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1. Introduction

In this article, we are interested in the following wave coupled system with nonlinear
damping and source acting both interior and on boundary:

u′′+β1Δ
2u−Φ(‖∇u‖2,‖∇v‖2)Δu−β2Δu

′+a(u− v)+g1(u′)=h1∗ J1(Δu) in Ω, t > 0,
(1.1)

v′′ −Φ
(‖∇u‖2,‖∇v‖2)Δv−β3Δv

′ + a(v−u) + g2(v′)= 0 in Ω, t > 0, (1.2)

u= ∂u

∂ν
= 0 on ∂Ω, t > 0, (1.3)

v = 0 on σ , t > 0, (1.4)

Φ
(‖∇u‖2,‖∇v‖2)∂v

∂ν
+β3

∂v′

∂ν
+ v+ v′ + g(v′)= h2∗ J2(v) on Γ, t > 0, (1.5)

u(0,x)= u0(x), v(0,x)= v0(x) in Ω, (1.6)

u′(0,x)= u1(x), v′(0,x)= v1(x) in Ω, (1.7)

where

h1∗ J1
(
Δu(t)

)=
∫ t

0
h1(t− s)J1

(
Δu(s)

)
ds,

h2∗ J2
(
v(t)

)=
∫ t

0
h2(t− s)J2

(
v(s)

)
ds,

(1.8)
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and βi ≥ 0, i = 1,2,3 are constants, Ω is a bounded domain in Rn with C2 boundary
∂Ω= Γ∪ σ , mes{σ} �= 0 and Γ∩ σ =∅, ν is the outward unit normal vector, u′ = du/dt,
u′′ = d2u/dt2, . . . ,Δ2 is the biharmonic operator, and Φ(s) is C1 class function like 1 + s.
Moreover gi, hi, Ji, i= 1,2, are functions satisfying some general assumptions.

From the physical background, when Φ(s) = 1 and β2 = β3 = g1 = g2 = h1 = 0, (1.1)
and (1.2) reduce to the so-called Petrovsky equation and wave equation. They are sim-
plified models of elastic plates, beams, vibrating strings, membranes or elastic materials,
and so forth. As an example in engineering, rubber and rubber-like materials are used to
absorb vibration or shield structures from vibration. When dimension n= 2, Oniszczuk
[13] studied the free transverse vibrations of an elastically connected rectangular plate-
membrane systems. This vibratory system model considered comprises a three-layered
structure which is composed of a thin plate, a massless elastic layer modelled as a ho-
mogeneous Winkler-type foundation, and a parallel membrane stretched uniformly by
suitable constant tensions applied at the edges. In this paper, we will consider a class of
generalized plate-membrane-like system showed in (1.1)–(1.7), where Φ(s) = 1 + s ap-
pear known as the Kirchhoff-type equation which means we consider the extensible plate
and membrane. In this physical aspect of Kirchhoff-type coefficient, we refer the reader
to Choo and Chung [6] and Ma [12].

So far, many authors have considered the similar viscoelastic problems with damping
and source term acting in the domain or on the boundary. Among them in case of single
equation, we can cite Cavalcanti et al. [5] and Aassila et al. [2]. We also mention the
works connected with viscoelastic effects such as Jiang and Muñoz Rivera [9]. Cavalcanti
et al. [4] studied the existence and exponential decay for a Kirchhoff-carrier model with
viscosity. Furthermore, related to blowup of solutions in the domain we can cite the work
of Vitillaro [16] and Georgiev and Todorova [7]. In the case of dissipative coupled systems
of the wave equations, Aassila [1] studied a linear system of compactly coupled wave
equations with nonlinear boundary frictional damping in both equations. He obtained
the decay estimates of energy of the corresponding solutions. Some other coupled systems
with internal damping or with another coupling type can be found in [10, 15].

In the case of Φ(s) = 1, β2 = β3 = h1 = h2 = 0, and Dirichlet boundary condition,
Guesmia [8] studied the so-called nonlinear coupled wave equation and Petrovsky sys-
tem. Moreover, when Φ(s) = 1, β2 = β3 = h1 = 0, and J2 has a concrete form, Bae [3]
studied the similar systems to systems (1.1)–(1.7).

In this paper, we will research existence, uniqueness, and uniform decay of solutions of
systems (1.1)–(1.7). A distinctive character in this paper is to deal with the difficulties ap-
pearing in the proof of existence and exponential decay when Kirchhoff-type coefficients
occur and h1∗ J1(Δu), h2∗ J2(v) appear as the internal and external sources, respectively.
Meanwhile, we use the generalized assumption and remove some restriction on h2 com-
pared to [3]. In order to obtain the exponential decay of the energy, we make use of the
perturbed energy method, for instance Komornik and Zuazua [11].

Our paper is organized as follows: in Section 2, we give out an assumption and state
the main result. In Section 3, we exploit the Faedo-Galerkin’s approximation, a priori
estimates, and compactness arguments to obtain the existence of solutions. In Section 4,
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uniqueness is proved under additional assumptions. In Section 5, the exponential decay
of solution is obtained by using the perturbed energy method.

2. Assumptions and main results

Throughout this paper, use the following notation:

(u,v)=
∫

Ω
u(x)v(x)dx, ‖u‖2 =

∫

Ω

∣
∣u(x)

∣
∣2
dx,

(u,v)Γ =
∫

Γ
u(x)v(x)dΓ, ‖u‖2

Γ =
∫

Γ

∣
∣u(x)

∣
∣2
dΓ,

(2.1)

and denote V := {v ∈H1(Ω) : v|σ = 0}, a closed subspace of H1(Ω).
Furthermore, we pointed out some facts to be used later:

‖v‖2 ≤ μ1‖Δv‖2, v ∈H2
0 (Ω);

‖v‖2 ≤ μ2‖∇v‖2, ‖v‖2
Γ ≤ μ3‖∇v‖2, v ∈H1

0 (Ω).
(2.2)

Now we state the main hypothesis in this paper.

(A.1) Assumption on initial condition. Let u0 ∈ H4(Ω)∩H2
0 (Ω), u1 ∈ H2(Ω)∩H1

0 (Ω),
and v0,v1 ∈V ∩H2(Ω) verifying the compatibility condition

Φ
(∥
∥∇u0

∥
∥2

,
∥
∥∇v0

∥
∥2
)∂v0

∂ν
+β3

∂v1

∂ν
+ v0 + v1 + g

(
v1)= 0 on Γ. (2.3)

(A.2) Assumption on gi, i= 1,2. gi :R→ R, i= 1,2, are nondecreasing C1 functions sat-
isfying gi(0)= 0, and there exist positive constants α1,α2 such that

α1|s| ≤
∣
∣gi(s)

∣
∣≤ α2|s| ∀s∈R, i= 1,2. (2.4)

(A.3) Assumption on g. g : R→ R is a C1 function and there exist positive constants α3,
α4, α5 such that

α3|s|ρs≤ g(s)≤ α4|s|ρs ∀s∈R,

α5|s|ρ ≤ g′(s) ∀s∈R,
(2.5)

where ρ > 0.

(A.4) Assumption on J1. J1 :R→R is a C0 function verifying

∣
∣J1(s)

∣
∣≤M1

(
1 + |s|), ∀s∈R, (2.6)

where M1 is a positive constant.
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(A.5) Assumption on J2. J2 :R→R is a C0 function such that J2(0)= 0 and there exists a
positive constant M2 verifying

∣
∣J2(s)− J2(t)

∣
∣≤M2

(|s|γ + |t|γ)|s− t| ∀s, t ∈R, (2.7)

where γ > 0.

(A.6) Assumption on hi, i= 1,2. Assume that hi ∈W1,1(0,∞)∩W1,∞(0,∞) are nonneg-
ative functions verifying

hi(0)= 0, h′i (t)≤−M3hi(t) ∀t ≥ t0 > 0, (2.8)

where M3 is a positive constant.

(A.7) Additional assumption on a and hi, i= 1,2. Let a < 1/√μ1μ2 and let hi verify

l1 := a−
∫∞

0
h1(s)ds > 0, l2 := 1−

∫∞

0
h2(s)ds > 0. (2.9)

Next we define the energy E(t)

E(t)= 1
2

(∥
∥u′(t)

∥
∥2

+
∥
∥v′(t)

∥
∥2

+
∥
∥∇u(t)

∥
∥2

+
∥
∥∇v(t)

∥
∥2

+
∥
∥v(t)

∥
∥2
Γ

)
+
a

2

∥
∥u(t)

∥
∥2

+
a

2

∥
∥v(t)

∥
∥2

+
β1

2

∥
∥Δu(t)

∥
∥2

+
1
4

(∥
∥∇u(t)

∥
∥2

+
∥
∥∇v(t)

∥
∥2
)2−

∫

Ω
au(t)v(t)dx.

(2.10)

Here, it is easy to see that the energy is nonnegative.

Theorem 2.1. Let Assumptions (A.1)–(A.6) hold, in which γ, ρ satisfy 0 < γ ≤ ρ ≤ 1/(n−
2) if n≥ 3, γ,ρ > 0 if n= 1,2, then problem (1.1)–(1.7) has at least a solution (u,v) : Ω→R2

such that

(u,v)∈ L∞(0,∞;H2
0 (Ω)

)×L∞(0,∞;V),

(u′,v′)∈ L∞(0,∞;H2
0 (Ω)

)×L∞(0,∞;V),

(u′′,v′′)∈ L∞(0,∞;L2(Ω)
)×L∞(0,∞;L2(Ω)

)
.

(2.11)

Furthermore, if γ = ρ, M3/(γ+ 2) > (α3/2‖h2‖∞)−1/(γ+1), and Assumption (A.7) holds, the
following decay estimate is obtained:

E(t)≤ C exp(−ξt) ∀t ≥ t0, (2.12)

where C and ξ are positive constants. In addition, if J1 is global Lipschitz, then the solution
is unique.
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3. Existence of solutions

The variational formulations of problem (1.1)–(1.7) are the following:

(u′′,w) +β1(Δu,Δw) +
(
1 +‖∇u‖2 +‖∇v‖2)(∇u,∇w) +β2(∇u′,∇w)

+
(
a(u− v),w

)
+
(
g1(u′),w

)

=
∫ t

0
h1(t− s)(J1

(
Δu(s)

)
,w
)
ds, w ∈H2

0 (Ω),

(v′′,w) +
(
1 +‖∇u‖2 +‖∇v‖2)(∇v,∇w) +β3(∇v′,∇w) +

(
a(v−u),w

)

+
(
g2(v′),w

)
+ (v,w)Γ + (v′,w)Γ +

(
g(v′),w

)
Γ

=
∫ t

0
h2(t− s)(J2

(
v(s)

)
,w
)
Γds, w ∈V.

(3.1)

We will prove the existence of Theorem 2.1 in 5 steps.

Step 1 (approximate solutions). Let {wj(x)} j∈N be a base of H2
0 (Ω) which is orthonor-

mal in L2(Ω), Vm the subspace of H2
0 (Ω) generated by the first m vectors of {wj}. Let

{w̃ j(x)} j∈N be a base of V ∩H2(Ω), orthonormal in L2(Ω), Ṽm the subspace of V ∩
H2(Ω) generated by the first m vectors of {w̃ j}. We seek the approximate solutions

um(t,x)=
m∑

j=1

gjm(t)wj(x), vm(t,x)=
m∑

j=1

g̃ jm(t)w̃ j(x) (3.2)

of the following Cauchy problem:

(
u′′m,w

)
+β1

(
Δum,Δw

)
+
(

1 +
∥
∥∇um

∥
∥2

+
∥
∥∇vm

∥
∥2
)(∇um,∇w)+β2

(∇u′m,∇w)

+
(
a
(
um− vm

)
,w
)

+
(
g1
(
u′m
)
,w
)=

∫ t

0
h1(t− s)(J1

(
Δum(s)

)
,w
)
ds, w ∈Vm,

(3.3)

(
v′′m,w

)
+
(

1 +
∥
∥∇um

∥
∥2

+
∥
∥∇vm

∥
∥2
)(∇vm,∇w)+β3

(∇v′m,∇w)+
(
a
(
vm−um

)
,w
)

+
(
g2
(
v′m
)
,w
)

+
(
vm,w

)
Γ +
(
v′m,w

)
Γ +
(
g
(
v′m
)
,w
)
Γ

=
∫ t

0
h2(t− s)(J2

(
vm(s)

)
,w
)
Γds, w ∈ Ṽm,

(3.4)
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satisfying the initial conditions

um(0)= u0
m =

m∑

j=1

(
u0,wj

)
wj −→ u0 in H2

0 (Ω),

u′m(0)= u1
m =

m∑

j=1

(
u1,wj

)
wj −→ u1 in H2

0 (Ω),

vm(0)= u0
m =

m∑

j=1

(
v0,w̃ j

)
w̃ j −→ v0 in V ∩H2(Ω),

v′m(0)= v1
m =

m∑

j=1

(
v1,w̃ j

)
w̃ j −→ v1 in V ∩H2(Ω).

(3.5)

According to the ODE theory, we can solve the system (3.3)–(3.5) by Picard’s iteration.
Hence, this system has unique solution on interval [0,Tm] for each m. The following
estimates allow us to extend the solution to the closed interval [0,T].

Step 2 (the first estimate). Replacingw by u′m(t) in (3.3) and by v′m(t) in (3.4), respectively,
and adding the results, we get

d

dt

{
Em(t) +

1
γ+ 2

∥
∥vm(t)

∥
∥γ+2
γ+2,Γ

}
+β2

∥
∥∇u′m(t)

∥
∥2

+β3
∥
∥∇v′m(t)

∥
∥2

+
∥
∥v′m(t)

∥
∥2
Γ

+
(
g1
(
u′m(t)

)
,u′m(t)

)
+
(
g2
(
v′m(t)

)
,v′m(t)

)
+
(
g
(
v′m(t)

)
,v′m(t)

)
Γ

=
∫ t

0
h2(t− s)(J2

(
vm(s)

)
,v′m(t)

)
Γds+

∫ t

0
h1(t− s)(J1

(
Δum(s)

)
,u′m(t)

)
ds

+
(∣∣vm(t)

∣
∣γvm(t),v′m(t)

)
Γ,

(3.6)

where

Em = 1
2

(∥
∥u′m(t)

∥
∥2

+
∥
∥v′m(t)

∥
∥2

+
∥
∥∇um(t)

∥
∥2

+
∥
∥∇vm(t)

∥
∥2

+
∥
∥vm(t)

∥
∥2
Γ

)
+
a

2

∥
∥um(t)

∥
∥2

+
a

2

∥
∥vm(t)

∥
∥2

+
β1

2

∥
∥Δum(t)

∥
∥2

+
1
4

(∥
∥∇um(t)

∥
∥2

+
∥
∥∇vm(t)

∥
∥2
)2−

∫

Ω
aum(t)vm(t)dx.

(3.7)

In the following we will use Ci, i = 0,1,2, . . ., to denote various positive constants which
may be different in different places.

By the Assumption (A.4), we have
∫ t

0
h1(t− s)(J1

(
Δum(s)

)
,u′m(t)

)
ds

≤M1
∥
∥h1
∥
∥
L1(0,∞)

∫ t

0

(
‖1 + |Δum(s)|‖2 +

∥
∥u′m(t)

∥
∥2
)
dt

≤ C1

∫ t

0

∥
∥Δum(s)

∥
∥2
ds+C2

∥
∥u′m(t)

∥
∥2

+C3.

(3.8)
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By (A.5), Hölder inequality, and Young’s inequality, we have

(
J2
(
vm(s)

)
,v′m(t)

)
Γ ≤M2

∥
∥vm(s)

∥
∥γ+1
γ+2,Γ

∥
∥v′m(t)

∥
∥
γ+2,Γ

≤ C4(ε)
∥
∥vm(s)

∥
∥γ+2
γ+2,Γ + ε

∥
∥v′m(t)

∥
∥γ+2
γ+2,Γ,

(3.9)

where ε > 0 is arbitrary.
From the embedding Lρ+2(Γ)↩Lγ+2(Γ) as ρ ≥ γ and (3.9), we obtain

∫ t

0
h2(t− s)(J2

(
vm(s)

)
,v′m(t)

)
Γds

≤ ∥∥h2
∥
∥
L1(0,∞)

(∫ t

0
C4(ε)

∥
∥vm(s)

∥
∥γ+2
γ+2,Γds+ εT

∥
∥v′m(t)

∥
∥γ+2
γ+2,Γ

)

≤ C5(ε)
∫ t

0

∥
∥vm(s)

∥
∥γ+2
γ+2,Γds+ εd

∥
∥v′m(t)

∥
∥ρ+2
ρ+2,Γ +C6(ε),

(3.10)

where d = bT‖h2‖L1(0,∞) and b is the embedding constant of Lρ+2(Γ)↩Lγ+2(Γ).
Similarly, we have

(∣∣vm(t)
∣
∣γvm(t),v′m(t)

)
Γ ≤ C7(ε)

∥
∥vm(t)

∥
∥γ+2
γ+2,Γ + ε

∥
∥v′m(t)

∥
∥γ+2
γ+2,Γ

≤ C7(ε)
∥
∥vm(t)

∥
∥γ+2
γ+2,Γ +C8(ε) + ε

∥
∥v′m(t)

∥
∥ρ+2
ρ+2,Γ.

(3.11)

Hence, from (3.8)–(3.11) we get

d

dt

{
Em(t) +

1
γ+ 2

∥
∥vm(t)

∥
∥γ+2
γ+2,Γ

}
+
(
g1
(
u′m(t)

)
,u′m(t)

)
+β2

∥
∥∇u′m(t)

∥
∥2

+β3
∥
∥∇v′m(t)

∥
∥2

+
∥
∥v′m(t)

∥
∥2
Γ +
(
g2
(
v′m(t)

)
,v′m(t)

)
+
(
α3− ε− εd

)∥∥v′m(t)
∥
∥ρ+2
ρ+2,Γ

≤ C1

∫ t

0

∥
∥Δum(s)

∥
∥2
ds+C2

∥
∥u′m(t)

∥
∥2

+C5

∫ t

0

∥
∥vm(s)

∥
∥γ+2
γ+2,Γds+C7

∥
∥vm(t)

∥
∥γ+2
γ+2,Γ +C9.

(3.12)

According to Assumption (A.2), we know that (g1(u′m(t)),u′m(t)) ≥ 0 and (g2(v′m(t)),
v′m(t)) ≥ 0. Moreover, we can choose ε > 0 small enough such that α3 − ε− εd = C0 > 0.
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Therefore, integrating (3.12) over [0, t], we have

Em(t) +
1

γ+ 2

∥
∥vm(t)

∥
∥γ+2
γ+2,Γ +β2

∫ t

0

∥
∥∇u′m(s)

∥
∥2
ds+β3

∫ t

0

∥
∥∇v′m(s)

∥
∥2
ds

+
∫ t

0

∥
∥v′m(s)

∥
∥2
Γds+C0

∫ t

0

∥
∥v′m(s)

∥
∥ρ+2
ρ+2,Γds

≤ C1

∫∫ t

0

∥
∥Δum(s)

∥
∥2
dsdt+C2

∫ t

0

∥
∥u′m(s)

∥
∥2
ds+C5

∫∫ t

0

∥
∥vm(s)

∥
∥γ+2
γ+2,Γdsdt

+C7

∫ t

0

∥
∥vm(s)

∥
∥γ+2
γ+2,Γds+C10

≤ C11

∫ t

0

∥
∥Δum(s)

∥
∥2
ds+C2

∫ t

0

∥
∥u′m(s)

∥
∥2
ds+C12

∫ t

0

∥
∥vm(s)

∥
∥γ+2
γ+2,Γds+C10.

(3.13)

Therefore, from (3.13) and using Gronwall’s lemma we obtain the estimate

1
2

(∥
∥u′m(t)

∥
∥2

+
∥
∥v′m(t)

∥
∥2

+‖∇um(t)
∥
∥2

+
∥
∥∇vm(t)

∥
∥2

+
∥
∥vm(t)

∥
∥2
Γ

)

+
a

2

∥
∥um(t)

∥
∥2

+
a

2

∥
∥vm(t)

∥
∥2

+
β1

2

∥
∥Δum(t)

∥
∥2

+
1
4

(∥
∥∇um(t)

∥
∥2

+
∥
∥∇vm(t)

∥
∥2
)2

−
∫

Ω
aum(t)vm(t)dx+

1
γ+ 2

∥
∥vm(t)

∥
∥γ+2
γ+2,Γ +β2

∫ t

0

∥
∥∇u′m(s)

∥
∥2
ds

+β3

∫ t

0

∥
∥∇v′m(s)

∥
∥2
ds+

∫ t

0

∥
∥v′m(s)

∥
∥2
Γds+C0

∫ t

0

∥
∥v′m(s)

∥
∥ρ+2
ρ+2,Γds≤ L1,

(3.14)

where L1 > 0 is independent of m and t ∈ [0,T].

Step 3 (the second estimate). First we estimate the initial data u′′m(0) and v′′m(0) in the
L2-norm. Choosing w = u′′m(0) in (3.3) and w = v′′m(0) in (3.4), we obtain

∥
∥u′′m(0)

∥
∥2

+β1
(
Δu0,Δu′′m(0)

)−
(

1 +
∥
∥∇um(0)

∥
∥2

+
∥
∥∇vm(0)

∥
∥2
)(
Δu0,u′′m(0)

)

+β2
(∇u1,∇u′′m(0)

)
+
(
au0,u′′m(0)

)− (av0,u′′m(0)
)

+
(
g1
(
u1),u′′m(0)

)= 0,

∥
∥v′′m(0)

∥
∥2− (1 +

∥
∥∇um(0)

∥
∥2

+
∥
∥∇vm(0)

∥
∥2)(

Δv0,v′′m(0)
)

+β3
(∇v1,∇v′′m(0)

)

+
(
av0,v′′m(0)

)− (au0,v′′m(0)
)

+
(
g2
(
v1),v′′m(0)

)
+
(
v0,v′′m(0)

)
Γ

+
(
v1,v′′m(0)

)
Γ +
(
g
(
v1),v′′m(0)

)
Γ = 0.

(3.15)

Hence from Assumption (A.1), (3.15), it is not hard to get
∥
∥u′′m(0)

∥
∥+

∥
∥v′′m(0)

∥
∥≤ L2, (3.16)

where L2 is a positive constant independent of m.
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Differentiating (3.3) and (3.4), replacing w by u′′m(t) and v′′m(t), respectively, then add-
ing the results we get

d

dt
Fm(t) +β2

∥
∥∇u′′m(t)

∥
∥2

+β3
∥
∥∇v′′m(t)

∥
∥2

+
∥
∥v′′m(t)

∥
∥2
Γ +
(
g′1
(
u′m(t)

)
,
∣
∣u′′m(t)

∣
∣2
)

+
(
g′2
(
v′m(t)

)
,
∣
∣v′′m(t)

∣
∣2
)

+
(
g′
(
v′m(t)

)
,
∣
∣v′′m(t)

∣
∣2
)

Γ

=−
(

1 +‖∇um(t)
∥
∥2

+
∥
∥∇vm(t)

∥
∥2
)((∇u′m(t),∇u′′m(t)

)
+
(∇v′m(t),∇v′′m(t)

))

− 2
((∇um(t),∇u′m(t)

)
+
(∇vm(t),∇v′m(t)

))

× ((∇um(t),∇u′′m(t)
)

+
(∇vm(t),∇v′′m(t)

))
+
∫ t

0
h′2(t− s)(J2

(
vm(s)

)
,v′′m(t)

)
Γds

+
∫ t

0
h′1(t− s)(J1

(
Δum(s)

)
,u′′m(t)

)
ds≤ C13(ε)

(∥
∥∇u′m(t)

∥
∥2

+
∥
∥∇v′m(t)

∥
∥2
)

+ ε
(∥
∥∇u′′m(t)

∥
∥2

+
∥
∥∇v′′m(t)

∥
∥2
)

+
∫ t

0
h′2(t− s)(J2

(
vm(s)

)
,v′′m(t)

)
Γds

+
∫ t

0
h′1(t− s)(J1

(
Δum(s)

)
,u′′m(t)

)
ds,

(3.17)

where we denote that

Fm(t)= 1
2

∥
∥u′′m(t)

∥
∥2

+
β1

2

∥
∥Δu′m(t)

∥
∥2

+
1
2

∥
∥v′′m(t)

∥
∥2

+
1
2

∥
∥∇u′m(t)

∥
∥2

+
a

2

∥
∥u′m(t)

∥
∥2

+
a

2

∥
∥v′m(t)

∥
∥2

+
1
2

∥
∥v′m(t)

∥
∥2
Γ +

1
2

∥
∥∇v′m(t)

∥
∥2

−
∫

Ω
au′m(t)v′m(t)dx.

(3.18)

Noticing that (γ+ 1)/(2γ+ 2) + (1/2) = 1, Assumptions (A.5), (A.6), the embedding
H1(Ω)↩Lq(Γ) for 1≤ q ≤ (2n− 2)/(n− 2), and the first estimate (3.14), we obtain

∫ t

0
h′2(t− s)(J2

(
vm(s)

)
,v′′m(t)

)
Γds

≤M2
∥
∥h′2
∥
∥
L1(0,∞)

∫ t

0

{(∫

Γ

∣
∣vm(s)

∣
∣2γ+2

dΓ
)(γ+1)/(2γ+2)(∫

Γ

∣
∣v′′m(t)

∣
∣2
dΓ
)1/2

}

ds

≤M2
∥
∥h′2
∥
∥
L1(0,∞)

∫ t

0

{
C14
∥
∥∇vm(s)

∥
∥γ+1∥∥v′′m(t)

∥
∥
Γ

}
ds

≤M2
∥
∥h′2
∥
∥
L1(0,∞)

∫ t

0

{(
L1
)γ+1∥∥v′′m(t)

∥
∥
Γ

}
ds

≤ C15(ε) + ε
∥
∥v′′m(t)

∥
∥2
Γ.

(3.19)
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Furthermore, noticing Assumption (A.4) and using Schwarz’s inequality we obtain

∫ t

0
h′1(t− s)(J1

(
Δum(s)

)
,u′′m(t)

)
ds≤ C16 +C17

∥
∥u′′m(t)

∥
∥2

+C18

∫ t

0

∥
∥Δum(s)

∥
∥2
ds

≤ C19 +C17
∥
∥u′′m(t)

∥
∥2
.

(3.20)

Meanwhile, according to Assumption (A.2) we can deduce that (g′1(u′m(t)),|u′′m(t)|2) +
(g′2(v′m(t)),|v′′m(t)|2)≥ 0. Therefore, by (3.19), (3.20), integrating (3.17) over [0,t], mak-
ing use of Gronwall lemma, and the first estimate, and (3.16), we get the second estimate

1
2

∥
∥u′′m(t)

∥
∥2

+
β1

2

∥
∥Δu′m(t)

∥
∥2

+
1
2

∥
∥v′′m(t)

∥
∥2

+
1
2

∥
∥∇u′m(t)

∥
∥2

+
a

2

∥
∥u′m(t)

∥
∥2

+
a

2

∥
∥v′m(t)

∥
∥2

+
1
2

∥
∥v′m(t)

∥
∥2
Γ +

1
2

∥
∥∇v′m(t)

∥
∥2

+ β̃2

∫ t

0

∥
∥∇u′′m(s)

∥
∥2
ds

+ β̃3

∫ t

0

∥
∥∇v′′m(s)

∥
∥2
ds+ β̃4

∫ t

0

∥
∥v′′m(s)

∥
∥2
Γds−

∫

Ω
au′m(t)v′m(t)dx ≤ L3,

(3.21)

where β̃2, β̃3, and β̃4 are positive constants, L3 > 0 is independent of m.

Step 4 (the third estimate). Let m2 ≥ m1 be two natural numbers and consider ym :=
um2 −um1 , zm := vm2 − vm1 . From the system (3.4), we have
(
z′′m,w

)
+
(∇zm,∇w)

+
([(∥

∥∇um2

∥
∥2

+
∥
∥∇vm2

∥
∥2
)
∇v2−

(∥
∥∇um1

∥
∥2

+
∥
∥∇vm1

∥
∥2
)
∇v1

]
,∇w

)

+β3
(∇z′m,∇w)+

(
azm,w

)− (aym,w
)

+
([
g2
(
v′m2

)− g2
(
v′m1

)]
,w
)

+
(
zm,w

)
Γ +
(
z′m,w

)
Γ +
([
g
(
v′m2

)− g(v′m1

)]
,w
)
Γ

=
∫ t

0
h2(t− s)([J2

(
vm2 (s)

)− J2
(
vm1 (s)

)]
,w(t)

)
Γds, w ∈V.

(3.22)

Substituting w = z′m(t) in (3.22), observing that g, g2 are nondecreasing, and using the
previous estimates, we get

1
2
d

dt

{∥
∥z′m(t)

∥
∥2

+
∥
∥∇zm(t)

∥
∥2

+ a
∥
∥zm(t)

∥
∥2

+
∥
∥zm(t)

∥
∥2
Γ

}

− (aym(t),z′m(t)
)

+β3
∥
∥∇z′m(t)

∥
∥2

+
∥
∥z′m(t)

∥
∥2
Γ

≤ C20
∥
∥∇zm

∥
∥
∥
∥∇z′m

∥
∥+

∫ t

0
h2(t− s)([J2

(
vm2 (s)

)− J2
(
vm1 (s)

)]
,z′m(t)

)
Γds

≤ C21(η)
∥
∥∇zm

∥
∥2

+η
∥
∥∇z′m(t)

∥
∥2

+η
∥
∥z′m(t)

∥
∥2
Γ

+C22(η)
∫ t

0

∣
∣h2(t− s)∣∣2∥∥J2

(
vm2 (s)

)− J2
(
vm1 (s)

)∥∥2
Γds,

(3.23)

where η > 0 is arbitrary.
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Moreover from Assumption (A.5) and the first estimate, we have

∫ t

0

∣
∣h2(t− s)∣∣2∥∥J2

(
vm2 (s)

)− J2
(
vm1 (s)

)∥∥2
Γds

≤ C23

∫ t

0

(∥
∥∇vm2 (s)

∥
∥γ +

∥
∥∇vm1 (s)

∥
∥γ
)2∥
∥∇zm(s)

∥
∥2
ds

≤ C24

∫ t

0

∥
∥∇zm(s)

∥
∥2
ds.

(3.24)

Hence integrating (3.23) over (0, t) and using (3.24) we obtain

1
2

[∥
∥z′m(t)

∥
∥2

+
∥
∥∇zm(t)

∥
∥2

+ a
∥
∥zm(t)

∥
∥2

+
∥
∥zm(t)

∥
∥2
Γ

]

+
(
β3−η

)
∫ t

0

∥
∥∇z′m(s)

∥
∥2
ds+ (1−η)

∫ t

0

∥
∥z′m(s)

∥
∥2
Γds

≤ (C21(η) +C24
)
∫ t

0

∥
∥∇zm(s)

∥
∥2
ds+ a

∫ t

0

∥
∥ym(s)

∥
∥2
ds

+
∫ t

0

∥
∥z′m(s)

∥
∥2
ds+C25(T)

(∥
∥z1m

∥
∥2

+
∥
∥∇z0m

∥
∥2
)
.

(3.25)

Hence letting η > 0 small enough, by the first estimate and using Gronwall’s lemma of
integral form (see [14]) we obtain that

∥
∥z′m(t)

∥
∥2

+
∥
∥∇zm(t)

∥
∥2

+ a
∥
∥zm(t)

∥
∥2

+
∥
∥zm(t)

∥
∥2
Γ

≤ C26(T)
(∥
∥z1m

∥
∥2

+
∥
∥∇z0m

∥
∥2

+
∫ T

0

∥
∥ym(s)

∥
∥2
ds
)
.

(3.26)

Step 5 (passage to the limit). Above two estimates are sufficient to pass to the limit in
the linear terms of problem (3.3), (3.4). In the following we will consider the nonlinear
terms.

Due to the above estimates and using the regularity theory of elliptic boundary prob-
lem, we deduce that

{
um(t)

}
is bounded in L2(0,T ;H2

0 (Ω)
)
, (3.27)

{
u′m(t)

}
is bounded in L2(0,T ;H2

0 (Ω)
)
, (3.28)

{
u′′m(t)

}
is bounded in L2(0,T ;L2(Ω)

)
, (3.29)

{
vm(t)

}
is bounded in L2(0,T ;V), (3.30)

{
v′m(t)

}
is bounded in L2(0,T ;V), (3.31)

{
v′′m(t)

}
is bounded in L2(0,T ;L2(Ω)∩L2(Γ)

)
. (3.32)

In the following, we will use the same notation to express the subsequences of {vm(t)}
and {um(t)}. Considering the embeddingH1(Ω)↩L2(Γ) is continuous and compact and
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using Aubin compactness theorem, we can extract subsequences of {vm(t)} and {um(t)}
such that

um(t)−→ u(t) a.e. in Q, u′m(t)−→ u′(t) a.e. in Q,

vm(t)−→ v(t) a.e. in Q, v′m(t)−→ v′(t) a.e. in Q,

vm(t)−→ v(t) a.e. on Σ, v′m(t)−→ v′(t) a.e. on Σ,

(3.33)

where we denote Q =Ω× (0,T] and Σ= Γ× (0,T].
On the other hand, from the first, the second estimate, and assumptions we have

{
g1
(
u′m
)}

,
{
g2
(
v′m
)}

are bounded in L2(Q), (3.34)
{
h1∗ J1

(
Δum

)}
is bounded in L2(Q), (3.35)

{
h2∗ J2

(
vm
)}

is bounded in L2(Σ), (3.36)
{
g
(
v′m
)}

is bounded in L2(Σ). (3.37)

Hence, combining (3.33)–(3.37) and Lions’ lemma we deduce that

g1
(
u′m
)−→ g1(u′) weakly in L2(Q),

g2
(
v′m
)−→ g2(v′) weakly in L2(Q),

h2∗ J2
(
vm
)−→ h2∗ J2(v) weakly in L2(Σ),

g
(
v′m
)−→ g(v′) weakly in L2(Σ).

(3.38)

Also

h1∗ J1
(
Δum

)−→ χ weakly in L2(Q), (3.39)

where χ ∈ L2(Q). Next we will show that χ = h1∗ J1(Δu).
From (3.27), (3.29), and (3.32) , we have

u′′m −→ u′′ weakly in L2(Q), (3.40)

v′′m −→ v′′ weakly in L2(Q), (3.41)

Δum −→ Δu weakly in L2(Q). (3.42)

Moreover from the preceding estimates, we deduce that

um −→ u strongly in C0(0,T ;H1
0 (Ω)

)
,

vm −→ v strongly in C0(0,T ;V).
(3.43)

Hence we can pass to the limit in (3.3) to obtain

u′′ +β1Δ
2u−

(
1 +‖∇u‖2 +‖∇v‖2

)
Δu−β2Δu

′ + a(u− v) + g1(u′)= χ in D′(Q).

(3.44)
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But consider that u′′, χ, (1 + ‖∇u‖2 + ‖∇v‖2)Δu, Δu′, a(u− v), g1(u′) ∈ L2(Q), we de-
duce that Δ2u∈ L2(Q), and moreover

u′′+β1Δ
2u− (1+‖∇u‖2+‖∇v‖2)Δu−β2Δu

′+ a(u− v)+ g1(u′)= χ in L2(0,T ;L2(Ω)
)
.

(3.45)

Further, we can easily verify that (1.3) holds in the sense of L2(0,T ;L2(∂Ω)), that is,

u= ∂u

∂ν
= 0 in L2(0,T ;L2(∂Ω)

)
. (3.46)

Now considering w = um in (3.3) and integrating it over [0, T] we obtain

∫ T

0

(
u′′m(t),um(t)

)
dt+

∫ T

0

(
β1Δum(t),Δum(t)

)
dt

+
∫ T

0

(
1 +
∥
∥∇um

∥
∥2

+
∥
∥∇vm

∥
∥2
)(∇um(t),∇um(t)

)
dt

+
∫ T

0
β2
(∇u′m(t),∇um(t)

)
dt+

∫ T

0

(
aum(t),um(t)

)
dt

−
∫ T

0

(
avm(t),um(t)

)
dt+

∫ T

0

(
g1
(
u′m(t)

)
,um(t)

)
dt

=
∫ T

0

∫ t

0
h1(t− s)(J1

(
Δum(s)

)
,um(t)

)
dsdt.

(3.47)

Further, from the first and second estimates and using Aubin-lions theorem we infer

um −→ u strongly in L2(0,T ;L2(Ω)
)
. (3.48)

Thus, using the convergences (3.39), (3.40), and (3.42), we can pass to the limit in (3.47)
and obtain

lim
m→∞

∫ T

0
β1
∥
∥Δum(t)

∥
∥2
dt

=−
∫ T

0

(
u′′(t),u(t)

)
dt−

∫ T

0

(
β2∇u′(t),∇u(t)

)
dt−

∫ T

0

(
au(t),u(t)

)
dt

+
∫ T

0

(
av(t),u(t)

)
dt+

∫ T

0

(
1 +
∥
∥∇u(t)

∥
∥2

+
∥
∥∇v(t)

∥
∥2
)(∇u(t),∇u(t)

)
dt

−
∫ T

0

(
g1
(
u′(t)

)
,u(t)

)
dt+

∫ T

0

(
χ,u(t)

)
dt.

(3.49)
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Hence, combining (3.45) and (3.46) into (3.49) and using generalized Green formula,
we obtain

lim
m→∞

∫ T

0

∥
∥Δum(t)

∥
∥2
dt =

∫ T

0

∥
∥Δu(t)

∥
∥2
dt. (3.50)

So, from (3.42) and (3.50) we infer that

Δum −→ Δu strongly in L2(0,T ;L2(Ω)
)
. (3.51)

Therefore,

Δum −→ Δu a.e. in Ω, (3.52)

and consequently

J1
(
Δum

)−→ J1(Δu) a.e. in Ω. (3.53)

Combining (3.35) and (3.53), we obtain

h1∗ J1
(
Δum

)−→ χ = h1∗ J1(Δu) weakly in L2(0,T ;L2(Ω)
)
. (3.54)

Therefore, the above convergences are sufficient to pass to the limit in problem (1.1)–
(1.7).

4. Uniqueness of the solution

Let (u1,v1) and (u2,v2) be two solutions of couple system (1.1)–(1.7), then (u,v) := (u1−
u2,v1− v2) verifies

(u′′,w) +β1(Δu,Δw)

+
([(∥

∥∇u1
∥
∥2

+
∥
∥∇v1

∥
∥2
)
∇u1−

(∥
∥∇u2

∥
∥2

+
∥
∥∇v2

∥
∥2
)
∇u2

]
,∇w

)

+ (∇u,∇w) +β2(∇u′,∇w) + (au,w)− (av,w) +
([
g1
(
u′1
)− g1

(
u′2
)]

,w
)

=
∫ t

0
h1(t− s)([J1

(
Δu1(s)

)− J1
(
Δu2(s)

)]
,w(t)

)
ds, w ∈H2

0 (Ω),

(4.1)

(v′′,w) +
([(∥

∥∇u1
∥
∥2

+
∥
∥∇v1

∥
∥2
)
∇v1−

(∥
∥∇u2

∥
∥2

+
∥
∥∇v2

∥
∥2
)
∇v2

]
,∇w

)

+ (∇v,∇w) +β3(∇v′,∇w) + (av,w)− (au,w) +
([
g2(v′1)− g2(v′2)

]
,w
)

+ (v,w)Γ + (v′,w)Γ +
([
g(v′1)− g(v′2)

]
,w
)
Γ

=
∫ t

0
h2(t− s)([J2(v1(s))− J2(v2(s))

]
,w(t)

)
Γds, w ∈V.

(4.2)
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Substituting w = u′(t) in (4.1) and w = v′(t) in (4.2), respectively, meanwhile observ-
ing that g, gi, i= 1,2, are nondecreasing and using the first estimate, we get

d

dt

{
1
2

∥
∥u′(t)

∥
∥2

+
β1

2

∥
∥Δu(t)

∥
∥2

+
1
2

∥
∥∇u(t)

∥
∥2

+
a

2

∥
∥u(t)

∥
∥2
}

− (av(t),u′(t)
)

+β2
∥
∥∇u′(t)∥∥2

≤ C27‖∇u‖‖∇u′‖+
∫ t

0
h1(t− s)([J1

(
Δu1(s)

)− J1
(
Δu2(s)

)]
,u′(t)

)
ds

≤ C2
27

4η
‖∇u‖2 +η

∥
∥∇u′(t)∥∥2

+
C28

2

∥
∥u′(t)

∥
∥2

+
1
2

∫ t

0

∣
∣h1(t− s)∣∣2∥∥J1

(
Δu1(s)

)− J1
(
Δu2(s)

)∥∥2
ds,

(4.3)

d

dt

{
1
2

∥
∥v′(t)

∥
∥2

+
1
2

∥
∥∇v(t)

∥
∥2

+
a

2

∥
∥v(t)

∥
∥2

+
1
2

∥
∥v(t)

∥
∥2
Γ

}

− (au(t),v′(t)
)

+β3
∥
∥∇v′(t)∥∥2

+
∥
∥v′(t)

∥
∥2
Γ

≤ C29‖∇v‖‖∇v′‖+
∫ t

0
h2(t− s)([J2

(
v1(s)

)− J2
(
v2(s)

)]
,v′(t)

)
Γds

≤ C2
29

4η
‖∇v‖2 +η

∥
∥∇v′(t)∥∥2

+ηC30
∥
∥v′(t)

∥
∥2
Γ

+
1

4η

∫ t

0

∣
∣h2(t− s)∣∣2∥∥J2

(
v1(s)

)− J2
(
v2(s)

)∥∥2
Γds,

(4.4)

where η > 0 is arbitrary.
Furthermore, noticing J1 global Lipschitz and Assumption (A.5), we have

∫ t

0

∣
∣h1(t− s)∣∣2∥∥J1

(
Δu1(s)

)− J1
(
Δu2(s)

)∥∥2
ds

≤ C31
∥
∥h1
∥
∥2
L1(0,∞)

∫ t

0

∥
∥Δu(s)

∥
∥2
ds≤ C32

∫ t

0

∥
∥Δu(s)

∥
∥2
ds,

∫ t

0
|h2(t− s)|2‖J2(v1(s))− J2(v2(s))‖2

Γds

≤ C33

∫ t

0
|h2(t− s)|‖∇v(s)‖2ds≤ C34

∫ t

0
‖∇v(s)‖2ds.

(4.5)
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Hence, integrating (4.3) and (4.4) over (0, t), using (4.5), then adding the results to-
gether we obtain

1
2

∥
∥u′(t)

∥
∥2

+
β1

2

∥
∥Δu(t)

∥
∥2

+
1
2

∥
∥∇u(t)

∥
∥2

+
a

2

∥
∥u(t)

∥
∥2

+
(
β2−η

)
∫ t

0

∥
∥∇u′(s)∥∥2

ds

+
1
2

∥
∥v′(t)

∥
∥2

+
1
2

∥
∥∇v(t)

∥
∥2

+
a

2

∥
∥v(t)

∥
∥2

+
1
2

∥
∥v(t)

∥
∥2
Γ−
∫

Ω
au(t)v(t)dx

+
(
β3−η

)
∫ t

0

∥
∥∇v′(s)∥∥2

ds+
(
1−ηC30

)
∫ t

0

∥
∥v′(s)

∥
∥2
Γds

≤ C2
27

4η

∫ t

0

∥
∥∇u(s)

∥
∥2
ds+

C28

2

∫ t

0

∥
∥u′(s)

∥
∥2
ds+

C35

2

∫ t

0

∥
∥Δu(s)

∥
∥2
ds

+
C2

29

4η

∫ t

0

∥
∥∇v(s)

∥
∥2
ds+

C36

4η

∫ t

0

∥
∥∇v(s)

∥
∥2
ds,

(4.6)

for η > 0 small enough.
Meanwhile, from (3.31) and (3.32), we can deduce that ‖v′(t)‖2

Γ is continuous on
[0,T], see [14].

Thus, combining the last inequality and using Gronwall’s lemma, we obtain that

∥
∥u′(t)

∥
∥= ∥∥Δu(t)

∥
∥= 0,

∥
∥v′(t)

∥
∥= ∥∥∇v(t)

∥
∥= ∥∥v(t)

∥
∥
Γ =

∥
∥v′(t)

∥
∥
Γ = 0.

(4.7)

5. Asymptotic behavior of the solution

In this section, we follow the additional assumptions that appeared in Theorem 2.1. Ac-
cording to the definition of E(t), the derivative of the energy is

E′(t)=−(g1
(
u′(t)

)
,u′(t)

)− (g2
(
v′(t)

)
,v′(t)

)− (g(v′(t)
)
,v′(t)

)
Γ

−β2
∥
∥∇u′m

∥
∥2−β3

∥
∥∇v′m

∥
∥2−∥∥v′(t)∥∥2

Γ

+
∫ t

0
h1(t− s)(J1

(
Δu(s)

)
,u′(t)

)
ds+

∫ t

0
h2(t− s)(J2

(
v(s)

)
,v′(t)

)
Γds.

(5.1)

Define

(
h1�u

)
(t) :=

∫ t

0
h1(t− s)∥∥J1

(
Δu(s)

)−u(t)
∥
∥2
ds,

(
h2�v

)
(t) :=

∫ t

0
h2(t− s)∥∥J2

(
v(s)

)− v(t)
∥
∥2
Γds.

(5.2)
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Hence we have

∫ t

0
h1(t− s)(J1

(
Δu(s)

)
,u′(t)

)
ds

=−1
2

(
h1�u

)′
(t) +

1
2

(
h′1�u

)
(t) +

1
2
d

dt

{(∫ t

0
h1(s)ds

)∥
∥u(t)

∥
∥2
}
− 1

2
h1(t)

∥
∥u(t)

∥
∥2

,

∫ t

0
h2(t− s)(J2

(
v(s)

)
,v′(t)

)
Γds

=−1
2

(h2�v)′(t) +
1
2

(
h′2�v

)
(t) +

1
2
d

dt

{(∫ t

0
h2(s)ds

)∥
∥v(t)

∥
∥2
Γ

}
− 1

2
h2(t)

∥
∥v(t)

∥
∥2
Γ.

(5.3)

Define the modified energy

e(t)= 1
2

∥
∥u′(t)

∥
∥2

+
β1

2

∥
∥Δu(t)

∥
∥2

+
1
2

∥
∥v′(t)

∥
∥2

+
1
2

∥
∥∇v(t)

∥
∥2

+
1
2

∥
∥∇u(t)

∥
∥2

+
1
4

(∥
∥∇u(t)

∥
∥2

+
∥
∥∇v(t)

∥
∥2
)2

+
1
2

(
a−

∫ t

0
h1(s)ds

)∥
∥u(t)

∥
∥2

+
a

2

∥
∥v(t)

∥
∥2

−
∫

Ω
au(t)v(t)dx+

1
2

(
1−

∫ t

0
h2(s)ds

)∥
∥v(t)

∥
∥2
Γ

+
1
2

(
h1�u

)
(t) +

1
2

(
h2�v

)
(t) +

1
γ+ 2

h2(t)
∥
∥v(t)

∥
∥γ+2
γ+2,Γ.

(5.4)

Consider Assumption (A.7), it is easy to know that e(t) > 0. Moreover,

e′(t)=−(g1
(
u′(t)

)
,u′(t)

)− (g2
(
v′(t)

)
,v′(t)

)−β2
∥
∥∇u′(t)∥∥2

−β3
∥
∥∇v′(t)∥∥2− (g(v′(t)),v′(t))Γ +

1
γ+ 2

h′2(t)
∥
∥v(t)

∥
∥γ+2
γ+2,Γ

+h2(t)
(∣
∣v(t)

∣
∣γv(t),v′(t)

)

Γ
− 1

2
h1(t)

∥
∥u(t)

∥
∥2− 1

2
h2(t)

∥
∥v(t)

∥
∥2
Γ

+
1
2

(
h′1�u

)
(t) +

1
2

(
h′2�v

)
(t)−∥∥v′(t)∥∥2

Γ.

(5.5)

Using Young’s inequality, we know that

h2(t)
(
|v(t)

∣
∣γv(t),v′(t)

)

Γ
≤ ηh2(t)

∥
∥v′(t)

∥
∥γ+2
γ+2,Γ +η−1/(γ+1)h2(t)

∥
∥v(t)

∥
∥γ+2
γ+2,Γ, (5.6)
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where η > 0 is arbitrary. Hence, by Assumptions (A.3) and (A.6) for γ = ρ, we have for all
t ≥ t0 that

e′(t)≤−(g1
(
u′(t)

)
,u′(t)

)− (g2
(
v′(t)

)
,v′(t)

)−β2
∥
∥∇u′(t)∥∥2

−β3
∥
∥∇v′(t)∥∥2− (α3−ηh2(t)

)∥∥v′(t)
∥
∥ρ+2
ρ+2,Γ

−
(
M3

γ+ 2
−η−1/(γ+1)

)

h2(t)
∥
∥v(t)

∥
∥γ+2
γ+2,Γ−

1
2
h1(t)

∥
∥u(t)

∥
∥2

− 1
2
h2(t)

∥
∥v(t)

∥
∥2
Γ−

M3

2

(
h1�u

)
(t)− M3

2

(
h2�v

)
(t)−∥∥v′(t)∥∥2

Γ.

(5.7)

Choosing η = α3/2‖h2‖∞ (then α3−η ≥ α3/2), we deduce

e′(t)≤−(g1
(
u′(t)

)
,u′(t)

)− (g2
(
v′(t)

)
,v′(t)

)

−β2
∥
∥∇u′(t)∥∥2−β3

∥
∥∇v′(t)∥∥2− α3

2

∥
∥v′(t)

∥
∥ρ+2
ρ+2,Γ

− ξ1h2(t)
∥
∥v(t)

∥
∥γ+2
γ+2,Γ−

1
2
h1(t)

∥
∥u(t)

∥
∥2− 1

2
h2(t)

∥
∥v(t)

∥
∥2
Γ

− M3

2

(
h1�u

)
(t)− M3

2

(
h2�v

)
(t)−∥∥v′(t)∥∥2

Γ,

(5.8)

where ξ1 =M3/(γ+ 2)− (α3/2‖h2‖∞)−1/(γ+1) > 0. Furthermore, from Assumption (A.7),
we have

E(t)≤ 1
2

(∥
∥u′(t)

∥
∥2

+
∥
∥v′(t)

∥
∥2

+
∥
∥∇u(t)

∥
∥2

+
∥
∥∇v(t)

∥
∥2
)

+
a

2

∥
∥v(t)

∥
∥2

+
β1

2

∥
∥Δu(t)

∥
∥2

+
1
4

(∥
∥∇u(t)

∥
∥2

+
∥
∥∇v(t)

∥
∥2
)2−

∫

Ω
au(t)v(t)dx

+
1

2l1

(
a−

∫ t

0
h1(s)ds

)∥
∥u(t)

∥
∥2

+
1

2l2

(
1−

∫ t

0
h2(s)ds

)∥
∥v(t)

∥
∥2
Γ

≤min
{
l1, l2

}−1
e(t).

(5.9)

For every ε > 0, we define the perturbed energy by setting

eε(t)= e(t) + εψ(t), ψ(t)= (u′(t),u(t)
)

+
(
v′(t),v(t)

)
. (5.10)

Lemma 5.1. There exists ξ2 > 0 such that

∣
∣eε(t)− e(t)

∣
∣≤ εξ2e(t) ∀t ≥ 0. (5.11)
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Proof. From (2.2) and (5.10), we obtain

∣
∣ψ(t)

∣
∣≤ √μ2

∥
∥u′(t)

∥
∥
∥
∥∇u(t)

∥
∥+

√
μ2
∥
∥v′(t)

∥
∥
∥
∥∇v(t)

∥
∥

≤ √μ2

(
1
2

∥
∥u′(t)

∥
∥2

+
1
2

∥
∥∇u(t)

∥
∥2

+
1
2

∥
∥v′(t)

∥
∥2

+
1
2

∥
∥∇v(t)

∥
∥2
)

≤ √μ2e(t).

(5.12)

Hence we have

∣
∣eε(t)− e(t)

∣
∣≤ εξ2e(t) ∀t ≥ 0, (5.13)

where ξ2 =√μ2. �

Lemma 5.2. There exist ξ3 > 0 and ε such that for ε ∈ (0,ε]

e′ε(t)≤−εξ3e(t). (5.14)

Proof. By using the problem (1.1)–(1.7), we obtain

ψ′(t)= ∥∥u′(t)∥∥2
+
∥
∥v′(t)

∥
∥2−β1

∥
∥Δu(t)

∥
∥2− a∥∥u(t)

∥
∥2− a∥∥v(t)

∥
∥2

+ 2
∫

Ω
au(t)v(t)dx

−‖∇u‖2−‖∇v‖2−
(
‖∇u‖2 +‖∇v‖2

)2−∥∥v(t)
∥
∥2
Γ−β2(∇u′,∇u)−β3(∇v′,∇v)

− (v′(t),v(t)
)
Γ−
(
g
(
v′(t)

)
,v(t)

)
Γ−
(
g1
(
u′(t)

)
,u(t)

)− (g2
(
v′(t)

)
,v(t)

)

+
∫ t

0
h1(t− s)(J1

(
Δu(s)

)
,u(t)

)
ds+

∫ t

0
h2(t− s)(J2

(
v(s)

)
,v(t)

)
Γds

=−e(t) +
3
2

∥
∥u′(t)

∥
∥2

+
3
2

∥
∥v′(t)

∥
∥2− β1

2

∥
∥Δu(t)

∥
∥2− 1

2

∥
∥∇u(t)

∥
∥2− 1

2

∥
∥∇v(t)

∥
∥2

− 3
4

(∥
∥∇u(t)

∥
∥2

+
∥
∥∇v(t)

∥
∥2
)2−β2(∇u′,∇u)−β3(∇v′,∇v) +

∫

Ω
au(t)v(t)dx

− a

2

∥
∥v(t)

∥
∥2− a

2

∥
∥u(t)

∥
∥2− 1

2

∫ t

0
h1(s)ds

∥
∥u(t)

∥
∥2− 1

2

∥
∥v(t)

∥
∥2
Γ−

1
2

∫ t

0
h2(s)ds

∥
∥v(t)

∥
∥2
Γ

+
1
2

(
h1�u

)
(t) +

1
2

(
h2�v

)
(t)− (v′(t),v(t)

)
Γ−
(
g
(
v′(t)

)
,v(t)

)
Γ

− (g1
(
u′(t)

)
,u(t)

)− (g2
(
v′(t)

)
,v(t)

)
+
∫ t

0
h1(t− s)(J1

(
Δu(s)

)
,u(t)

)
ds

+
∫ t

0
h2(t− s)(J2

(
v(s)

)
,v(t)

)
Γds+

1
γ+ 2

h2(t)
∥
∥v(t)

∥
∥γ+2
γ+2,Γ.

(5.15)
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Note that

∫ t

0
h1(t− s)(J1

(
Δu(s)

)
,u(t)

)
ds

=
∫ t

0
h1(t− s)(J1

(
Δu(s)

)−u(t),u(t)
)
ds+

∫ t

0
h1(t− s)∥∥u(t)

∥
∥2
ds

≤ 1
2

∫ t

0
h1(t− s)∥∥J1

(
Δu(s)

)−u(t)
∥
∥2
ds+

3
2

∥
∥u(t)

∥
∥2
∫ t

0
h1(s)ds

= 1
2

(
h1�u

)
(t) +

3
2

∥
∥u(t)

∥
∥2
∫ t

0
h1(s)ds,

(5.16)

∫ t

0
h2(t− s)(J2

(
v(s)

)
,v(t)

)
Γds

=
∫ t

0
h2(t− s)(J2

(
v(s)

)− v(t),v(t)
)
Γds+

∫ t

0
h2(t− s)∥∥v(t)

∥
∥2
Γds

≤ 1
2

∫ t

0
h2(t− s)∥∥J2

(
v(s)

)− v(t)
∥
∥2
Γds+

3
2

∥
∥v(t)

∥
∥2
Γ

∫ t

0
h2(s)ds

= 1
2

(
h2�v

)
(t) +

3
2

∥
∥v(t)

∥
∥2
Γ

∫ t

0
h2(s)ds.

(5.17)

Using Sobolev embedding relation (2.2), we obtain

∣
∣(v(t),v′(t)

)
Γ

∣
∣≤ μ3

∥
∥∇v(t)

∥
∥
∥
∥v′(t)

∥
∥
Γ ≤ η

∥
∥∇v(t)

∥
∥2

+
μ2

3

4η

∥
∥v′(t)

∥
∥2
Γ. (5.18)

Also by Assumption (A.3), Hölder’s inequality, and Young’s inequality we deduce that

∣
∣(g

(
v′(t)

)
,v(t)

)
Γ

∣
∣≤ α4

∥
∥v′(t)

∥
∥ρ+1
ρ+2,Γ

∥
∥v(t)

∥
∥
ρ+2,Γ

≤ θ(η)
∥
∥v′(t)

∥
∥ρ+2
ρ+2,Γ +η

∥
∥v(t)

∥
∥ρ+2
ρ+2,Γ,

∣
∣
∣
∣

∫

Ω
au(t)v(t)dx

∣
∣
∣
∣≤ a

√
μ1μ2‖Δu‖‖∇v‖

≤ a
√
μ1μ2

2

(
‖Δu‖2 +‖∇v‖2

)
.

(5.19)

Moreover

β2
(∇u′(t),∇u(t)

)≤ β2η
∥
∥∇u(t)

∥
∥2

+
β2

4η

∥
∥∇u′(t)∥∥2

,

β3
(∇v′(t),∇v(t)

)≤ β3η
∥
∥∇v(t)

∥
∥2

+
β3

4η

∥
∥∇v′(t)∥∥2

.

(5.20)
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From Assumption (A.2) and (5.8), we obtain

∣
∣− (g1

(
u′(t)

)
,u(t)

)− (g2
(
v′(t)

)
,v(t)

)∣∣

≤ η

μ1

∥
∥u(t)

∥
∥2

+
η

μ2

∥
∥v(t)

∥
∥2

+
μ1

4η

∫

Ω
g1
(
u′(t)

)2
dx+

μ2

4η

∫

Ω
g2
(
v′(t)

)2
dx

≤ η
(∥
∥Δu(t)

∥
∥2

+
∥
∥∇v(t)

∥
∥2
)

+

(
μ1 +μ2

)
α2

4η

∫

Ω

{
u′(t)g1

(
u′(t)

)
+ v′(t)g2

(
v′(t)

)}
dx

≤ η
(
‖Δu(t)

∥
∥2

+
∥
∥∇v(t)

∥
∥2
)

+

(
μ1 +μ2

)
α2

4η

×
[
− e′(t)−β2

∥
∥∇u′(t)∥∥2−β3

∥
∥∇v′(t)∥∥2− α3

2

∥
∥v′(t)

∥
∥ρ+2
ρ+2,Γ

− ξ1h2(t)
∥
∥v(t)

∥
∥γ+2
γ+2,Γ−

1
2
h1(t)

∥
∥u(t)

∥
∥2− 1

2
h2(t)

∥
∥v(t)

∥
∥2
Γ

− M3

2

(
h1�u

)
(t)− M3

2

(
h2�v

)
(t)−∥∥v′(t)∥∥2

Γ

]
,

(5.21)

3
2

∫

Ω

{∣∣u′(t)
∣
∣2

+
∣
∣v′(t)

∣
∣2}

dx

≤ 3
2α1

∫

Ω

{
u′(t)g1

(
u′(t)

)
+ v′(t)g2

(
v′(t)

)}
dx

≤ 3
2α1

[
− e′(t)−β2

∥
∥∇u′(t)∥∥2−β3

∥
∥∇v′(t)∥∥2− α3

2

∥
∥v′(t)

∥
∥ρ+2
ρ+2,Γ

− ξ1h2(t)
∥
∥v(t)

∥
∥γ+2
γ+2,Γ−

1
2
h1(t)

∥
∥u(t)

∥
∥2− 1

2
h2(t)

∥
∥v(t)

∥
∥2
Γ

− M3

2

(
h1�u

)
(t)− M3

2

(
h2�v

)
(t)−∥∥v′(t)∥∥2

Γ

]
.

(5.22)

Therefore, by (5.16)–(5.22) we obtain

ψ′(t)≤−e(t) +
β2

4η

∥
∥∇u′(t)∥∥2

+
β3

4η

∥
∥∇v′(t)∥∥2−

(
1
2
−β2η

)∥
∥∇u(t)

∥
∥2

+
1

γ+ 2
h2(t)

∥
∥v(t)

∥
∥γ+2
γ+2,Γ−

3
4

(∥
∥∇u(t)

∥
∥2

+
∥
∥∇v(t)

∥
∥2
)2−

(
3

2α1
+

(
μ1 +μ2

)
α2

4η

)

×
[
e′(t) +β2

∥
∥∇u′(t)∥∥2

+β3
∥
∥∇v′(t)∥∥2

+
α3

2

∥
∥v′(t)

∥
∥ρ+2
ρ+2,Γ + ξ1h2(t)

∥
∥v(t)

∥
∥γ+2
γ+2,Γ

+
1
2
h1(t)

∥
∥u(t)

∥
∥2

+
1
2
h2(t)

∥
∥v(t)

∥
∥2
Γ+

M3

2

(
h1�u

)
(t)+

M3

2

(
h2�v

)
(t)+

∥
∥v′(t)

∥
∥2
Γ

]

−
(
β1

2
−η− a

√
μ1μ2

2

)∥
∥Δu(t)

∥
∥2−

(
1
2
− 2η−β3η− a

√
μ1μ2

2

)∥
∥∇v(t)

∥
∥2
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+
(
h1�u

)
(t) +

(
h2�v

)
(t)− a

2

∥
∥u(t)

∥
∥2− a

2

∥
∥v(t)

∥
∥2− 1

2

∥
∥v(t)

∥
∥2
Γ +
∥
∥u(t)

∥
∥2
∫ t

0
h1(s)ds

+
∥
∥v(t)

∥
∥2
Γ

∫ t

0
h2(s)ds+

μ2
3

4η

∥
∥v′(t)

∥
∥2
Γ + θ(η)

∥
∥v′(t)

∥
∥ρ+2
ρ+2,Γ +η

∥
∥v(t)

∥
∥ρ+2
ρ+2,Γ

≤−e(t)−Re′(t)−β2

(
R− 1

4η

)∥
∥∇u′(t)∥∥2−β3

(
R− 1

4η

)∥
∥∇v′(t)∥∥2

−
(

1
2
−β2η

)∥
∥∇u(t)

∥
∥2−

(
α3

2
R− θ(η)

)∥
∥v′(t)

∥
∥ρ+2
ρ+2,Γ

−
(
ξ1R− 1

γ+ 2

)
h2(t)

∥
∥v(t)

∥
∥γ+2
γ+2,Γ−

(
1
2
Rh1(t)−

∫ t

0
h1(s)ds

)∥
∥u(t)

∥
∥2

−
(

1
2

+
1
2
Rh2(t)−

∫ t

0
h2(s)ds

)∥
∥v(t)

∥
∥2
Γ−
(
M3

2
R− 1

)
(
h1�u

)
(t)

−
(
M3

2
R− 1

)
(
h2�v

)
(t)−

(
β1

2
−η− a

√
μ1μ2

2

)∥
∥Δu(t)

∥
∥2

−
(

1
2
− 2η−β3η− a

√
μ1μ2

2

)∥
∥∇v(t)

∥
∥2−

(

R− μ2
3

4η

)
∥
∥v′(t)

∥
∥2
Γ +η

∥
∥v(t)

∥
∥ρ+2
ρ+2,Γ,

(5.23)

where we denoteR= (3/2α1 + (μ1 +μ2)α2/4η) for convenient. Hence from (5.8), the above
inequality, and noticing γ = ρ, we get

e′ε(t)= e′(t) + εψ′(t)

≤−εe(t)−β2

(
1− ε

4η

)∥
∥∇u′(t)∥∥2−β3

(
1− ε

4η

)∥
∥∇v′(t)∥∥2

−
(
α3

2
− εθ(η)

)
h2(t)

∥
∥v′(t)

∥
∥ρ+2
ρ+2,Γ− ε

(
1
2
−β2η

)∥
∥∇u(t)

∥
∥2

−
(
ξ1− ε 1

γ+ 2
− εη

)
h2(t)

∥
∥v(t)

∥
∥γ+2
γ+2,Γ−

(
1
2
h1(t)− ε

∫ t

0
h1(s)ds

)∥
∥u(t)

∥
∥2

−
(

1
2
h2(t)− ε

∫ t

0
h2(s)ds

)∥
∥v(t)

∥
∥2
Γ−
(
M3

2
− ε
)
(
h1�u

)
(t)−

(
M3

2
− ε
)
(
h2�v

)
(t)

− ε
(

1
2
− 2η−β3η− a

√
μ1μ2

2

)(∥
∥Δu(t)

∥
∥2

+
∥
∥∇v(t)

∥
∥2
)

−
(

1− ε μ
2
3

4η

)∥
∥v′(t)

∥
∥2
Γ,

(5.24)

hence, if we denote

ε̃ =min

{
α3

2θ(η)
,
ξ1(γ+ 2)

1 + (γ+ 2)η
,

∥
∥h1
∥
∥
L∞(0,∞)

2
∥
∥h1
∥
∥
L1(0,∞)

,

∥
∥h2
∥
∥
L∞(0,∞)

2
∥
∥h2
∥
∥
L1(0,∞)

,
M3

2
,
4η

μ2
3

,4η

}

(5.25)
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and choosing ε ∈ (0, ε̃], we obtain

e′ε(t)≤−εξ3e(t) (5.26)

for some constant ξ3 > 0. �

Proof of decay. Let us define ε̂ =min{1/2ξ2, ε̃} and consider ε ∈ (0, ε̂]. From Lemma 5.1
we have

(
1− ξ2ε

)
e(t)≤ eε(t)≤

(
1 + ξ2ε

)
e(t), (5.27)

and so

1
2
e(t)≤ eε(t)≤ 3

2
e(t). (5.28)

From (5.28) we get

−εξ3e(t)≤−ε2
3
ξ3eε(t). (5.29)

Hence from (5.29) and Lemma 5.2, we obtain

e′ε(t)≤−ε
2
3
ξ3eε(t). (5.30)

That is,

d

dt

(

eε(t)exp

{
2ε
3
ξ3t

})

≤ 0. (5.31)

Integrating the last inequality over [0,t], we get

eε(t)≤ eε(0)exp
{
− 2ε

3
ξ3t
}
. (5.32)

From (5.28) and (5.32), we have

e(t)≤ 3e(0)exp
{
− 2ε

3
ξ3t
}
. (5.33)

Hence, from (5.9) and (5.33) we obtain

E(t)≤min
{
l1, l2

}−1
e(t)≤ 3e(0)min

{
l1, l2

}−1
exp

{
− 2ε

3
ξ3t
}

, t ≥ t0, ∀ε ∈ (0, ε̂],

(5.34)

that is,

E(t)≤ C exp(−ξt) ∀t ≥ t0, (5.35)

where C = 3e(0)min{l1, l2}−1 and ξ = (2ε/3)ξ3.
Therefore we have proved the exponential decay of solutions. �
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