implies
—JQ(|V¢|2+¢2)dx2 —AL}pKuP*lqszdx (6.2)
and, therefore, the definition of g (1) implies
| (vgr+gax
¢ (6.3)

S/\J pKuP’1¢2dx<aA(u)J' pKuP’1¢2dst (VI +¢*)dx,
Q Q Q

which is impossible. Hence ¢ = 0, and u = ) in Q. On the other hand, by Lemma 3.3, we
also have that gy (uy) > A. This completes the proof of (i).
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By (i), we get that 0)(U)) < A for A € (0,4*). We claim that 0, (U)) = A cannot occur.
We proceed by contradiction. Set w), = Uy — uy; we have

—AWA+W,1=/\K[U)€—(U,\—W)L)})], wy >01in Q. (6.4)
By 01 (U)) = A, we have that the problem
—Aq)+<p:/1pKUfflq), ¢ € H} (Q), (6.5)

possesses a positive solution @;.
Multiplying (6.4) by ¢, and (6.5) by w;, integrating, and subtracting we deduce that

S IRT T
Q
' . (6.6)
——2p(p=1) | AKE g,

where &, € (uy, U)). Thus wy = 0, that is, Uy = u) for A € (0,A*). This is a contradiction.
Hence, we have 63 (U)) < A for A € (0,A%). O

LEMMA 6.2. Let u) be the minimal solution of (1.1)) for A € [0,A*] and ox(uy) > A. Then
for any g(x) € HY(Q), problem

—Aw+w=/1pKu§71w+g(x), we HH(Q), (6.4),

has a solution.

Proof. Consider the functional

D(w) = %Lz (IVw]? +w?)dx — %/\p J'QKufflwzdx - Jog(x)wdx, (6.7)

where w € H} (Q). From Hélder inequality and Young’s inequality, we have, for any € > 0,

1 -1 2 1 2 Ce 2
Ow) = 5 (1-Aan(m) ") Iwll> = Sellwll® = == liglli- oy

(6.8)
= _C”g”%—l—l(g)
if we choose € small.
Now, let {wy} C H}(Q) be the minimizing sequence of variational problem
d=inf{®(w)|we H}(Q)}. (6.9)

From (6.8) and 0)(u3) > A, we can also deduce that {w} is bounded in H{(Q) if we
choose € small. So we may suppose that

wry — w  weakly in H(Q),

wx — w  strongly in LfOC(Q) for2<g< ask — oo. (6.10)

N-2
wr —w a.e.in(),
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By Fatou’s lemma,
Iwll> < liminf [jwi [, (6.11)
and by the weak convergence we have
Jogwkdx — Jogwdx as k — oo. (6.12)

By Lemma 4.8, we have u,(y,z) — 0 as |z| — oo uniformly for y € w. It follows that there
exists a constant ¢; > 0 such that

lua(x)| <1 VxeQ. (6.13)

Furthermore, for any € > 0, there exists R > 0 such that qu_l (x)] <eforallx = (y,2) € Q
and |y| = R. Let Qg = {x = (¥,2) € Q: |z| < R}, then we have

J Ku{fl(w,% —w?)dx
o

< ||K||LW(Q)(J uff_l\wk—w|2dx+J uf_1|wk—w|2dx) (6.14)
o Q\Q

‘R

SCZJ |wk—w|2dx+sJ |wk—w|2dx_
Qr O\Qr

From wy — w strongly in LI (Q)for2 < q <2N/(N —2) as k — oo, it follows that

loc

lim |wk—w|2dx:0. (6.15)

k—oo JO

Since {wy} is bounded in H& (Q), this implies that there exists a constant ¢ > 0 such that

J |wk—w|2dxs cs. (6.16)
Q\Qr
Therefore, we conclude that
%im J Kuffl(wi - wz)dx‘ < e (6.17)
— 00 Q
Take € — 0, we obtain
J Kl 'widx — J Ku! 'w2dx ask — oo. (6.18)
Q Q
Therefore
O(w) < limd(wy) =d (6.19)
n— 00

and ®(w) = d which gives that w is a solution of (6.4);. O
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Remark 6.3. From Lemma 6.2, we know that (6.4), has a solution w € H}(Q). Now, we
also assume that K (x), f(x), and g(x) are in C*(Q) N L*(Q2), then by Lemmas 4.4 and 4.6,
we have that w € H3(Q). The standard elliptic regular theory yields w € C>%(Q).

LEMMA 6.4. Suppose uy« is a solution of (1.1 )1+, then oy« (ur«) = A* and the solution uy« is
unique.

Proof. Define F: R x H} (Q) — H™'(Q) by
F(Au) = Au—u+AK (u™)’ + f(x). (6.20)

Since gy (uy) = A for A € (0,A%), so gx« (up+) = A*. If gp+ (uy+) > A*, the equation F,(1*,
uy+ )¢ =0 has no nontrivial solution. From Lemma 6.2, F, maps R x H}(Q) onto H~1(Q).
Applying the implicit function theorem to F, we can find a neighborhood (A* — §,1* +9)
of A* such that (1.1), possesses a solution uy if A € (A* — §,1* 4+ §). This is contradictory
to the definition of A*. Hence, we obtain oy« (1)) = 1*.

Next, we are going to prove that u)~ is unique. In fact, suppose (1.1), has another
solution Uy« > uy«. Set w = Uy — uy~; we have

~Aw+w = VK[(w+u:)" —ul.], w>0inQ. (6.21)
By 0+ (uy+) = A*, we have that the problem
—Ap+¢ =N pKull'y, ¢ € HHQ) (6.22)

possesses a positive solution ¢;.
Multiplying (6.21) by ¢, and (6.22) by w, integrating, and subtracting we deduce that

0= J VK[ (w+ )’ —uf, —puf{;lw]@dx

. (6.23)

= 2= | M KE W,

2 Q

where &« € (up+,up= +w). Thus w = 0. a

ProposITION 6.5. Let uy be the minimal solution of (1.1)). Then u), is uniformly bounded
in L*(Q) N HY(Q) for all A € [0,A*] and

u — ug  inL°(Q)NHH(Q) asA — 0%, (6.24)

where uy is the unique positive solution of (1.1) .

Proof. By Lemmas 4.8, 3.3, and 6.4, we can deduce |[u)[lz=q) < llur+ll1~q) < cfor A €
[0,A*]. By (3.26), we have [lu, [l < (p/(p+1)) |l f Il Hence, uy is uniformly bounded in
L (Q) N H(Q) for A € [0,A*].

Now, let wy = u) — 1o, then wy satisfies the following equation:

—Awy +wy = AKuf in Q, (6.8))
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and by u; being uniformly bounded in L*(Q) N H} (), we have

lwall* = J AK u wydx
Q 1 (6.25)
< )tllKlleQ)||WL||€w(o)||“A||L2(Q)||WA||L2(Q) <ch,
where c is independent of A. Hence, we obtain u) — ug in H} (Q) as A — 0*.

By Lemma 4.4, u; € L1(Q) for all g € [2,00) and u is uniformly bounded in L* () N
H&(Q), then for any g € [2, ), there exists a positive constant ¢4, independent of u,
A € [0,A*], such that

1Kt} |00y < €q- (6.26)

Now, let go = N/2+ 1 > N/2 and by Lemma 4.4, we have AK uf € L% (Q). Apply Lemmas
4.2,4.4,4.6,t0 (6.8), and by (6.25) and (6.26), we obtain

lwall @) = ctllwallyan o)
=0 <||)LKM§||L'10(Q) + ||WA||qu(Q)> (6.27)
—Z/qo 2/(]0

< C3/\+Cz||W,\Hiw(Q) ||WA||L2(Q) < C(/\+)L1/q°),

where ¢ is independent of A. Hence, we obtain uy — ug in L*(Q) as A — 0*. O

PrOPOSITION 6.6. For A € (0,A%), let Uy, be the positive solution of (1.1), with Uy > u,, then
U, is unbounded in L* (Q) N HY(QY), that is,

tim 103 = Jim [0 = o (6:28)
Proof. Let ) be a minimizer of 0y (U,) for A € (0,A*), that is,
prKUf‘lgoﬁdx =1, |lgall’ = a1 (). (6.29)

(i) First, we show that {U) : A € (0,A¢)} is unbounded in L*(Q) for any Ay € (0,A*).
We proceed by contradiction. Assume to the contrary that there exists ¢y > 0 such that

|Uh]], co< oo VAE(0,)), (6.30)

by (6.29) and 6, (U)) < A for all A € (0,Ap), we obtain

1= J pKU ' pdx < cl|ga||” = cor (Un) < A, (6.31)
Q

where ¢ = p||K||L°°(Q)C0P_1. This is a contradiction for all A < 1/c. Hence, for any Ay €
(0,A*), {Uy : A € (0,A*)} is unbounded in L®(Q). From this result, it is easy to see that
limy_o+ [[Upll o = o0.
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(ii) Now, we show that {Uj : A € (0,¢)} is unbounded in H{(Q) for any Ay € (0,A*).
If not, then there exists a constant ¢y > 0 independent of A, such that

Uil <co VA e (0,M). (6.32)

By (6.29), (6.32), Holder inequality, Sobolev embedding theorem, and 0y (U, ) < A for all
A € (0,A%), we have

-1 -1 2
1= J PKU){) (Pidx < plIKllz~@) ||| {P”(Q)”(P/\”LP“(Q)
o (6.33)
-

=allll” llgall® < eich " llgall” = erct " on (V) <eneh ',

where ¢ is a constant independent of A. Now, let A — 0%, then we obtain a contradiction.
Hence, {U) : A € (0,A*)} is unbounded in H{ (Q) and lim; _o+ || Uy || = +oo. O

In order to get bifurcation results we need the following bifurcation theorem which
can be found in Crandall and Rabinowitz [6].

THEOREM 6.7. Let X, Y be Banach spaces. Let (A,X) € R x X and let F be a continuously
differentiable mapping of an open neighborhood of (A,X) into Y. Let the null space N (F,(A,
%)) = spani{xo} be one-dimensional and codim R(F,(A,X)) = 1. Let F)(A,X) & R(F,(1,X)).
If Z is the complement of span {xo} in X, then the solutions of F(A,x) = F.(\,%) near (\,X)
form a curve (A(s),x(s)) = A+ 7(s),% + sxo + 2(s)), where s — (1(s),2(s)) € R X Z is con-
tinuously differentiable function near s = 0 and t(0) = 7/(0) = 0, z(0) = z'(0) = 0.

Proof of Theorems 1.1 and 1.2. Theorem 1.1 now follows from Lemmas 3.2, 3.3, 6.1, 6.4,
and Proposition 5.6. The conclusions (i) and (ii) of Theorem 1.2 follow immediately from
Lemma 3.3, Remark 6.2 and Propositions 6.5, 6.6. Now we are going to prove that (1%,
u)+) is a bifurcation point in C>*(Q) N H2(Q) by using an idea in [13]. We also assume
that K(x) and f(x) are in C*(Q) N L?(Q) and define

F:R!x C**(Q) n HX(Q) — C*(Q) N LX(Q) (6.34)
by
F(Au) = Au—u+AK (u)’ + f(x), (6.35)

where C>*(Q) N H2(Q) and C*(Q) N L2(Q) are endowed with the natural norm; then
they become Banach spaces. It can be verified easily that F(A,u) is differentiable. From
Lemma 6.2 and Remark 6.3, we know that

Fu()t,u)w=Aw—w+/1pKu§_lw (6.36)

is an isomorphism of R! x C>*(Q) n H2(Q) onto C*(Q) N L*(Q). It follows from implicit
function theorem that the solutions of F(A,u) = 0 near (A,u,) are given by a continuous
curve.

Now we are going to prove that (A*,u)+) is a bifurcation point of F. We show first that
at the critical point (A*,uy«), Theorem 6.7 applies. Indeed, from Lemma 6.4, problem
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(6.22) has a solution ¢; >0 in Q. By the standard elliptic regular theory, we have ¢, €
C*>*(Q) N H*(Q) if f € C*(Q) N L2(Q). Thus F,(A*,uy+)¢ = 0, ¢ € C>*(Q) N H*(Q)
has a solution ¢; > 0. This implies that N(F,(A*,uy+)) = span{¢;} = 1 is one dimen-
sional and codim R(F,,(A*,uy+)) = 1 by the Fredholm alternative. It remains to check that
Ex(A*,up+) € R(Fu(A*,up+)).

Assuming the contrary would imply the existence of v # 0 such that

Av—v+)t*pKuf{;1v:Kuff*, veHHQ). (6.37)

From F,(A*,uy+)¢1 = 0, we conclude that [, K uf*(pldx = 0. This is impossible because
K(x) =0, K(x) #0, uy«(x) >0, and ¢1(x) >0 in Q.

Applying Theorem 6.7, we conclude that (A*,u,+) is a bifurcation point near which the
solution of (1.1), forms a curve (A* + 7(s),uy+ + s¢; +z(s)) with s near s = 0 and 7(0) =
7'(0) = 0, z(0) = 2’(0) = 0. We claim that 7"(0) < 0 which implies that the bifurcation
curve turns strictly to the left in (A,u) plane. In order to obtain that 7' (0) < 0, we need
the following lemma. U

LeMMma 6.8. Suppose condition (k1) holds, then
J;) Kuf[z(/)fdx < +oo0, (6.38)
Proof. Since uy«(x) — 0 as |x| — oo, there is R; > 0 such that
0=A¢, — ¢y +1*pKul. ' ¢y < Ay — iqﬁl, forycw, |zl =R, (6.39)

It is well-known that the Dirichlet equation Aw — (1/4)w = —w? in S has a positive
ground-state solution, denoted by w (see [14] and the references there). We can mod-
ify the proof in Hsu [10] and obtain that for any ¢ > 0 with 0 < &€ < 1/4 + p, there exist
constants ¢, > 0 and R, > 0 such that

w(y,2) < c.y(y)exp (—1 /i +ur - slzl) for y € w, |z| = Ry, (6.40)

where v is the first positive eigenfunction of the Dirichlet problem —Ay = ;v in w. Now,
let e = (1/2)p1. Since Aw — (1/4)w = —wP < 0 in Q, hence by the maximum principle we
obtain that there exist constants ¢; > 0 and R; > 0 such that

1
¢1(y,z)SC11//(y)exp(—5 1+2u1lzl) for y € w, 2| = Rs. (6.41)

Let g € 0Q), and B a small ball in Q such that g € dB. Since ¢;(x) >0 for x € B, ¢1(q) =
0, up+(x) >0 for x € B, u(q) = 0, by the strongly maximum principle (d¢,/0x)(q) < 0,
(duy+/0x)(q) < 0. Thus

ur(x)  (dup+/0x)(q)

im0~ (@gr/ax)(g) (6.42)
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and we have u}!¢; € C'(Q) and u;! ¢; > 0 on Q. Therefore, there exists ¢, > 0 such that
U (x)¢1(x) < forx € Qg,, (6.43)

where Qp, = {x = (y,2) € Q:|z| <Rp}.
Now, by (4.9), (6.41), and (6.43), there exists c3 > 0 such that

upd (x)p3(x) <5 forxe Q. (6.44)
From (6.41), (6.44) and Holder’s inequality, we derive
J Kul-*¢3dx
Q

< C3I Kuf:1¢1dx
Q

" (p—1)/(p+1) 172 2/(p+1)
<c( | uptlax) (| o Zay- | etroavmmdaz) T e,
Q W R7
(6.45)
O
Since A = A* +7(s), u = up+ +s¢; +z(s) in
—Au+tu—AKu? — f =0, u>0,ueC>(Q)nH*(Q). (6.46)

Differentiating (6.46) in s twice, we have
—Autgs + thgs — ApKuP  ugg — 24, pKul " ug — Ap(p — DKuP2ul — AKu? = 0. (6.47)

Setting here s = 0 and using the facts that 7'(0) = 0, u; = ¢;(x), and u = uy« as s = 0, we
obtain

— Al + g — )L*pKuf*_luss - AMp(p-— I)Kuf*_ngf — T”(O)Kuf* =0. (6.48)

Multiplying F,,(A*,uy+)¢1 = 0 by us and (6.48) by ¢;, integrating, and subtracting the
result, and by (6.38) we obtain

f Y p(p - DKl ¢ldx+ T”(O)J Kl grdx = 0, (6.49)
Q Q

which immediately gives 7/ (0) < 0. Thus

uy — w+  in C**(Q)NH*(Q)as A — ¥,

6.50
Uy — uy+ in C**(Q)nH?*(Q)as A — 1*, (6.50)

Using Lemma 6.2, Remark 6.3, the implicit function theorem, and the uniqueness of the
positive ground-state solution of (1.1) ¢, we can easily prove that

uy — up in C**(Q)NH*(Q)as A — 0F, (6.51)

which proves Theorem 1.2.
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Remark 6.9. IfQ =S, Q =RN, or Q = RN\ D, the proof still holds after simple modifi-
cation.
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