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A known result in groups concerning the inheritance of minimal conditions on normal
subgroups by subgroups with finite indexes is extended to semilattices of groups [E(S),
Se> @e,r ] with identities in which all ¢, s are epimorphisms (called g partial groups). For-
mulation of this result in terms of g congruences is also obtained.
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1. Introduction and preliminaries

A partial group as defined in [3] is a semigroup S which satisfies the following axioms.
(i) For every x € S, there exists a (necessarily unique) element e, € S, called the
partial identity of x such that e,x =xe, =xandif yx =xy =xthene,y = yex = ey.
(ii) For every x € S, there exists a (necessarily unique) element x! € S, called the
partial inverse of x such that xx ' = x 'x = ey and e,x ! =x7le, =x7.
(iii) The operation x — e, is a homomorphism from S into S, that is, e, = exe, forall
x,y € S, and the operation x — x! is an antthomomorphism, that is, (xy) ! =
y lx~lforallx,yeS.

Consequently, a partial group is precisely a Clifford semigroup, that is, a regular semi-
group with central idempotents, and this is characterized by Clifford structure theorem
(see [4, Chapter IV, Theorem 2.1] or [5, Chapter II, Theorem 2]) as a (strong) semilattice
of groups.

Thus, in particular, a partial group S may be viewed as a strong semilattice of groups
S = [E(S);Ses e, ], where S, is the maximal subgroup of S with identity e (e € E(S)) and
for e > f in E(S), ¢, is the homomorphism of groups S, — S, x — x f. Here E(S) is the
semilattice (e > f ifand only ifef = f) of idempotents (partial identities) in S.

Let S be a partial group. A subpartial group of S is a subsemigroup of S closed under
the unary operations of S. A subpartial group of S is wide (or full) if it contains E(S).

A normal subpartial group of S is a wide subpartial group K of S such that x™'Kx c K
for all x € S. This notion is standard in the literature, and we refer in particular to [2] for
the following consequences.
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2 Minimal conditions on Clifford semigroup congruences

Let K be normal in §, K, is a normal subgroup of S, for every e € E(S).

px = {(x,y) € SxS:e, = e, and xy ! € K} is an idempotent-separating congruence
on S with kerpx = K.

Conversely, if p is an idempotent-separating congruence on S, then K = kerp is a nor-
mal subpartial group of S and px = p.

Let N(S) be the set of all normal subpartial groups of S, and let Ci(S) be the set of all
idempotent-separating congruences on S. For N,M € N(S), N v M is the join (N M),
that is, the smallest normal subpartial group of S containing N {JM, and we have N v
M =NM = MN. For p, 0 € Ci(S), p V 0 is defined similarly, and we have p Vo =0 op =
poo.Also pyy = pn o pm for all N, M € N(S). Moreover, we have the following theorem.

Tueorem 1.1 [2]. (N(S), C, N, V) and (C\(S), C, ), V) are complete modular lattices and
N(S) — Ci(S), N — pw is a lattice isomorphism.

For sake of reference, cite from [1] the material required for the present work.

A q partial group is a partial group S with identity 1 such that ¢, :S) — Se is an epi-
morphism (i.e., Sie = S.) for every e € E(S). This implies clearly that ¢, :S, — Sy is an
epimorphism for every e, f € E(S) withe = f.

TaEOREM 1.2 [1]. Let S be a partial group with identity 1. Every wide subpartial group K of
S contains a unique maximal q subpartial group, denoted by Q(K), of S given by (Q(K)), =
Im, @1, |, = Kie for all e € E(S). That is, Q(K) is a strong semilattice E(S) of groups Kje.
Also Q(K) is non trivial (i.e., Q(K) # E(S)) if and only if K, is a nontrivial group.

On the class of partial groups with identities, we have idempotent unary operation
S — Q(S), where Q(S), defind as above, is the unique maximal q subpartial group of S.

LemMa 1.3. Let S be a partial group with identity and let {S;, i € I} be a family of wide sub-
partial groups of S. Then Q({Uic; Si)) = (Uic1 Q(Si)). In particular, the join of any family
of q subpartial groups of S is a q subpartial group of S.

A normal subpartial group of a partial group S with identity need not be a q subpartial
group, even if S is a q partial group (e.g., [1, Example 4.4 ]). On the other hand, if Sis a q
partial group and N is normal in S, then Q(N) is normal in S.

Let S be a q partial group and let QN(S) be the set of all q normal subpartial groups of S.

LemMa 1.4. QN(S) is a complete modular lattice with meet and join defined by

MAN=QMNN),

(L.1)
MV N =MN={(MUN).
An idempotent-separating congruence p on a partial group S with identity 1 is called
a q congruence if for all x, y € S, xpy implies that x = sy for some s € (kerp);, that is, for
some s € §; with spl.

LemMA 1.5. Let S be a partial group with identity, and let p be an idempotent-separating
congruence on S. Then p is a q congruence if and only if K = kerp is a q normal subpartial
group of S. Equivalently for any subpartial group K of S, K is a q normal subpartial group of
Sif and only if px is a q congruence.
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Let S be a partial group with identity 1. The Q operation is defined on idempotent-
separating congruences as follows:

Q(p) = {(x,) : xpy, x = sy(or x = ys) for some s € S with sp1}. (1.2)

Precisely, Q(p) is the unique maximal g congruence on S contained in p.

LEMMA 1.6. Let S be a q partial group and let p € Ci(S). Then
Q(p) = pav)y,  where N = kerp. (1.3)

Let S be a g partial group and let QC!(S) be the set of all g congruences on S.

Tueorem 1.7. With join and meet given by pv o =poo=copand p Ao = Q(p(o0),
QCL(S) is a complete modular lattice and the mapping

QN(S) — QCi(S), N +— py, (1.4)

is a lattice isomorphism.

As observed in [1, Section 1], g partial groups exist naturally as partial mappings from
sets to groups. In the present paper, we consider minimal conditions on normal subpartial
groups of partial groups with identities and we discuss the situations with which such
conditions could be inherited by subpartial groups with finite indexes. Our principal goal
is to extend the following known result in groups to appropriate classes of partial groups.

TaeoreM 1.8 [6, Theorem 3.1.8]. If a group G satisfies min—n and H is a subgroup of G
with finite index, then H satisfies min —n.

In this theorem, min—# is the minimal condition on normal subgroups. In other
words a group G is said to satisfy min —n if any nonempty family of normal subgroups
has a minimal member, or equivalently there does not exist a proper descending chain
N; D N; D - -+ of normal subgroups of G. The proof of the above result depends on the
notion of normal closures and cores in groups. Here we give the definitions and some
properties (see [6, Section 1.3]).

If X is a nonempty subset of a group G, the normal closure of X in G, denoted by X©,
is the intersection of all normal subgroups of G which contains X. Dually, the core of X
in G, denoted by Xg, is the join of all normal subgroups of G that contains by X. In other
words, X¢ is the smallest normal subgroup of G containing X, whereas X is the largest
one contained in X.

Fact1.9. X® = (¢ 'Xg:g€G).
Fact 1.10. For any subgroup H of G, Hg = ﬂgecg‘ng.

For our work, we introduce in Section 2 normal closures and cores in partial groups,
showing that if § is a partial group and @ # X C S, then X is characterized as in Fact 1.9.
If either XS, # & for all e € E(S) or S has an identity 1 and 1 € X, that S is a g partial
group, and K is a normal subgroup of S; (the maximal subgroup of S with identity 1),
then K is a q subpartial group of S.
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We also characterize the (normal) core Hg of a wide subpartial group H of a q partial
group S in terms of the group-theoretic cores of H, in S, (e € E(S)). Hs need not be a g
subpartial group of S, whence we introduce the notion of a g (normal) core showing that
the g core of a wide subpartial group H of a g partial group S is precisely Q(Hs).

In Section 3, we show that a g partial group S satisfies min —gn (the minimal condi-
tion on g normal subpartial groups) if and only if S, satisfies min —#. Introducing the
notions of finite index and local finite index in partial groups (with identities), we show
that min —gn in q partial groups is inherited by g subpartial groups with local finite in-
dexes extending Theorem 1.8.

Whereas for partial groups with identities, we show that min —# implies min —gn for
wide subpartial groups with finite indexes.

These two results can be formulated in terms of (q) congruences. In particular, the
former result may have the version.

In g partial groups, the minimal condition on g congruences is inherited by g subpar-
tial groups with local finite indexes.

2. Normal closures and cores

Given a partial group S and a nonempty subset X of S, we define the normal closure of
X, denoted by X5, to be the intersection of all normal subpartial groups of S containing
X. Evidently, X3 is the smallest normal subpartial group of S containing X. Analogous
to the known characterization of normal closures in groups (see Section 1), we have the
following lemma.

LEmMA 2.1. Let S be a partial group and let & # X C S.
(i) If XN S, # @ forall e € E(S), then
X5 = (s'Xs:5€8). (2.1)
In particular, if H is a wide subpartial group of S, then
HS = (s"'Hs:s€S). (2.2)
(ii) If S has an identity 1 and 1 € X, then

X5 =(s'Xs:s€8). (2.3)

Proof. (i) Clearly, (s7'Xs:s € S) is a subpartial group of S containing X, and by the
hypothesis, it is also wide. Let s € S and let y € (s7'Xs:s € S) be a generator, say y =
s7'xsy, for some s; € S, x € X. Then s™!ys = s7's7 ' xs15 = (s15) x(s15) € (s Xs:s € S).
If y1,..., yn are generators in (s 'Xs:s € S), then

1

sty yn)s=s"yiss Lypss e issTly,s

= (s7lys) (s ' yas) - - - (s lyus) € (sT'Xs:sE€S). @4)

Hence, (s7'Xs:s € S) is a normal subpartial group of S containing X. Suppose that K
is a normal subpartial group of S and that X C K. Then foranys€ S, x € X, s 'xs € K
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(since x € K), and so (s 'Xs:s € S) c K. Therefore, (s"'Xs:s & S) is the normal closure
of X and (i) is proved.

(ii) For any e € E(S), e = e 'le € (s7'Xs:s € S). Thus (s7'Xs:s € S) is a wide sub-
partial group of S containing X. The result follows as in (i). O

LemMA 2.2. Let S be a q partial group and let K be a normal subgroup of S. Then KS isa q
normal subpartial group of S.

Proof. Let H = KS. By Lemma 2.1(ii), H = (s 'Ks:s € S). Thus, it is sufficient to show
that H, C He for all e € E(S) (which implies that ¢, : H) — H, is an epimorphism for
all e € E(S)). Let e € E(S) be fixed but arbitrary, and let x € H,. Since K is a subgroup of
S1, then x may be written as a product of generators x = x; 'kix1x5 'kax, - - - x;, 'knx,, for
somex; € Sand k; € K,andi=1,...,n. We have ¢y, = 1 for all i € I, and so

€=€x=6yly b, (2.5)
Since S is a g partial group, we have
Xi = Siey, (2.6)
for somes; € S1,i=1,2,...,n. Thus
x =57 k15155 tkasa - - 5, ksnex ex, v - . (2.7)
Since K is normal in Sy, k! = s; 'k;s; € K, i = 1,2,...,n, and we have
x=kiky---ke=ke, wherek=kk)---k,€K, (2.8)

and so x € Ke. Clearly, H, = (KS); = (s"'Ks:s € S;) = K. Thus x € Hye. Therefore H, C
Hle. O

The notion of a core (or normal interior) in groups can be also extended to partial
groups. Let S be a partial group and let H be a wide subpartial group of S. The core
(normal interior) of H in S, denoted by Hyg, is the join of all normal subpartial groups of S
contained in H. In other words, Hy is the largest normal subpartial group of S contained
in H. Cores in g partial groups can be characterized in terms of cores in groups. We have
the following theorem.

THEOREM 2.3. Let S be a q partial group and let H be a wide subpartial group of S. Then
(Hs). is the group-theoretic core of H, in S, for every e € E(S), that is, Hg is a semilattice of

groups
HS = [E(s))Kea(Pe,f]a (29)
where K, is the core of the subgroup H, in S,, e € E(S).

Proof. By hypothesis, K = [J,cps) K is a union of disjoint groups indexed by the semi-
lattice E(S). By Fact 1.10, for every e € E(S), K, = \ses, s 'Hes. For e = f in E(S), define
@ef 1 Ke = Ky by x = xf (x € K,). To show that K is a semilattice of groups, it is suffi-
cient to show that ¢, s is well defined in the sense that ¢, ;(K.) C Ky forall e > f in E(S).
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Thus, let x € K, = (s, s~ ' Hes. We must show that xf € Ky = (\ses, s~ Hys. For this, let
s be an arbitrary element of S¢. Since (by hypothesis) ¢, : S, — S¢ is an epimorphism,
there exists s; € S, such that s = s; f. Now, x € ses, s ' Hes implies that x = s7' ys;, for
some y € H,. Whence, xf = (s1f)"'(yf)(s1f) € s"'Hys. Since s is arbitrary in Sy, we
obtain xf € e, s 'Hys = Ky. Hence K is a (strong) semilattice of groups. It follows
that K is a subpartial group of S which is clearly wide. To complete the proof, we have to
show that Hg = K. Thus it is sufficient to show that K is normal in S, that K € H, and
that K is the largest with respect to this property. That K C H follows trivially from the
definition of K. To show that K isnormal in S, letx € Sandlet y € K,sayx € S, y € Ky,
for some e, f € E(S). Thus, xy = xyef, and we have x 'yx = (xf) (yef)(xf). Clearly,
xf € Ser and yef € K,s. By the construction of K, K,s is normal in S,y. It follows that
x'yx € Koy € K. Thus K is a normal subpartial group of S. Finally, let N be a normal
subpartial group of S such that N ¢ H. We have for every e € E(S), N, is normal in S, and
N, C H,. Since K, is the core of H, in S., we obtain N, C K,. Therefore N C K. [l

Let S be a partial group with 1 and let H be a wide subpartial group of S. We define the
q core of H in S to be the join of all g normal subpartial groups of S contained in H.

TueoreM 2.4. If Sis a q partial group and H is a wide subpartial group of S, then the q core
of H in S is Q(Hs), where H is the core of H in S.

Proof. We have Hs = (N : N <S§,N C H), let Ny be the family of all normal subpartial
groups N of S contained in H. Then Hg = (N : N € Ny). Let gNy be the family of all g
normal subpartial groups of S contained in H, we have K € gNy ifand only if K = Q(N),
for some N € Ny, thatis, gNy € {Q(N) : N € Ny }. On the other hand, if N € Ny, then,
since Q(N) is normal in S [1], we have Q(N) € gNp. Thus, {Q(N) : N € Ny} C gNpg.
Then, gNy = {Q(N) : N € Ny }. By definition and [1, Lemma 4.2], we have the g core of
H in S which is

(K:K € gNg) = (Q(N): N € Ng)

= Q((N:N €Np)) = Q(Hs). (2.10)

O

3. Minimal conditions on g congruences

We use the machinary that has been developed so far to extend a result in groups con-
cerning the inheritance of minimal condition on normal subgroups of a given group to
subgroups with finite indexes, and obtain analogous results for partial groups and q par-
tial groups.

Recall that a partially ordered set (P, <) is said to satisfy the minimal condition if any
nonempty subset of P contains a minimal element. This is equivalent to saying that P sat-
isfies the descending chain condition: there does not exist an infinite properly descending
chainx; >x, >--- inP.

In particular, a group G satisfies min —# if (N(G), C) satisfies the minimal condition,
where N(G) is the set of all normal subgroups of G. Analogously, we say that a partial
group S satisfies min—n if (N(S), C) satisfies the minimal condition. Let S be a partial
group with identity 1, we say that S satisfies min —gn if (QN(G), C) satisfies the minimal
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condition, or equivalently if there does not exist an infinite properly descending chain
Ki D K; D --- in QN(S). Here N(S) and QN(S) are defined as in Section 1.

LemMma 3.1. Let S be a partial group with identity 1.
(1) If S satisfies min —n, then S; satisfies min —n.
(ii) If S satisfies min —n, then S satisfies min —qn.

Proof. (i) Suppose that S satisfies min —n but S; does not. There exists an infinite properly
descending chain

NiDN,; D - ll’lN(Sl) (31)

For eachi=1,2,..., N} (the normal closure of N; in S) is a normal subpartial group of S
and we have a descending chain

Ny DONs>--- inN(S). (3.2)
By min —# of S, we obtain
st = N]SJrl for some j. (3.3)

Since Nj D Nj;1 and N;j # Nj,1, there exists some element s € N; with s & Nj;;. We have
se NjS = stﬂ. Thus, s may be written as an expansion,

s=y1'xiyyy xayre Yy X yns (3.4)

with y; € S, x; € Njy1,i=1,2,...,n. Since e; = 1, we must have e), = 1 foralli = 1,2,...,n,
thatis, y; € Sy forall i = 1,2,...,n. Now, Nj, being a normal subgroup of S; implies that
y,-‘lxiyi € Njyy, foralli = 1,2,...,n. Therefore, s € Nj, 1, a contradiction.

(ii) Suppose that S; satisfies min—n but S does not satisfy min —gn. There exists an
infinite properly descending chain

KioDK;D--- in QN(S) (35)

For each i = 1,2,...,(K;); is a normal subgroup of S, where (K;); is the maximal sub-
group of K; with identity 1. Thus, the above chain induces a descending chain

(K1), 2 (K3); D> --- inN(&). (3.6)
Since S; satisfies min —n, we have for some j
(Kj), = (Kjs1),- (3.7)
By assumption, K; O Kj;1 and K # Kj;;. Thus we must have, for some e € E(S),
(Kj), 2 (Kjs1),» (Kj), # (Kji1),. (3.8)

There exists x € (Kj), such that x & (Kj;,).. Since Kj is a q partial group, we have x = se
for some s € (Kj)1 = (Kj11)1. Now, s € (Kj4+1)1, which implies that se € (Kj41), and so
x € (Kj+1)e» a contradiction. O
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Using Lemmas 3.1(ii), 2.2, and proceeding as in the proof of Lemma 3.1(i), we obtain
the following lemma.

LemMa 3.2. A q partial group S satisfies min —gn if and only if Sy satisfies min —n.
Let S be an arbitrary partial group. A wide subpartial group H of S is said to have a finite
index in Sif S = HT, for some finite subset T of S.

LemMa 3.3. Let S be a partial group and let H be a wide subpartial group of S. If H has a
finite index in S, then H, has a finite index in S, for every e € E(S).

Proof. By assumption, S = HT, for some finite subset T of S. Let e € E(S) be fixed but
arbitrary. For each x € S, we have x € S, € S = HT. Thus x = ht,, for some h € H and
ty € T.We have, e = e, = eer,, and so e < e, and e < ¢, that is, ee;, = e and ee;, = e. Now,
x = ht, = (he)t, € Ht, = Hc(ety). Setting ,T = {ety : x € S}, then clearly ,T is a finite
subset of S, and S, C H,T. Also, H.x T C S.S. = S.. Therefore, S, = H,, T, which proves
that H, has a finite index in S.. O

Let S be a partial group with identity 1 and let H be a wide subpartial group of S. We
say that H has a local finite index in S if H, has a finite index in S,. Clearly, by Lemma 3.3,
for a wide subpartial group H of a partial group S with identity, we have a finite index in
S which implies a local finite index in S.

For g partial groups, the implication of Lemma 3.3 may be refined as follows.

LemMa 3.4. Let S be a q partial group and let H be a wide subpartial group of S. If H has a
local finite index in S, then H, has a finite index in S, for every e € E(S).

Proof. We have S; = H, T, for some finite subset T' C S;. Let e € E(S), since S is a g partial
group, then S, = Sje. Thus

Se =HTe = (Hye)(Te) = (Hye),T, (3.9)

where ,T is the finite set Te C S,. Since H is wide, Hje C H, in particular, Hie C H,.
Therefore,

S. = (He).T CH, .T CS.. (3.10)

Thus, S, = H, . T and the result follows. O
Now we give our main result which is an extension of [6, Theorem 3.1.8].

TaEOREM 3.5. If a q partial group S satisfies min —qn and H is a q subpartial group of S
with local finite index, then H satisfies min —qn.

Proof. By definition (of local finite index), H, has a finite index in S;, and by Lemma 3.2,
S1 satisfies min —n. Since H, is a subgroup of S;,Wilson theorem [6, Theorem 3.1.8] im-
plies that H; satisfies min —n. Again by Lemma 3.2, we have H satisfying min—gn. [

For partial groups with identities, we have the following version of Theorem 3.5.

THEOREM 3.6. If a partial group S with identity satisfying min —n and H is a wide subpar-
tial group of S with finite index, then H satisfies min —gn.
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The proof follows similarly by applying Lemmas 3.1(i), 3.3, [6, Theorem 3.1.8], and
Lemma 3.1(ii).

In view of Theorems 1.7 and 1.1, the above two Theorems (3.5 and 3.6) can be for-
mulated in terms of g congruences and idempotent-separating congruences, respectively.
For instance, by Theorems 1.7 and 3.5, we have the following corollary.

CoROLLARY 3.7. Ifa q partial group S satisfies the minimal condition on q congruences and
H is a q subpartial group of S with local finite index, then H satisfies the minimal condition
on q congruences.
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