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We consider an open bounded set Q € R” and a family {K(#)}¢ of orthogonal matri-
ces of R™. Set Oy = {x € R"; x = K(t)y, for all y € O}, whose boundary is I';. We denote
by Q the noncylindrical domain given by @ = Uoerer1Q¢ X {t}}, with the regular lateral
boundary i = UgereriTs X {t}}. In this paper we investigate the boundary exact con-
trollability for the linear Schrédinger equation u’ —iAu = f in Q@=-1),u=wons,
u(x,0) = up(x) in Qg, where w is the control.

Copyright © 2006 Hindawi Publishing Corporation. All rights reserved.

1. Introduction

We consider the linear Schrédinger equation in a domain whose boundary is moving in
time. Let T be a positive real number and let {Q);};c[o,7] be a family of bounded open sets
of R", with regular boundary T, defined as below. We denote by Q the noncylindrical
domain of R™*! defined by

Q= U {axis} (1.1)
0<t<T
with regular lateral boundary
S= U {rx it} (1.2)
0<t<T

Let us consider K a function such that for each ¢ € [0, o), it associates an orthogo-
nal matrix K(¢) = (aij(t))nxn. Note that K1(t) = (aji(t))nxn. We denote (a}i(t))m by
(K=Y ().

Let Q be a bounded open set of R", with regular boundary I'. We consider the subsets
Q; of R" defined by

Q={xeRsx=K({)y,yeQ}, 0<t<T (1.3)

Hindawi Publishing Corporation

International Journal of Mathematics and Mathematical Sciences
Volume 2006, Article ID 78192, Pages 1-29

DOI 10.1155/IJ]MMS/2006/78192


http://dx.doi.org/10.1155/S0161171206781923

2 Schrodinger equations in noncylindrical domains

We develop the article under the following assumptions:
(H1) K € C?[0,T];
(H2) there exists a constant « > 0 such that

(KYK)w-w=alw|? VweC" (1.4)

The aim of this paper is to obtain the exact controllability of the following mixed
problem:

@ on io
u= . (P=-1), (1.5)
0 onX\X

u(x,0) = uo(x) in Qo,

where 3 is a part of £ with positive measure.

We can formulate the exact controllability problem for (1.5) as follows: given T >0
large enough, we want to find a Hilbert space H such that, for each initial data 4, belong-
ing to H, there exists a control ¢ belonging to the space of controls, defined on %0, such
that a solution u = u(x,t) of (1.5) satisfies the final condition

u(x,T)=0 1inQr. (1.6)

The methodology (cf. Lions [7]) consists of transforming (1.5) into an equivalent
problem in the cylinder Q = Q x (0, T) by the difftomorphism

7:Q—Q (1.7)
defined by 7(x,t) = (y,t), with y = K~!(¢)x. The inverse
1:Q— Q (1.8)

is defined by 771 (y,£) = (K(£)y,t). Then by the change of variables u(x,t) = v(y,t), where
y =K 1(H)x, y € Q, and x € Qy, we obtain

W (x,t) = v (y,t) + Vv - (K~1(1)) K(1)y,

(1.9)
Au(x,t) = Av(y,t).

Therefore, we transform the problem (1.5) in the noncylindrical domain Q into the fol-
lowing problem in the cylinder Q:

V —iAv+Vy- (K)'Ky=f inQ,
¢ onX X
= = — 1.10
v(y,t) 0 onz\% (i 1), ( )

v(y,0) =v(y) inQ,
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where ¥ =T x (0,T) is the lateral boundary of the cylinder Q and X is a part of £, that
will be defined in Section 5.

We investigate the exact controllability for the equivalent problem (1.10) using HUM
(hilbert uniqueness method) idealized by Lions [8]. The particular case where 7,(y) =
u(t)y, with u(t) a real function defined on nonnegative real numbers [0, %), has been
analyzed by Miranda and Medeiros [10]. We can also find a study in controllability for
Schrodinger equation in cylindrical domains in Lebeau [6] and Machtyngier [9]. We in-
clude, in the references at the end of this paper, some works relating to noncylindrical
mixed problems for others models and related arguments, such as: [2-5].

The plan of this paper is as follows. In Section 2, we study the properties of the weak
solution of the homogeneous boundary value problem for the formal adjoint L* of the
operator of (1.10), which is calculated in Section 4. Section 3 is dedicated to prove the
direct and inverse inequalities for the weak solutions obtained in Section 2. Section 5 is
dedicated to solve the problem of exact controllability for (1.10) and (1.5), respectively.
In the appendix, we prove an identity which is a key point for the second estimate in
Section 2. Below we state the main result of our paper.

THEOREM 1.1. Let Q be a regular, bounded open set of R", let Q) be defined as in (1.3),
and suppose that (H1) and (H2) hold. If T > 0, then, for each ug € H='(Qy), there exists a
control w € Lz(i) such that u solution of problem (1.5) verifies

ulx, T,w)=0 VxeQr. (1.11)

2. Weak solutions

The formal adjoint or transposed operator of Lw = w’ — iAw+ Vw - (K~!)Kyis —L*v =
vV —iAv+ Vv (K1) Ky +tr((K~1)K)v. We represent by C(t) = (cjk(t))1<j,k<n the ma-
trix (K~1(¢))’ K(t) and by tr(C(t)) its trace.

By H!(Q) we represent the Sobolev space defined by

u

2
{u e L (Q), o,

e L*(Q) fori= 1,...,n}. (2.1)

Also by H{(Q) we represent the Sobolev space of functions u € H'(Q) such that
u|r =0.

In order to apply HUM to the mixed problem (1.10) it is fundamental to know the
properties of the weak solution of the homogeneous boundary value problem for the
formal adjoint L*, which is studied in this section.

We consider the following problem for the adjoint L*.

Given vy € Hj(Q) and f € L*(0,T;Hy(€))), we want to find a function v: Q — C so-
lution, in some sense, of the boundary value problem

v —iAv+ Vv -Cy+tr(C)v=f inQ,
v=0 onZ, (2.2)
v(0)=vy inQ.
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Tueorem 2.1. Given vy € H}(Q) and f € L*(0,T;H}(Q)), there exists one and only one
function v: Q — C, called the weak solution of (2.2), satisfying

v e L*(0,T;HL(Q)),
v e12(0,T;HN(Q)),

T T T T T
—J (v,<p')dt+iﬁ) ((v,q)))dt+L (Vv-C(t)y,(p)dt-f—L (tr(C)v,q))dt:L (f,o)dt

0

(2.3)

forall p € L*(0, T; Hy (Q)), such that ¢’ € L*(0, T;L>(Q)) with ¢(0) = ¢(T) =0,
v(0)=vy inQ. (2.4)
Observe that (-,-) and | - |, ((+,-)) and || - || represent the inner product and norm,

respectively, in L2(Q) and H{ (Q).

Proof. We employ the Galerkin method. In fact, let us consider the sequence (w;) en of
the solutions of the eigenvalue problem

((wjr9)) =Aj(wre), j=12.., (2.5)

for each ¢ € HO1 (Q). Represent by V,, the subspace generated by {w;,w»,...,w,} and let
us consider the approximate problem

find vy, € V,, solution of (v, (£),w;) +i((va(t),w;)) + (Vvu(t) - C(t) y,wj)
+tr (C(1)) (vm(),w)) = (f(£),wj)  for j=1,2,...,m,

Vm(0) = v, strongly convergent to vy in H¢ (Q).
(2.6)

Note that if v,,(t) € V,,, then v, (y,t) = Z;Zlgjm(t)wj(y). It follows that (2.6) is a
system of ordinary differential equations in the unknowns gim(t), j = 1,2,...,m. This
system has a local solution on [0,t,), for some t,, € (0,T), and each g;,,(t) belongs to
H'(0,1,,). The extension to interval [0, T] is a consequence of the following estimate.

First estimate. Multiply both sides of (2.6) by gj(t), adding from j =1 to j = m, we
obtain

(0, vm () + i (v (), v () + (Vv () - C(8) y, v (1))

(2.7)
+tr (C(t)) (Vm(t))vm(t)) = (f(t)>vm(t))'
Note that Z is the complex conjugate of z.
Taking the double of the real parts of the last equality’s both sides, we obtain
2Re (v),,(£),vu(t)) + 2Re (Vvp(t) - C(t) y,vim(t)) + 211 (C(1)) | viu(t) | ? (2.8)

= 2Re (f(£),vm(t)).

Observe that Vv,,(t) - y = (dvin(t)/dy;)y; and repeated indexes mean summation.
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We analyze the first and second terms of the last equality.

(i) 2Re(vy, (1), viu(2)).
We have

2Re (v (0,7 (8)) = & [0 (0) | (2.9)

(i) 2Re(T ¥ (1) - C(£)yy (1)),
By Gauss’ lemma,

p) -
. 5y, (k07 (D)dy =0 (2.10)
We observe that
0
a_yj(cjk(t))’k) =¢;i(Dyj, (2.11)
and therefore
V(1) — — V(1)
o o Oy @dy + | 00, vy + | vaOeon 75y By <o
(2.12)
Thus,
2Re (Vv () - C(1)y,vm(t)) = = > L)ij(t) | vm(t,y)|2dy = —tr(C) | viu(2) |2.
j=1
(2.13)
Substituting (2.9) and (2.13) in (2.8), it follows that
d 2 2
2 @O+ v <2[ fO ] [vm(D)]. (2.14)
From assumption (H2) that tr(C(t)) > 0, it follows that
d 2
2 @17 =<21f O] [vm®)], (2.15)
that is,
d
GG RO TGN (2.16)
Multiplying (2.16) by e”* and integrating from 0 to ¢ we obtain
|Vm(t) |2 = Cl{ |V0m | 2 + ”f”IZ}(O,T;LZ(Q))}' (2.17)

Since v,,(0) = vom — v in H} (Q), we conclude that

(vm(t)) is bounded in L* (0, T; L*(Q))). (2.18)
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Second estimate. Multiply both sides of (2.6) by A;gju(t), adding from j = 1 to j = mand
taking the double of real parts, we obtain
2Re (v, (1), —Avi(£)) + 2Re (Vv (£) - C(t) y, —Avi (1))
(2.19)

+2tr (C()) (vin (1), =Avi (1)) = 2Re (f (1), —Avi(2)).

(i) Analysis of 2Re(v,,(t), —Av,(1)).

We have,
, , d
2Re (v, (£), = Avi()) = 2Re (v, (£), (1)) = a||vm(t)||2. (2.20)
(ii) Analysis of 2Re(Vv,,(t) - C(t)y, —=Avy,(t)).
By Green’s formula,
avm(t)
( 3y, k() Y, — Avm(t)>
NEIEAON W |’
_<ayl[ 3y, CJk(t))’k] > Yk Vi, dr
0 [ ovu(t) avm v (t) © OVm(t)
_ | [ ZmA ) ik 2.21
(M( 9y; )C’ G ) ( ay; K%y, ) 22
W |2 0 avm(t) MV (t)
_Jrcjkykvj W F_J a_< )C]k(t)yk ayl dy
V() Ov(t) ‘J v’
0 9, cji(t) 3y dy rc]kyk V; 5 dr.
It follows from (2.21) that
V(1)
2Re< 3, cjk(t)yk,—Avm(t)>
P) 8vm(t)> avm(t))
=2Re| — i (E) Vies 2.22
(5 (2 et 2t 2.22)
E0) ()_J,_BV_mz
+2Re ( ay (t) ) 2 rCjk)/k v 5 dr.

Now, by Gauss’ lemma,

V(1) m 3 . (1) ‘ m
Joa_y,< 9y Cik(t) i 3 )W—Lw-( 3, cik(t) yx 8)/1 )dr. (2.23)
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That is,
L&(%@?W»W@
=[5 (avamy(lt)cjk(t)ykaay(l)>df ijc]k(t)yk‘ 2 .
Therefore,
2Re (ay]<agny(t)>cjk(t)yk, 33;(:)) :ijcjk(t)yk'%” ’ —cjj(t)JQ %vy’l” : |
2.25

Substituting (2.25) into (2.22), we obtain

2Re (81/,,,(1‘) Cjk(t) yks —AVm(t)>

9y;
V(1) avm(t avm O |
=2Re( 3y, cji(t), ) )J dy—ijcjk(t)yk’W drl.

(2.26)

Substituting the expressions (2.20) and (2.26) into (2.19) we obtain

d a w(®) a o (t MWy |

dt i Vi al oy
(2.27)

(f (1), —Avi(1)).

_ J vicu(t) ‘ W |’
p IR,y
By the identity of the appendix, we modify (2.27) as follows:

DI+ 5 ()OI =5 1m (0,0 - Tra0)

+Im (v, (8), C'(8)y - Vvm (D) =t (C(B) Im (v (£, C(O)y - VVm(8) 5 5g)
+21Im (P, f (1), C(£) y - Vv () +tr (C(8)) Im (P, f (1), viu (1))
=2Re ((f(1),vm(1))).

Setting ¢(t) = Im(v,, (¢),C(£)y - Vv, (£)) and y(£) = |lvu () 1> — ¢(t), we obtain from
(2.28) that

%w(t) +tr (C(t))w(t) = g(1), (2.29)
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where

g(t) = 2Re ((f(t),vm(t))) — tr (C(t)) Im (£ (£), v (t))

2 Im (P f(8,C(0)y - Vom(®) —Im (vm(0,C D)y - Tvm(). 20

Solving the differential equation (2.29) we attain

() = p(0)exp ( _ J:tr (C(r))dr) ; Lt exp ( _ Lt tr (C(r))dr) g(s)ds.  (231)

Since ¥(0) = |[v,(0)[I*> — ¢(0), we have from the last equality

(1 = o0+ (lun(OIF - 9O exp - | tr(Cr)ar)
. . 0 (2.32)
+ Jo exp ( — L tr (C(r))dr)g(s)ds.
Observe that
(i)
o(t) < [vm(D)] [C@)y - Vvm(t) | < | vmn(t) |Z<Z Lew(®) [ | yx ) %Vym
=1 \k=
w on gz, 3 1/2
s|mUH[Z(z|%UHUH)] (Z ;m )
=1 \k=1 =N
N/ i V2o V2
< |vm(t t -
<|V()|[2<2|Clk()|)(gb’ﬂ)] (l_Zl I ) (233)
- 12
Lot 131] £ 3 L] 1900
< | vm( t)IlyIn( nax (IET[l(iPT(]|CZk(t)|)>|VVm|
2
M(Q,n,Mc) | v ()| | Vv | < %| Vi l‘)| |V1;m} )

,,,,,

(ii)
exp ( - J;ttr(C(r))dr> <exp <Lt | tr (C(r)) |dr> <exp (ncT), (2.34)
(iif)

8() | = M(n,Q, M) ([ £+ [vin(s) )| [vm(5)]]; (2.35)
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we have
’ rexp ( - Jttr (C(r))dr)g(s)ds
’ ‘ , (2.36)
<M(m,Q, e, T) jo (LF N+ () ) V()] s,
where
M(n,Q,Mc, T) = exp (ncT)M (n,Q,Mc) (2.37)
and therefore
(12 < 2M (1,0 6) [y () |2+ w2 + M (1,9, My T) | [vom]
2 .2 (2.38)
+M(n, 0, e, T) L ULFON+ 1) ) vm(s)]ds.
From the first estimate, it follows that
[vim(8)|* < ao(T). (2.39)

Then (2.39) implies

2 t
||vm;t)|| < M(n,Q,Mc, T, ||vom||) + M (n,Q, Mc, T) L(||f(s)||+ [V () )| [V (5)| |5,
(2.40)
where
M (n, Q, M, T, [[vom|]) = %M(ﬂ,Q,Mc)aé+M(n,Q,J(/Lc,T)||v0m||2. (2.41)

Then, by an inequality similar to Gronwall-Bellman’s one, see Brézis [1, page 157], we
obtain

(DI < aa(T). (2.42)
Then
(vin) is bounded in L* (0, T; H} (Q)). (2.43)
Then, from (2.43), we can extract a subsequence v, of v, such that
vy, converges to v weak star in L* (0, T;H} (Q)). (2.44)

Applying the approximate equation (2.6) to 8 € %(0,T'), we get

T
I (v w;)0'dt + J
0

0

T T
i((v#,wj))Gdt+J (Cy - Vvw,)0dt
0

e (2.45)

T
+J tr(C(t))(vH,wj)Gdt=J (fow;)0dt.

0 0
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Taking the limit when y — oo, j fixed, we obtain that v is a solution in the sense of
Theorem 2.1.
We observe that

d

a(v(t),w) +i((v(1),w)) +(Cy - Vv(t),w) +tr (C(1)) (v(t),w) = (f(),w),  (2.46)

in the sense of @’ (0, T), for each w € H} (Q).
Since G =iAv—Cy - Vv —tr(C)v+ f € L*(0, T; H 1 (Q))), it follows from (2.46) (cf.
Temam [11]) that
vV eL*(0,T;HY(Q)), v =G inL*(0,T;H '(Q)). (2.47)

As we have seen v € L2(0, T;H} (Q)), then, identifying L*(Q) to its dual (L2(Q))’, we
obtain

ve C'([0,T];L*(Q))). (2.48)
The equality stated in Theorem 2.1 follows from the one in (2.47), as the uniqueness
of solution does too. We must observe that the solution v also satisfies v(0) = vy.
To prove uniqueness, suppose V1, v are solutions and w = v; — v,. Then, by the equal-
ity in (2.47), we obtain
w —iAw+Cy - Vw+tr(C)w=0 in L*(0,T;H '(Q)). (2.49)
Thus, multiplying by w and taking the double of the real part of it, we have

2Re (w' (1), w(t)) +2Re (Vw(t) - C(t)y,w(t)) +2tr (C(1)) |w(t)|2 =0. (2.50)

Analyzing the first and second terms of the last equality as in the first estimate, we
attain

%|w(t)|2+tr(C(t)) lw(t)|* <o. (2.51)

From assumption (H2) that tr(C(¢)) > 0 it follows that
% lw)|* <0, (2.52)

and since w(0) = 0, we conclude that w = 0 which means the solution v is unique. O

Remark 2.2. 1f we consider the boundary value problem (2.2) with initial data
v € HY(Q)NH*(Q) feL?(0,T;H)(Q)) suchthat f € L'(0,T;L*(Q)),  (2.53)

by the same argument used to prove Theorem 2.1, we prove the following theorem.
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THEOREM 2.3. Given v and f satisfying (2.53), there exists only one function v: Q — C,
satisfying the following conditions:
ve L* (0, T;Hy (Q) n H*(Q)),
vV —iAv+Cy-Vv+tr(C)v=f ae inQ, (2.54)
v(0) =vy inQ.

The solution v of Theorem 2.3 is called the strong solution of problem (2.2).

3. Inequalities

HUM is based on two inequalities: one is called direct, Lemma 3.2; another inverse,
Lemma 3.3. This section is dedicated to prove these inequalities, for the solution of the
boundary value problem (2.2), which are the key points in order to solve the exact con-
trollability problem for the Schrodinger equation, see (5.19).

We begin proving the following identity.

LemMma 3.1. Let q = (q1), 1 <1 < n, be a vector field, with q; € C*(Q) for all I. Then, for all
strong solution v of the adjoint boundary value problem (2.2), there exists the identity

ov |

T

Jy Jal%
=Im|v ﬂ '
= ,QIayl

2
+J R(av g )dt
0 ay;’ dy;jon

ov 9q av) JT ( v oq >
+2Re| =—,=——=—|dt+ | Im|c dt 3.1
(a)’j dy; oy 0 3y oy (1)

drdt

+JT2Im<c o o )dt+JTZImtr(C(t))(v av)dt
0 ;k)’k ay ,6]lay 0 ,qlayl

T
—J Im (f,@v)dt—J 21m<f a3, >dt
0 9y
Proof. Multiplying both sides of (2.2);, Section 2, by q;(dv/dy;), integrating on Q, and
taking the double of the imaginary parts of the resulting equality’s both sides, we have

T ov T ov T v ov
L 21m< ,qlay>dt+J 2Re( Av, qlay)dHJ 21m<c]1< )’kay ,qzay)dt
T ov
+I ZImtr(C(t))(V q:a )dt J 21m<f @y )dt
0

We have

(3.2)

i(v ﬂ) = (V' ﬂ>+(V %) (3.3)
dt ’qla)’l aqlayl ’qla)’l . .
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By Gauss’ lemma, we obtain

J 9 (vqv')dy =0, Dbecausev=0on2Z. (3.4)
Q 9y
It follows that

(V QZg; ) + <qzaa—;l ) + (g—?}iv v') =0. (3.5)

Substituting (3.5) in (3.3) and integrating on (0, T'), we obtain

T ov T ov ov rogr oq
' gi— dt_J — v |dt=|v,q1=— J —=w,v |dt. 3.6
Jo (V qlayz) 0 (qlayz V) (V ql@w) "o (ay,”) 56

0
Since z — z = 2ilmz, the last identity implies

T
ZImI ( ,ql )dt— i(V,qlg;/)
1

0

% 4
—zI (aylvv)dt (3.7)

Taking the real parts of both sides of the above identity, we get

T
0 r 0
ZImJ < ,ql ) t=Im<v,qla—;> —ImJ (v,a—)q/iv)dt (3.8)

0
(i) Analysis of Im fOT(v’, (0qi/0y;)v)dt.
Multiplying (2.2); by (9qi/9y;)v, integrating on (), and taking the imaginary parts of
the resulting equality’s both sides, we obtain

, Oqi aq v a9q
Im(v,aylv>+Re< Av,a lv)+1m<c]k yka ayl )

5 5 (3.9)
qi qi
+I t 5 I N .
m( r(cmy 3ylv> m<f 3ylv)
By Green’s formula, we obtain
oqi ) ( v d%q ) ( v oq 81/)
Re| —Av,—v | =Re| —, v|+Re| =—,=—=—|, (3.10)
( oy 9yj 9y;joy dyj 9y19y;

becausev=0onT.
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By (3.8), (3.9), and (3.10) we have
ZImLT <v',q1§—;>dt
=Im (v,qlaa;l) Z - JOTIm (f, Zf}iv) dt+ JOTRe (aa;:], aijglyl v) dt (3.11)
+LT (g—;g—ﬁg—;)dﬁ LTIm <C]k Yk aav gjl )dt

(ii) Analysis of [, 2Re(—Av,qi(dv/dy;))dt.
By Gauss’ lemma,

Jd [ dv oV
——d 3.12
JQ 9y; (a)’f ) qu Wa)’J ( )

Since dv/dy; = v;(dv/dv), we have from the last identity that

owe( 20 (20)) (222
ay;’ "oy \ oy; dy;’ dy; dy; r

By Green’s formula, we have

( Avqav> (av aqzav)_l_(av ( )) J’q )
- q5 )=\ 3 >3, 3. 1V
i dy; 9y;j oy 3y, 1ay; \ oy,

2

Al (3.13)

oy

(3.14)
From (3.13), we modify (3.14) obtaining
T ov
2R A dt
Jo e< PGy, oy )
T v g 81/) T (81/ oq 81/)
BTN Y % PR T P o
Jo ¢ (3%' 9y; 9y 0 “\y; oy ayj -
(3.15)

Substituting (3.11) and (3.15) in the identity (3.2), we obtain the identity (3.1). O

Before stating the direct inequality, the following consideration will be made. Let
(W, - llw) be the Banach space of the weak solutions of (2.2), where |[v|w =
maxg<,<7||v(¢) . Consideringby F = { f € L>(0, T; H (Q)); f* € L'(0, T;L*(€)))} and de-
noting by S the vector space of the strong solutions of (2.2) relating to {vo, f} € (Hj(Q) N
H?(Q)) x %, it follows that

S is dense in W. (3.16)
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LEMMA 3.2 (direct inequality). If v is the weak solution of the boundary value problem
(2.2), then there exists the inequality

T

J, I
Proof. If v is the strong solution of (2.2), it satisfies the identity of Lemma 3.1. If we
choose the vector field g = (q1)1<1<n, with g € [C*(Q)]", such that g = v on T, where v

is the unit exterior normal vector to I, then g - v = 1 on I' and the left-hand side of the
identity (3.1) is reduced to
T
L

The right-hand side of the identity (3.1), for ¢ = v on T, is bounded by

ov
v

2 T
dl“dtsa[||v0||2+J ||f(s)||2ds] (3.17)
0

2
% drdt. (3.18)

T
a(max||v(t)||2+J ||f(s)||2ds). (3.19)
0<t<T 0
From the second estimate, we know that
[V1* < o |l (3.20)
Therefore, we obtain
T ov 2 ) T )
5| drdt<af|jwll"+ | [[f()[ds|. (3.21)
o Jrlov 0

Let us consider the operator y : S — L?(Z) such that y(v) = 9v/dv and the vector space
S is defined previously. From (3.1), we have

ly() | ]2,2(2) = Jj L

Thus, y is linear and continuous on S that is dense in W. Therefore, y admits a linear and
continuous extension to S = W. Let v be the weak solution relating to vy and f. Then,
there exists a sequence of strong solutions (v,) such that v, — vin W.

For each strong solution v,, the inequality (3.21) is true, and therefore taking the limit

we obtain
T
J 0 J r

now for the weak solution v. O

ov 2 2 2
3 dthSCOIgiXTHV(t)H =cllvll}y. (3.22)

ov
v

2 T
dl"dtsoc[||v0||2+J ||f(s)||2ds} (3.23)
0

The next inequality is true on a part I'(yy) which we will define. In fact, let us con-
sider a point ¥y € R" and represent by m(y) the vector y — yo. We consider the following
decomposition of I':

I(yo) ={yel;Cm(y)-v=0}, Ti(y)={ye;Cm(y) v<0}, (3.24)
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where C is the matrix (K~!(t))'K(t). We also define

2. (70) =T(y) x(0,T), > (y0) =Tx(y0) x(0,T). (3.25)

*

LemMa 3.3 (inverse inequality). Ifv is a weak solution of the boundary value problem (2.2),
with f =0, there exists the inequality

N

where the constant o is independent of v and depends only on T, || yo |, and Q).

(3.26)

Proof. Let v be the weak solution of (2.2) corresponding to vy € Hg(Q). It follows from
the identity (3.1), for ¢ = C(y — yo) and f = 0, that

[[fionn

. . (3.27)
= (v,Cm(y) - Vv) |g+2j Re (C - Vv,Vv)dt+J H(t)dt
0 0
where
H(t) =Im(Cy - Vv,(trC)v) +2Im (Cy - Vv,Cm(y) - Vv)
+2Im ((trC)v,Cm(y) - Vv). (3:28)
We have

H(t) =Im ((trC)(Cy - Vv),v) +2Im(Cy - Vv,Cy - Vv) —=2Im(Cy - Vv,Cyy - Vv)
+2Im ((tr C)v,Cy - Vv) = 2Im ((tr C)v,Cyp - Vv).

(3.29)
Observe that if z is a complex number —2ImZz — Imz = Imz, then
2Im (v, (trC)(Cy - Vv)) +Im ((trC)(Cy - Vv),v) = —=Im ((tr C)(Cy - Vv),v).
(3.30)
Using (3.30) we modify H obtaining
H(t) = —Im((trC)(Cy - Vv),v) +2Im|Cy - Vv|* = 2Im(Cy - Vv,Cyp - Vv)
—2Im ((trC)v,Cyp - Vv) = =Im ((trC)(Cy - Vv),v) (3.31)

—2Im(Cy - Vv,Cyp - Vv) = 2Im ((tr C)v,Cyq - Vv).
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Substituting (3.31) in (3.27) we find

T
[ ] emtn)-»
o Jr
’ T T
= (v,Cm(y)-Vv)|, +2J0 Re(C - Vv, Vv)dt — L Im(Cy - Vv,tr(C)v)dt

ov

2
o drdt

T T
—2J Im (Cy - Vv,Cyy - Vv)dt—ZI Im (tr(C)v,Cyy - Vv)dt.
0 0

(3.32)
Now we prove the inverse inequality (3.26). It will be done by steps.
Step 1. We prove that the weak solution of (2.2) satisfies
> (T ov | 2
ar | vo +J J (Cm(y)-») 3, drdt > ay||vol|". (3.33)
0 JT(y) v
We note that from (H2) we have
T T
zj Re(C- Vv, V)dt > Zocj ]2t (3.34)
0 0
Now, from the second estimate we have
t t
lv]|? = ||vo||2exp ( - J tr(C)dr) —Im (vo,Cy - Vvg) exp ( - I tr(C)dr)
0 0
(3.35)

t t
+Im(v,Cy - Vv) — J Im(v,C'y - Vv)exp ( - J tr(C)dr) ds,
0 0
therefore,

T T
2| Re(C v, = 20| v
0 0
L (T t T t
= 2al|vo| J exp ( - I tr(C)dr) dt — ZaJ Im (v, Cy - Vvg) exp (—J tr(C)dr)dt
0 0 0 0

T T rt t
+20cJ Im(v,Cy - Vv)dt — Zaj J Im(v,C"y - Vv)exp < - J tr(C)dr) dsdt.
0 0 Jo 0

(3.36)
Observe that for each ej; = (6;-‘), k=1,...,n, where
1 ifj=k,
ok = 3.37
! {o if j # k, (3:37)

we have, from (H2), that C(t)ejx - ejk > alejx|* = a and C(t)ejk - ejx = Cuk (1), for all k =
1,...,nforall t € [0, T], then C(t) = & > 0 and, therefore,

tr(C) = na > 0. (3.38)
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From (3.38), it follows that, for all s,t € [0, T], s < t,
t T
0< f tr(C)dr < J tr(C)dr, (3.39)
s 0
and then

exp ( _ JTtr(C)dr> < exp ( _ f ttr(C)dr) <1 (3.40)

0 s
Therefore,

2a|wol|? JOT exp ( - ﬂtr(C)dr) dt
(3.41)

T T
> 2a||v0||zj exp ( - J tr(C)dr) dt = 2aTCy(T)||v||".
0 0
We also have

—ZaJOTIm(Vo,Cy- VVO)CXP<_J;tr(C)dr>dt (3.42)

> 2a|w| ||v0||j0T 1C(t)y | dt.

Observe that |C(t)y| = |yl forallt € [0, T], because {C(¢)}>¢ is a family of orthogonal
matrices of R”. Therefore,

T
f |C(t)y|dt < M(T, Q). (3.43)
0

Substituting (3.43) in (3.42) we obtain

T t
—ZaL Im (v, Cy - Vvg) exp ( - L tr(C)dr) dt = —2aM(T,Q)|vo|||vol|- (3.44)

From Young’s inequality we get

T t - 2
—20¢J Im (vo,Cy - V) exp ( - J tr(C)dr)dt > M lvo|* = €l|wol’,
0 0

(3.45)
where € > 0.
(i) Analysis of 2a [} Im(v,Cy - Vv)dt.

We observe that from the second estimate there exists a constant «; > 0 such that

lv(®)]] < Ki|vol|- (3.46)
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Therefore, from Young’s inequality, it follows that

T T
ZaJ Im(v,Cy-Vv)dtz—thzJ [vo| |Cy|||vol|dt
0 0

-M(Q,T)?
2 MERTE 2 el

(ii) Analysis of —2a fOT Jo Im(v,C"y - Vv) exp(— fot tr(C)dr)dsdt.
T (ot t
- 2ocJ J Im(v,C'y - Vv)exp ( - J tr(C)dr) dsdt
0 Jo 0

T ot T ot
> —ZaJO L WIIC ylllvlidsdt = —2as3 L L |vo | IC" yl||vo||dsdt

M(Q,T,
> (HL) 2 g

Substituting (3.42), (3.45), (3.47), and (3.48) in (3.36) we obtain

M(a, T,n,Q))°

T
2 Re(C- v, 9t = (200, T) 36 Il - ( - 10|
0

Choosing € > 0 such that 0 < € < 2M(a, T')/3, then we have

T
ZJ Re(C- Vv, Vv)dt = oc4(T)||v0||2 — (xs(T)|v0|2,
0

where a4(T) and as5(T) are positive constants.
(iii) Analysis of —2 [ Im(Cy - Vv,Cyp - Vv)dL.

T T
—ZL Im (Cy - Vv,Cy - Vv)dt > —ZJO ICyllIvIl| Cyo | llvildt
T
> —2M(Q)J IvlIdt.
0
From (3.35) and (3.40), it follows that
T , T
JO IvII2dt < ||vo] T+JO | (vo,Cy - Vvp) | dt

T T
+J |(v,Cy-Vv)|dt+TJ |(v,C'y - Vv)|dt
0 0

M(Q,T,n

2 ) 2 3€ 2
< 1= ML 2 3

Substituting (3.52) in (3.51), we get

T
—ZJ Im (Cy - Vv,Cyg - Vv)dt

0
M(Q’T>n) |V0|2—€M
€

> _2M(Q, T)||wo| [ (Q)[voll-

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)



G. O. Antunesetal. 19

(iv) Analysis of —2 fOT Im(tr(C)v,Cy, - Vv)dt.

T T
—ZJ Im (tr(C)v,Cyo - Vv)dt > —2J | tr(C)v]| | Cyo| I VvIdt
0 0

, (3.54)
(M(T,Q)) 2 2
2 ——————|v|" —€lnl|"
€
(v) Analysis of — fOT Im(Cy - Vv, tr(C)v)dt.
T
—J Im (Cy - Vv, (trC)v)dt
0
T T
> —L ICylIvl| (e Cv | dt = —L M@, D)|v(0)]] | v(r) |t (3.55)
M(Q,T,a))’
=M@ o)l [w] =~ BTE 12 €2
€ 2
We also have
(v,Cm(y) - Vv) |0T = (v(T),Cm(y) - Vv(T)) — (vo,Cm(y) - Vwg), (3.56)
therefore, from Young’s inequality, it follows that
M(Q,« z €
(vCm(y) - 9y |§ = MDAy 12 e (3.57)

Substituting (3.50), (3.53), (3.54), (3.55), and (3.57) in (3.32) we obtain, after some
computations, that the weak solution of (2.2) satisfies (3.33).
Step 2. We prove in this step that if v is a weak solution of (2.2) then there exists a constant
A > 0 such that

2
W drdt. (3.58)
oy

2 T 0
AMvo|” < L J;(yw (Cm(y)-»)

In fact, we argue by contradiction. Suppose (3.58) is false. Considering vo € Hj(Q),
there exists a sequence (v,) of strong solutions of (2.2), v,,(0) = vg,, such that

JOT Jr(yo) (Cm(y)-)

and we can suppose |vo,| = 1. Then, from (3.59), we obtain

Jim JOT L(yo) (Cm(y)-)

ov

2
1 2
5 drdt < ; | Vou | , (359)

ov

2
drdt=0 (3.60)
oy

strongly.
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In Step 1 we proved that

v |?
v

(3.61)

Cilvou]* + J;)T L(yo) (Cm(y) -»)

The left-hand side of (3.61) is bounded, then it follows that (vg,) is bounded in Hi(Q).
Since the embedding of H} (Q) in L?(Q) is compact, it follows that we can extract a sub-
sequence, still represented by (vy,), such that

lim vp, = vo  strongly in L2(Q). (3.62)

U—oo0

Since [vo,| = 1, it follows that

[vo] = 1. (3.63)
We also have
[vu(8) = vy () | < C(T) [vou = voy |, (3.64)
which implies that
lim,_ov, =v in C°([0, TL*(Q)). (3.65)

Integrating by parts for & € L*(0, T; Hi(Q) N H*(Q)) and & € L*(0, T;L*(Q)), with
£(0) = &(T) = 0, we obtain

JQ"“( ~& —iANE—(Cy-VE))dydt=0. (3.66)
When gy — o in (3.66) we have

JQV(?HA?HCy- vE)dydt =0,

v(0g) = vy.

(3.67)

We transform (3.67) into a noncylindrical problem on Q by the mapping y =K (t)x,
x € Q. Consider 0(x,t) = v(K~1(t)x,t), where v is the weak solution, then 6 € C°([0, T];
HY(). X o

Represent by G a bounded convex set of R” such that its closure contains Q and Z(yy).
LetObe GN @ #+ & and let 5(x, t) equal to 0(x,t) on @ and zero outside. We prove that

0 —iAd =0 in the sense of @' (G). (3.68)

By definition, § = 0 on G\ Q, then 8 = 0 on G by Holmgren’s theorem. Therefore, 0 =
0 =0on Q and then v = 0. This is a contradiction because |vy| = 1. O
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4. Ultra weak solutions or solutions by transposition

Let us consider the following nonhomogeneous mixed problem:

Lv=0 onQ,
vy=w onzx, (4.1)
v(0)=vy inQ,
where Lv = v" —iAv+ Cy - Vv was defined in Section 2.
We are looking for a concept of a solution for (4.1). Let us suppose w € L2(Z), vy €

H~(Q) and consider a function 6 = 6(y,t) sugh that 0 =0onXand O(T) = 0(y,T) =0
for y € Q. Multiplying both sides of (4.1) ; by 8 and integrating on Q, we obtain

T —
J J (V' —iAv+Cy - Vv)Bdydt = 0. (4.2)
0 JQ

We have the following.
(i)

T B T T
j J v'@dydtzj v, 0)dt = (v(T),G(T))—(v(O),G(O))—J W 0)dt  (43)
0 JQ 0 0

or
JOT L} v'0dydt = —(v(0),0(0)) — LT L} v0'dy dt. (4.4)

(i) — Jy [ iAvBdyadt.
By Green’s formula,

j AvBdy J Vvvody - J—Hdl“

(4.5)
—j vAOdy = J VvWody — Jv—dl‘
Observe that by hypothesis 8 = 0 on X. Then,
—1J J Avedydt_—zj J vAGdydtHJ jv—drdt. (4.6)
(iii) [y [oCy - VvOdydt.
By Gauss’ lemma we have
J i(vc 0)dy =0 (4.7)
0o wykt)ay =0, .

because 6 =0 on 2.
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From (4.7), it follows that

KL kg I .
L) a)/l cy0dy + J;) vewd;0dy + chlkyk 3 dy=0 (4.8)

or

T T T
J J Cy-Vv@dydtz—J J tr(C(t))v@dydt—J J vCy - VOdydt. (4.9)
0 Jo 0 Jo 0 Jo

Adding (4.4), (4.6), and (4.9) and observing (4.2), we get

—(vo,0 J Jv—dl"dt+[ v(—0 —iA0 —tr(C(t))0 - Cy - VO)dydt = 0.
(4.10)
Hence,
—J (0 M0+ r(C)0 + Cy - VO)dydt = (vy,0 —zf Jv—dl‘dt (4.11)
Q

Now, we formulate the concept of solution by transposition or ultra weak solution for
the problem (4.1).

Given f € L'(0, T;H} (Q)), let 6 be the weak solution of the following backward mixed
problem

L*0=—-f inQ,
0=0 onZX, (4.12)
0(T)=0 onQ,

where L*0 = 0" —iAO+tr(C)0+Cy - VO according to Section 2.

Reversmg time in (4.12) and defining H(y,t) — 1), f y,t)=f(y,T —1t), and
( ) = —C(T —t), we obtain
0 +ir0+tr(C)0+Cy - VO = f. (4.13)

Then, we obtain from (4.12) the equivalent problem

~

'~ in+t(C)0+Cy-VO=f inQ,

>\

(4.14)

Dy D D
I
o
o
=)
M

(0)=0 onQ,

which, by Section 2, Theorem 2.1, has only one weak solution 5 Therefore, we have the
following definition.
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Definition 4.1. Forvy € H-1(Q) and w € L%(X), the solution by transposition of the prob-
lem (4.1) is called the unique function v € L*(0, T; H'(Q)) such that

T .00
J‘(vULfU»quMHMmdtz(vaKD)—J~Wﬁ%drdt (4.15)

0 z

forall f € L'(0, T; Hj(Q)), where 6 is the weak solution of (4.12).

TueOREM 4.2. Given vy € H1(Q) and w € L*(X), there exists only one ultra weak solution
v € L*(0, T; H~1(Q)) of the nonhomogeneous boundary value problem (4.1).

Proof. The existence is a consequence of Riesz representation theorem for continuous
linear functional on L' (0, T; H} (Q))).

For the uniqueness, suppose we have two ultra weak solutions v and ¥ corresponding
to vy and f. Then, by definition of ultra weak solution, we have

(v=v,f)=0, (4.16)

where (-, -) is the duality between L* (0, T; H~'(Q)) and L' (0, T; H} (Q)). Then, by Hahn-
Banach theorem, we have v — v = 0. O

5. Exact controllability

In this section, at first, we solve the problem of the exact controllability for the nonho-
mogeneous boundary value problem on the cylinder Q:

v —iAv+Cy-Vv=0 onQ,
v=w onl, (5.1)
v(0) =vg in Q.

Later, we obtain the exact controllability result for the nonhomogeneous mixed prob-
lem (1.5) on the noncylindrical domain é

The problem of exact controllability for (5.1) can be formulated as follows: given T >
0, find a Hilbert space H such that for each initial data vy € H, there exists a control w
belonging to a space of controls on ¥ such that the corresponding solution v(y,t,w) of
(5.1) verifies the condition

v(y, T,w)=0 VyeQ. (5.2)

THEOREM 5.1. Let Q be a regular, bounded open set of R" and suppose that (H1) and (H2)
hold. If T > 0, then, for each vo € H™'(Q), there exists a control w € L*() such that v,
solution of problem (5.1), satisfies the condition

v(y, T, w)=0 VyeQ. (5.3)

Proof. In order to prove the exact controllability for (5.1), we employ HUM (hilbert
uniqueness method) idealized by Lions [8]. We describe the method by steps.



24 Schrodinger equations in noncylindrical domains

Step 1. Given ¢o € D(Q), let us consider the adjoint problem
¢'—iAp+Cy-Vop+tr(C)p=0 inQ,
$=0 onZ, (5.4)
(/5(0) = ¢0 iIl Q.

We know by Section 1 that (5.4) has a strong solution. By the direct inequality, we
obtain

a—¢ S LZ(Z). (5.5)
v

Step 2. We solve the nonhomogeneous backward problem

Yy —iAy+Cy-Vy=0 inQ,

.0
P i (5.6)
0 in E\Z(y),

w(T)=0.
Note that (5.6) is a nonhomogeneous backward problem of the type studied in

Section 4. To obtain, from (5.6), the system (4.1) of Section 4, it is sufficient to consider
the change of variable T — t in place of t.

The operator A. From the solution y of (5.6), we define the application
Ao} = y/(0). (5.7)

Observe that, from ¢y € D(Q2), we obtain the solution ¢ of (5.4) with regularity (5.5)
for the normal derivative. Then, the problem (5.6) is well posed, from which we define A.
Step 3. Multiplying both sides of (5.6) by ¢, the solution of (5.4), and integrating on Q
we obtain

\ (T 9%
0= (Ly,) = (y,L*¢) + (w(T),¢(T)) - (y(0),6(0)) +zj0 ngdrdt. (5.8)

That is,
T a(p 2
0= —(y(0), o) + JO L ‘ | arar (5.9)
Therefore,
T 2
(v(0), do) = L L ‘ g—‘f drdt. (5.10)
Substituting (5.7) in (5.10), we obtain
T 9 2
(Aot ¢0) = JO L'a_(f drdt. (5.11)
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If we consider ¢, { € D(Q) and we represent by ¢ and { the corresponding weak
solution of (5.4), we obtain, by the same argument used to obtain (5.10), that

"1 ogaC
(Ao}, o) = L L 5 5drdt. (5.12)
We define in 9(Q)) the quadratic form
2 T a¢ 2
|lgollz = L L 5| drd. (5.13)

Remark 5.2. Tt follows from the direct inequality that the quadratic form defined above
is a norm in %(Q), induced by the inner product

(T[99
(‘p:()F = JO L‘ gadrdt (5.14)
defined in D(Q) X D(Q).

Let us represent by F the completion of %(Q) with the Hilbertian norm (5.13).
It follows from the remark above and (5.11) that

(Aot C0) = (d0,0). (5.15)

Then, b(¢o, o) = (A{¢o}, o) is a sesquilinear form, Hermitian, and strictly positive in
D(Q) X D(Q). Its continuity follows from Schwarz inequality. In fact,

[6(¢0,60) | = [{A{go}sd0) | < [Ibol [ IS0l (5.16)

It follows that b(¢o, {p) has a unique extension by closure, to the completion F of 9(Q2).
Let us still represent by b(¢,(p) this extension. It is sesquilinear, Hermitian, and strictly
positive in F. Then, by Lax-Milgram’s lemma, given v, € F’, dual of F, there exists a
unique ¢y € F such that

(Ao}, ) = b(do,G0) = (vo,l0) Vo €F (5.17)
This means that, given vy € F’, there exists a unique ¢y € F such that
Algo} =vo inF. (5.18)

But, by (5.7), we have A{¢y} = y(0), which implies that the ultra weak solution y of
the backward problem (5.6) satisfies the initial condition y(0) = v,. It follows, by unique-
ness, that ¥ = v and then v(T') = 0, which is the condition (5.2).

We need only to characterize, in terms of space of functions on ), the completion F
of W(Q) with respect to the norm || - [|g given by (5.13).

In fact, from inverse and direct inequalities, we have

T ) 2
Goligoll < [ [ | 55| ara<cililr, (5,19
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which implies that the norm || ||r in 9(Q), defined in (5.13), is equivalent to the norm
H}(Q). Therefore, F = H} (Q) and F' = H™'(Q). O

The proof of Theorem 1.1 follows from the previous theorem and the diffeomorphism
7 defined in Section 1.

Appendix

The objective of this appendix is to prove an identity in order to modify the surface inte-
gral

2
dr (A1)

Vin

d
Joenton| 5

that appears in the second estimate.
In fact, let us consider the approximate equation

(v (), w;) +i((vin (), w))) + (C()y - Vvm(£),w;) +tr (C(1)) (vin(£),w;) = (f (£),w}).
(A.2)

Let us consider L?(Q) = V,, ® V,} and P, the orthogonal projection from L*(Q) on
V.n. We know that
(i) Py, is bounded, self-adjoint;
(ii) Pyw =wforallw € V,,;
(iii) Ppw = 2721 (w,wj)w; for each w € L*(Q).
Multiplying both sides of the approximate equation (A.2) by w; and adding for 1 <
j < m, we obtain that

Vi — iAVy + Py [C(8)y - Vi | +tr (C(2)) Vi = P f- (A.3)
Taking the inner product of both sides of (A.3) with C(¢)y - Vv,,, we obtain

(Vs CO)y - Vv) = i(Avi, C(8) y - Vvi) + (P [C()y - Vv [, C(1)y - Vvy)

A4
10 (O(8) (15, C(B)y - Tvm) = (P C(E)y - Tvm). (A4

Note that P2, = P,,, then (P,[C(t)y - Vviu],C(1)y - Vvy) = [Pu[C(t)y - Vv, ]|? is real.
Taking the double of the imaginary parts of both sides of (A.5), we have

2Im (v,,,C(1)y - Vv) — 2Imi(Av,,, C(t) y - V)

A5
+2tr (C(1) Im (v (), C(1)y - Vvi) =2Im (P f, C(£)y - V). (A.5)
Observing that Im(iz) = Rez, we modify (A.5), obtaining
2Im (v,,,C(£)y - Vvy) —2Re (Avy, C(8)y - Vvy,)
Y Y (A.6)

+2tr (C() Im (v (), C(1)y - Vi) =2Im (P f, C()y - V).

(i) Analysis of 2Im (v;,, C(£)y - Vvp).
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We have

%(vm,C(t)y- Vm) = Vi, C)y - V) + (v, C' (1) y - Vo) + (v, C(8) y - Vv,,,).

(A.7)
By Gauss’ lemma,
J 0 (vimCui ykv),)dy =0 (A.8)
Q 8 ’
that is,
- o
Clkykv dy+ vmc,k5, v, dy+ | vmCuyi 3 dy=0. (A.9)
Q 1
Therefore, from (A.9), we get
(v, C(t)y - Vv,,) = tr(C) (v, v,) + (C(E) y = VY, vyy). (A.10)
Substituting (A.10) in (A.7), we obtain
(Vo C(t)y - Vvm) = (C(t)y - Vv, v,,)
(A.11)

= %(Vm,C(t)y V) = (Vs C () = V) +11(C) (Vs VL)

Note that z —z = 2ilmz and —i(z — Z) = 2Imz, which implies

2Im (v,,,C(£)y - Vvy) = —ii (Vs C)y - Vv) +i(vin, C'(£)y - V) — itr(C) (Vs Vi)

dt

(A.12)

Taking the real parts of both sides in the last equality, we obtain

2Im (v,,,C(t)y - V) = Imi(v Ct)y-Vvu)
m> y m dr\Vm y 'm (A13)
—Im (v, C' (1) y - Vv) +Imtr(C) (v, v,,)-
From the projection (A.3), we have

—Vy = —iAVy + Pp[C()y - Vv | +tr (C(t)) Vi — P f. (A.14)

Taking the inner product of both sides of (A.14) with v,, and taking the imaginary
parts of both sides, we obtain

Im (= v, Vi) = = Imi(Avi, Vi) +Im (P [C()y - VY Vin]) = Im (P f, Vim)-
(A.15)

Observe that (P,[C(t)y - V], vm) = (C(£)y - Vi, V), because Py, is self-adjoint
and P,V = V.
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Therefore, from (A.15), it follows that
Im (= v, Vi) = —Re (AVi, Vi) +Im (C(£) y + Vi, Vi) — Im (P f V). (A.16)
From (A.16), we obtain

tr (C(t)) Im (v, vy,) = tr (C(t))vaH2 +tr (C(8)) Im (C(t) y - V'V, Vi)

(A.17)
—tr (C(1)) Im (P, f, Vim)-

We modify (A.13), by means of (A.17) and obtain

2Im (v,,,C(t)y - V) = Im%(vm,C(t)y V) =Im (v, C (1) y - Vo)

+1r (C(t)) ||vm||2 +tr (C() I ((£)y - Vs Vi) (A.18)
—tr (C(8)) Im (P f, Vin)-

From the second estimate, we have

2Re (Vv (t) - C(1)y, —Avi(£)) = 2Re (Vv (1) - C(t) y, V(1))

2 (A.19)

W | ar,

— (€O - [ Coy -] 52

Substituting (A.18) and (A.19) in (A.6), it follows that

2
- L C(t)y - v‘ aaL;” ‘ dT +2Re (Vv (t) - C(t)y, V(1)) —‘[r(C(t))||vm(t)||2

=2Im (me,VVm(t) : C(t))’) +1tr (C(¢)) Im (me) Vi)

A.20
—tr (C(£)) Im (v (£), C(£)y - Vv) — te(C(1)) ||V 20

- %Im(vm,C(t)y V) +Im (v, C' () y - Vo).
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